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1. Premises. The present document represents a supplementary material, associated
with the paper [1], where we report a great deal of numerical experiments and visualizations,
corroborating its theoretical findings and giving information on the value of the new concept
of g.a.c.s. given in [1, Definition 2.1] with respect to the standard a.c.s. concept [6].

Let us consider a domain Ω = {(x, y) ∈ R : x > 0, y > 0 and y < g(x)} with

g(x) =

{
1 x < 1,
1
x2 x ≥ 1,

and the elliptic problems

(1.1)
−∆u = v on Ω,

u = 0 on ∂Ω,

and

(1.2)
div(−a∇u) = v on Ω,

u = 0 on ∂Ω,

where a(x, y) is a positive non-degenerate variable coefficient on Ω. We focus on a few
discretization techniques for the approximation of the solution, namely standard centered finite
differences of order two (or equivalently, P1-finite elements), Q1-finite elements, and P2-finite
elements. With reference to Remark 4.3 in the article, we observed that the conditioning of the
resulting matrices grows as N

2
d , with N being the matrix size and d being the dimensionality.

This is due to the minimal eigenvalue, which converges to zero as N− 2
d (see [4, 5, 2] for the

pure Toeplitz setting and [3, 7] for the variable-coefficient case), and the related property can
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be seen in the left panel of Figures 2.1, 3.1, and 4.1, where the unique univariate nondecreasing
rearrangement of the symbol for d = 2 has a positive bounded derivative so that, in accordance
with [1, Remark 4.3], the minimal eigenvalue tends to zero as N−1.

When looking at the right panels of the same figures, we see the error given by the minimal
distance of the eigenvalues from a very fine sampling of the spectral symbol f . In fact, since
the sampling is very fine, we observe a very small error but do not see any decrease in h,
which would occur when h is smaller than the stepsize in the sampling of f . For observing an
error decreasing with h also for moderate h, the sampling of f should be taken with the same
h as reported for the sake of clarity in Figure 2.2. Things do not change, as expected, in the
variable-coefficient setting since the diffusion coefficient a(x, y) is positive and bounded; see
Figure 5.1.

For the rest, there is nothing much to comment given the very strong agreement of the
spectral behavior of the global matrix sequences and of the corresponding approximations
{Bn,t}n, {Cn,t}n as t grows. The very striking fact is that convergence is observed already
for moderate values of t, giving evidence of the practical use of the used tools, i.e., the
notion of a.c.s, namely {{Cn,t}n}t, and that, which is indeed more natural, of g.a.c.s., that
is, {{Bn,t}n}t: for the details on the approximating matrices, we refer to the left panel of
Figures 2.3–2.10, 3.2–3.9, 4.2–4.9, 5.2–5.9, and compare with the left panel of Figures 2.1,
3.1, 4.1, 5.1 regarding the various matrix sequences {An}n, respectively, while for clarifying
observations we refer to [1, Remark 4.2, Section 4.2, Section 4.3]. Furthermore, in the right
panel of all the Figures 2.1–5.9, the errors in the eigenvalue predictions are reported: the
pseudo-random behavior can be attributed to the nondecreasing (univariate) rearrangement
of the spectral symbol of {An}n. Following the notation and the setting of the numerical
experiments in [1, Section 4], the spectral symbol of the sequence {Cn,t}n is given by
fEt (x, y, θ1, θ2) = χΩt

(x, y) · f , defined on Ω × [−π, π]2), with f depending on the used
approximation of the considered PDE. However, for simplicity in the notation, we kept the
wording ft for captions and figures regarding {Cn,t}n.

When maintaining the complete number of variables, a much smoother surface is expected.
In addition, when looking at the figures related to the P2-approximation, we observe 4 points
where the rearranged symbol is not differentiable, and this corresponds to the 4 branches of the
spectra since the symbol is 4× 4 Hermitian-valued. Finally, when looking at the left panel of
Figures 5.1–5.9, we observe smoother curves and wider ranges, and this is due to the variable
coefficient a(x, y), since each of the four eigenvalue functions in the constant coefficient case
is multiplied by a(x, y).
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2. Finite differences/P1-finite elements. Finite differences/P1-finite elements symbol:

f(θ1, θ2) = (2− 2 cos θ1) + (2− 2 cos θ2).
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FIG. 2.1. Left: Eigenvalue distribution of {An}n for different h-values together with the sampling of
f(θ1, θ2) = (2− 2 cos θ1) + (2− 2 cos θ2). Right: minimal distance of eigenvalues ofAn from f .
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FIG. 2.2. Minimal distance of eigenvalues of An from f(θ1, θ2) = (2 − 2 cos θ1) + (2 − 2 cos θ2) for
different h-values. First column with cardinality of f samplings comparable to eigenvalues cardinality, second column
with high cardinality of f samplings.
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FIG. 2.3. Left: Eigenvalue distribution of {Bn,t}n for t = 2 and different h-values together with the sampling
of f(θ1, θ2) = (2− 2 cos θ1) + (2− 2 cos θ2). Right: minimal distance of eigenvalues of Bn,t from f .
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FIG. 2.4. Left: Eigenvalue distribution of {Bn,t}n for t = 4 and different h-values together with the sampling
of f(θ1, θ2) = (2− 2 cos θ1) + (2− 2 cos θ2). Right: minimal distance of eigenvalues of Bn,t from f .
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FIG. 2.5. Left: Eigenvalue distribution of {Bn,t}n for t = 6 and different h-values together with the sampling
of f(θ1, θ2) = (2− 2 cos θ1) + (2− 2 cos θ2). Right: minimal distance of eigenvalues of Bn,t from f .
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FIG. 2.6. Left: Eigenvalue distribution of {Bn,t}n for t = 8 and different h-values together with the sampling
of f(θ1, θ2) = (2− 2 cos θ1) + (2− 2 cos θ2). Right: minimal distance of eigenvalues of Bn,t from f .
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FIG. 2.7. Left: Eigenvalue distribution of {Cn,t}n for t = 2 and different h-values together with the sampling
of ft(x, y, θ1, θ2) = χΩt (x, y) · [(2− 2 cos θ1)+ (2− 2 cos θ2)]. Right: minimal distance of eigenvalues of Cn,t

from ft.
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FIG. 2.8. Left: Eigenvalue distribution of {Cn,t}n for t = 4 and different h-values together with the sampling
of ft(x, y, θ1, θ2) = χΩt (x, y) · [(2− 2 cos θ1)+ (2− 2 cos θ2)]. Right: minimal distance of eigenvalues of Cn,t

from ft.
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FIG. 2.9. Left: Eigenvalue distribution of {Cn,t}n for t = 6 and different h-values together with the sampling
of ft(x, y, θ1, θ2) = χΩt (x, y) · [(2− 2 cos θ1)+ (2− 2 cos θ2)]. Right: minimal distance of eigenvalues of Cn,t

from ft.
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FIG. 2.10. Left: Eigenvalue distribution of {Cn,t}n for t = 8 and different h-values together with the sampling
of ft(x, y, θ1, θ2) = χΩt (x, y) · [(2− 2 cos θ1)+ (2− 2 cos θ2)]. Right: minimal distance of eigenvalues of Cn,t

from ft.
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3. Q1-finite elements. Q1-finite elements symbol:

f(θ1, θ2) = (8− 2 cos θ1 − 2 cos θ2 − 4 cos θ1 cos θ2)/3.
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FIG. 3.1. Left: Eigenvalue distribution of {An}n for different h-values together with the sampling of
f(θ1, θ2) = (8 − 2 cos θ1 − 2 cos θ2 − 4 cos θ1 cos θ2)/3. Right: minimal distance of eigenvalues of An

from f .
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FIG. 3.2. Left: Eigenvalue distribution of {Bn,t}n for t = 2 and different h-values together with the sampling
of f(θ1, θ2) = (8− 2 cos θ1− 2 cos θ2− 4 cos θ1 cos θ2)/3 and (b) minimal distance of eigenvalues ofBn,t from
f .
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FIG. 3.3. Left: Eigenvalue distribution of {Bn,t}n for t = 4 and different h-values together with the sampling
of f(θ1, θ2) = (8− 2 cos θ1− 2 cos θ2− 4 cos θ1 cos θ2)/3. Right: minimal distance of eigenvalues ofBn,t from
f .
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FIG. 3.4. Left: Eigenvalue distribution of {Bn,t}n for t = 6 and different h-values together with the sampling
of f(θ1, θ2) = (8 − 2 cos θ1 − 2 cos θ2 − 4 cos θ1 cos θ2)/3 . Right: minimal distance of eigenvalues of Bn,t

from f .
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FIG. 3.5. Left: Eigenvalue distribution of {Bn,t}n for t = 8 and different h-values together with the sampling
of f(θ1, θ2) = (8 − 2 cos θ1 − 2 cos θ2 − 4 cos θ1 cos θ2)/3 . Right: minimal distance of eigenvalues of Bn,t

from f .
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FIG. 3.6. Left: Eigenvalue distribution of {Cn,t}n for t = 2 and different h-values together with the sampling
of ft(x, y, θ1, θ2) = χΩt (x, y) · (8 − 2 cos θ1 − 2 cos θ2 − 4 cos θ1 cos θ2)/3. Right: minimal distance of
eigenvalues of Cn,t from ft.
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FIG. 3.7. Left: Eigenvalue distribution of {Cn,t}n for t = 4 and different h-values together with the sampling
of ft(x, y, θ1, θ2) = χΩt (x, y) · (8 − 2 cos θ1 − 2 cos θ2 − 4 cos θ1 cos θ2)/3. Right: minimal distance of
eigenvalues of Cn,t from ft.
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FIG. 3.8. Left: Eigenvalue distribution of {Cn,t}n for t = 6 and different h-values together with the sampling
of ft(x, y, θ1, θ2) = χΩt (x, y) · (8 − 2 cos θ1 − 2 cos θ2 − 4 cos θ1 cos θ2)/3. Right: minimal distance of
eigenvalues of Cn,t from ft.
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FIG. 3.9. Left: Eigenvalue distribution of {Cn,t}n for t = 8 and different h-values together with the sampling
of ft(x, y, θ1, θ2) = χΩt (x, y) · (8 − 2 cos θ1 − 2 cos θ2 − 4 cos θ1 cos θ2)/3. Right: minimal distance of
eigenvalues of Cn,t from ft.
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4. P2-finite elements. P2-finite elements matrix-valued symbol:
fP2

: [−π, π]2 −→ C4×4 with

fP2(θ1, θ2)

=


α −β(1 + eîθ1) −β(1 + eîθ2) 0

−β(1 + e−îθ1) α 0 −β(1 + eîθ2)

−β(1 + e−îθ2) 0 α −β(1 + eîθ1)

0 −β(1 + e−îθ2) −β(1 + e−îθ1) γ + β
2 (cos(θ1) + cos(θ2))

 ,
with α = 16/3, β = 4/3, and γ = 4.
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FIG. 4.1. Left: Eigenvalue distribution of {An}n for different h-values together with the sampling of
f(θ1, θ2) = fP2

(θ1, θ2). Right: minimal distance of eigenvalues of An from f .
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FIG. 4.2. Eigenvalue distribution of {Bn,t}n for t = 2 and different h-values together with the sampling of
f(θ1, θ2) = fP2

(θ1, θ2). Right: minimal distance of eigenvalues of Bn,t from f .
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FIG. 4.3. Left: Eigenvalue distribution of {Bn,t}n for t = 4 and different h-values together with the sampling
of f(θ1, θ2) = fP2

(θ1, θ2). Right: minimal distance of eigenvalues of Bn,t from f .
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FIG. 4.4. Left: Eigenvalue distribution of {Bn,t}n for t = 6 and different h-values together with the sampling
of f(θ1, θ2) = fP2

(θ1, θ2). Right: minimal distance of eigenvalues of Bn,t from f .
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FIG. 4.5. Left: Eigenvalue distribution of {Bn,t}n for t = 8 and different h-values together with the sampling
of f(θ1, θ2) = fP2

(θ1, θ2). Right: minimal distance of eigenvalues of Bn,t from f .
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FIG. 4.6. Left: Eigenvalue distribution of {Cn,t}n for t = 2 and different h-values together with the sampling
of ft(x, y, θ1, θ2) = χΩt (x, y) · fP2

(θ1, θ2). Right: minimal distance of eigenvalues of Cn,t from ft.
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FIG. 4.7. Left: Eigenvalue distribution of {Cn,t}n for t = 4 and different h-values together with the sampling
of ft(x, y, θ1, θ2) = χΩt (x, y) · fP2

(θ1, θ2). Right: minimal distance of eigenvalues of Cn,t from ft.
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FIG. 4.8. Left: Eigenvalue distribution of {Cn,t}n for t = 6 and different h-values together with the sampling
of ft(x, y, θ1, θ2) = χΩt (x, y) · fP2

(θ1, θ2). Right: minimal distance of eigenvalues of Cn,t from ft.
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FIG. 4.9. Left: Eigenvalue distribution of {Cn,t}n for t = 8 and different h-values together with the sampling
of ft(x, y, θ1, θ2) = χΩt (x, y) · fP2

(θ1, θ2). Right: minimal distance of eigenvalues of Cn,t from ft.
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5. P1-finite elements with variable coefficient. P1-finite elements symbol:

f(x, y, θ1, θ2) = a(x, y)[(2− 2 cos θ1) + (2− 2 cos θ2)],

with a(x, y) = (10 + x2 + 2y2 + sin2(x+ y))/(1 + x2 + y2).
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FIG. 5.1. Left: Eigenvalue distribution of {An(a)}n for different h-values together with the sampling of
f(x, y, θ1, θ2) = a(x, y)[(2− 2 cos θ1) + (2− 2 cos θ2)]. Right: minimal distance of eigenvalues of An from f .
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FIG. 5.2. Left: Eigenvalue distribution of {Bn,t(a)}n for t = 2 and different h-values together with the
sampling of f(x, y, θ1, θ2) = a(x, y)[(2− 2 cos θ1) + (2− 2 cos θ2)]. Right: minimal distance of eigenvalues of
Bn,t from f .
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FIG. 5.3. Left: Eigenvalue distribution of {Bn,t(a)}n for t = 4 and different h-values together with the
sampling of f(x, y, θ1, θ2) = a(x, y)[(2− 2 cos θ1) + (2− 2 cos θ2)]. Right: minimal distance of eigenvalues of
Bn,t from f .
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FIG. 5.4. Left: Eigenvalue distribution of {Bn,t(a)}n for t = 6 and different h-values together with the
sampling of f(x, y, θ1, θ2) = a(x, y)[(2− 2 cos θ1) + (2− 2 cos θ2)]. Right: minimal distance of eigenvalues of
Bn,t from f .
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FIG. 5.5. Left: Eigenvalue distribution of {Bn,t(a)}n for t = 8 and different h-values together with the
sampling of f(x, y, θ1, θ2) = a(x, y)[(2− 2 cos θ1) + (2− 2 cos θ2)]. Right: minimal distance of eigenvalues of
Bn,t from f .
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FIG. 5.6. Left: Eigenvalue distribution of {Cn,t(a)}n for t = 2 and different h-values together with the
sampling of ft(x, y, θ1, θ2) = χΩt (x, y)a(x, y)[(2 − 2 cos θ1) + (2 − 2 cos θ2)]. Right: minimal distance of
eigenvalues of Cn,t from ft.
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FIG. 5.7. Left: Eigenvalue distribution of {Cn,t(a)}n for t = 4 and different h-values together with the
sampling of ft(x, y, θ1, θ2) = χΩt (x, y)a(x, y)[(2 − 2 cos θ1) + (2 − 2 cos θ2)]. Right: minimal distance of
eigenvalues of Cn,t from ft.

0

10

20

30

40

50

60

70

80

f
t

h=0.1
h=0.06
h=0.02

10-9

10-7

10-5

10-3

h=0.1

10-9

10-7

10-5

10-3

h=0.06

10-9

10-7

10-5

10-3

h=0.02

FIG. 5.8. Left: Eigenvalue distribution of {Cn,t(a)}n for t = 6 and different h-values together with the
sampling of ft(x, y, θ1, θ2) = χΩt (x, y)a(x, y)[(2 − 2 cos θ1) + (2 − 2 cos θ2)]. Right: minimal distance of
eigenvalues of Cn,t from ft.
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FIG. 5.9. Left: Eigenvalue distribution of {Cn,t(a)}n for t = 8 and different h-values together with the
sampling of ft(x, y, θ1, θ2) = χΩt (x, y)a(x, y)[(2 − 2 cos θ1) + (2 − 2 cos θ2)]. Right: minimal distance of
eigenvalues of Cn,t from ft.
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