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BIASED SUPERIORIZATION OF STEEPEST DESCENT: REDEFINING THE
RECONSTRUCTION TARGET IN NOISY INVERSE PROBLEMS∗

TOURAJ NIKAZAD† AND MOKHTAR ABBASI‡

Abstract. Reconstruction in inverse problems is commonly performed by minimizing a data-fidelity term, such
as the least-squares objective. However, when the data are noisy, this minimizer may not represent the true solution.
The superiorization methodology attempts to improve the structure of the solution by perturbing iterative schemes,
but such methods still target the noisy data-fit minimizer. This work proposes a paradigm shift: rather than improving
convergence to a flawed target, we redefine the reconstruction goal itself. We introduce the Superiorized Biased
Steepest Descent (S-BSD-LS) algorithm, which combines two key components: (i) a deliberately biased residual
update that decouples the method from the noisy least-squares solution and (ii) a total variation (TV) perturbation
that promotes a desirable structure. We rigorously analyze convergence of the algorithm using an auxiliary sequence
and characterize the systematic bias induced by both the residual update and the data noise. This approach offers
a new perspective on solving ill-posed noisy problems. We demonstrate the performance of our proposed method,
S-BSD-LS, for tomographic imaging examples using total variation regularization as a specific instance of the
general framework and compare it with state-of-the-art methods, including the standard steepest descent method, the
conjugate gradient method for least-squares (CGLS) , the superiorized conjugate gradient method with conjugate
descent (S-CG-CD), and FISTA, a well-known proximal gradient algorithm. In each iteration, S-BSD-LS requires
two matrix-vector multiplications—similar to CGLS—and one additional function evaluation compared to CGLS
while still maintaining competitive performance. Additional experiments confirm that the superiorization mechanism
is primarily responsible for the improved stability and a continuous error reduction while the biased residual update
mainly enhances computational efficiency.
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1. Introduction. In many inverse problems, particularly in imaging applications, the
reconstruction from projection data is modeled by a large-scale linear system,

(1.1) Ax = bδ,

where x ∈ Rn is the unknown image, A ∈ Rm×n is the forward operator, and bδ ∈ Rm
contains the measured data. Due to model inaccuracies and measurement errors, bδ is typically
contaminated by noise, that is, bδ = b + δb, where δb represents the noise in the data. The
system (1.1) can be quite ill-conditioned, making reconstructions particularly challenging. A
common approach is to solve the least-squares (LS) problem,

(1.2) min
x

1
2‖Ax− b

δ‖2,

often by using gradient-based iterative methods such as Steepest Descent (SD). However, due
to the presence of noise and ill-conditioning, these methods are susceptible to the well-known
phenomenon of semi-convergence [34, p. 89], where early iterates improve the solution but
later iterations amplify noise. Traditionally, this issue is addressed using stopping rules such
as the discrepancy principle, the L-curve method, or generalized cross-validation (GCV).
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However, these rules come with significant limitations. For instance, some require prior
knowledge of the noise level [26], which is rarely available in practical settings. Others, like
the L-curve, can select poor stopping points when the underlying solution is too smooth or
when the singular spectrum exhibits atypical behavior [24]. Furthermore, determining the
optimal stopping point often incurs additional computational cost, especially in large-scale
problems [29]. In particular, estimating the noise level—often required by methods such
as the discrepancy principle—can be costly. For instance, [30] uses Golub–Kahan iterative
bidiagonalization to approximate the noise level. Even conceptually, stopping too early leads
to underfitting while stopping too late allows noise to distort the result [3, 23].

These challenges motivate the development of methods that inherently control semi-
convergence, reducing or eliminating the reliance on fragile stopping criteria. For example,
embedding averaging within the iterations has been shown to effectively dampen noise accu-
mulation without external stopping [22]. Superiorization techniques similarly guide iterates
toward regularized solutions through built-in perturbations [21]. Our proposed method, S-
BSD-LS is designed according to the following principle: it integrates a biased residual update
with a regularization objective (such as total variation) to steer the iterates toward high-quality
solutions. We note that classical total variation promotes piecewise-constant reconstructions; it
is used here as a canonical and well-understood example while other regularizers (e.g., TGV)
could be incorporated within the same framework. Each iteration of S-BSD-LS requires two
matrix-vector multiplications—as in CGLS—and one additional function evaluation, making
it computationally efficient while enhancing the solution quality.

To mitigate the above-mentioned limitations due to semi-convergence, the incorporation
of a priori information has become essential in improving both the quality and the stability
of the reconstructed solutions [8, 43]. In many applications, known physical or statistical
properties of the underlying signal—such as non-negativity [20, 31], sparsity [19, 42], or
piecewise smoothness [41]—are imposed as constraints or regularizers. Among these, total
variation (TV) regularization has proven effective in promoting piecewise-smooth structures
that are typical for natural and medical images.

While this paper presents the Superiorized Biased Steepest Descent algorithm in a general
framework that can accommodate any convex regularization functional, we focus on total vari-
ation in our numerical experiments for several reasons. TV regularization is well-established
in imaging applications, promotes desirable piecewise-constant structures, and serves as a
standard benchmark. The perturbation vectors vk of the algorithm are chosen as (sub)gradients
of the TV functional in Section 5, but the theoretical development in Sections 2–4 applies
to any bounded perturbation sequence vk satisfying the stated assumptions. This generality
allows the method to be adapted to other regularization functionals (e.g., `1-norm, TGV) as
needed for specific applications.

The superiorization methodology provides a computationally efficient way to enforce
such priors by perturbing the iterates of an existing algorithm (e.g., SD) to reduce a secondary
objective (like TV) without significantly compromising the primary data-fidelity reduction.
The data-fidelity term, typically expressed as 1

2‖b
δ −Ax‖2, quantifies how well a candidate

solution x fits the observed (possibly noisy) measurements bδ. Minimizing this term aims
to ensure consistency with the measured data. Understanding how such perturbations, both
explicit (like perturbing the iterates) and implicit (like noise in bδ), affect the convergence and
accuracy of these algorithms is crucial for their reliable application.

However, a subtle but important limitation persists: superiorization and traditional regu-
larization methods still aim to minimize the original data-fidelity term, 1

2‖Ax− b
δ‖2, which

is built on noisy data. Since bδ includes noise, its minimizer may not correspond to the true
solution xtrue, meaning the algorithm—even if superiorized—is still guided toward a flawed
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target. This work argues that instead of improving the trajectory toward such a minimizer, it is
more effective to redefine the destination itself.

To this end, we propose the Superiorized Biased Steepest Descent algorithm, which em-
bodies the perspective that redefining the destination is more effective than merely improving
the trajectory toward a fixed minimizer. Departing from strict fidelity minimization, the algo-
rithm integrates two key components into a unified iterative framework: (i) a computationally
inexpensive, intentionally inaccurate residual update that introduces a controlled bias and (ii) a
TV-based perturbation that promotes a desirable structure. This paper focuses on a specific
variant of the steepest descent algorithm that incorporates a deliberate, summable perturbation
and explicitly analyzes its behavior in the presence of noisy data.

Our analysis reveals that although convergence to a fixed point is achieved, the combina-
tion of the explicit perturbation and the implicit noise in the data introduces a systematic bias,
leading the algorithm to converge to a point that is generally not the true least-squares solution
for the noise-free problem. A central theme of our investigation is to gain understanding of the
specific residual update rule—deliberately differing from the true residual. We formalize our
algorithm, provide a rigorous convergence proof using an auxiliary sequence, and clarify the
origin and implications of the resulting bias.

The paper is organized as follows. Section 2 provides a brief review of the superiorization
methodology and reintroduces the Steepest Descent (SD) method along with its convergence
properties. Our main algorithm, the Superiorized Biased Steepest Descent algorithm, is
presented in Section 3. Section 4 contains the convergence analysis of the main algorithm,
including Theorem 4.2. In this section, we also provide motivation for our biased residual
control strategy and its connection to semi-convergence. In Section 5, we demonstrate the
effectiveness of our approach through examples from tomographic imaging and conduct
comparative evaluations with other relevant methods.

2. Preliminaries. In this section, we first briefly review the superiorization methodology
and then reintroduce the Steepest Descent (SD) method along with its convergence properties.

2.1. Superiorization methodology. The superiorization methodology combines opti-
mization techniques (such as minimizing a penalty function) with the process of finding a
feasible point (for example, a solution to a linear system of equations). A feasible point is
simply a candidate solution that satisfies all the constraints of the problem.

To explain superiorization, suppose we have a fixed-point iterative method of the form
xk+1 = Υ(xk) for solving a linear system. In addition, assume there is a cost function h, and
our goal is to find a feasible solution that also reduces the value of h. The key idea behind
superiorization is to modify the iteration by adding a term involving the negative (sub)gradient
of the cost function. This leads to update rules such as

xk+1 = Υ(xk)− βk∇h(Υ(xk)),

which aims to maintain convergence toward feasibility while also improving the value of the
objective function.

Superiorization is a clever strategy that blends ideas from optimization into feasibility-
seeking algorithms. It can play a role similar to regularization methods. The first practical
implementations of this approach appeared in [9, 17], though its theoretical foundations
were introduced earlier in [10, 11] and related works. Since then, the methodology has
been extended in several directions such as in [1, 15, 35, 36, 40, 44]. For an extensive and
continuously updated bibliography of works on the superiorization methodology, the reader is
referred to [13].
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To describe this technique more formally, suppose we are given a sequence of non-negative
scalars {βk} and a sequence of vectors {vk}. An algorithmic operator Υ : Rn → Rn is said
to be bounded perturbations resilient (BPR) if the following holds:

If the unperturbed iteration yk+1 = Υ(yk) converges to a fixed point of Υ for any initial
point y0, then the perturbed sequence xk+1 = Υ(xk + βkvk) also converges to a fixed point
of Υ for any initial point x0, provided that

∑
k βk <∞ and the set {vk} is bounded.

This definition is consistent with the formal statement given in [32, Definition 4]. We
denote the set of fixed points of an operator T by FixT . The terms “bounded” and “resilient”
refer to the boundedness of the perturbations {vk} and the robustness with respect to the
convergence of the method, respectively.

It is important to note that the goal of superiorization is not to solve the constrained
minimization problem minx h(x) subject to x ∈ Fix Υ exactly. Instead, the perturbations are
designed to steer the iterates toward points in Fix Υ that have reduced (but not necessarily
minimal) values of h.

In practice, the perturbation vectors {vk} are often chosen as negative (sub)gradients of
a given cost function. This guides the iterates toward solutions that are not only feasible but
also, in most cases, improved with respect to the objective, in comparison to setting βk = 0,
which would effectively ignore the optimization aspect. The aim is to achieve a “better” or
“more optimal” solution in terms of the objective function.

The superiorization approach can be categorized into two types: weak and strong, as
discussed in [14, 15]. To illustrate the difference, consider a constrained minimization problem.
In weak superiorization, as illustrated in works like [9, 17, 35, 36, 44] and [16, Section 4.1],
the constraints are assumed to be consistent, meaning that a point exists that satisfies all of
them. The approach proceeds in two steps: first, an existing algorithm is shown to be resilient
to bounded perturbations. Then, the allowed perturbations are used to guide the iterates toward
lower values of the objective while still converging to a feasible point.

In contrast, strong superiorization does not require the constraints to be consistent. Instead,
it uses a proximity function to measure how far a point is from satisfying the constraints.
The goal becomes achieving ε-compatibility—getting sufficiently close to feasibility—while
applying stronger types of perturbation resilience. For more details, see [14, 18, 29, 39, 40]
and [16, Section 4.2]. The method we propose in this paper can, in a sense, be regarded as a
form of strong superiorization since we do not assume that the linear system (1.1) is consistent.

REMARK 2.1. While most applications of the superiorization methodology are based
on feasibility-seeking algorithms, our approach represents a rarer case where superiorization
is applied within a constrained optimization framework. Similar extensions can be found
in [33, 44], where superiorization principles are adapted to optimization-driven algorithms
rather than feasibility problems.

2.2. The least-squares problem and Steepest Descent. The minimizers of (1.2) satisfy
the normal equations AT (Ax − bδ) = 0. The Steepest Descent (SD) method generates a
sequence {xk} as described in Algorithm 1 for solving the least-squares problem. We refer to
this algorithm as SD-LS. A straightforward calculation shows that this algorithm is equivalent
to the Landweber method, as noted in [37, with s = 1 in equation (3.8)], and each iteration
requires two matrix-vector multiplications involving A and AT .

It is shown in [37, Lemma 3.3] that λk ≥ 1/σ2
1 , where σ1 denotes the largest singular

value of the matrix A. A general convergence analysis of gradient-based methods, such
as steepest descent, can be found in [5], while the specific case of the linear least-squares
problem (1.2) is addressed in [37, Theorem 5.4]. Consequently, the sequence generated by
Algorithm 1 converges to a least-squares solution of (1.2). Moreover, if x0 ∈ R(AT ), then xk
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Algorithm 1 Steepest Descent for Least-Squares Problem (SD-LS).
1: Given: Matrix A, vector bδ .
2: Initialize: Choose x0 ∈ Rn.
3: r0 := bδ −Ax0.
4: for k = 0, 1, 2, . . . do
5: uk := AT rk.
6: if uk = 0 then stop.
7: end if
8: sk := Auk.
9: λk := ‖uk‖2/‖sk‖2 (optimal step-size).

10: Update iterate: xk+1 := xk + λkuk.
11: Update residual: rk+1 := rk − λksk.
12: end for

converges to the minimum-norm solution. For a detailed analysis of the convergence properties
of classical Landweber iteration, see [12, Chapters 4 and 5].

3. The proposed Superiorized Biased Steepest Descent algorithm. Let {βk} be a
sequence of non-negative scalars such that βk ≥ 0 and

∑∞
k=0 βk <∞, and let {vk} ⊂ Rn be

a sequence of bounded vectors satisfying ‖vk‖ ≤ M for some constantM > 0. The Supe-
riorized Biased Steepest Descent method for solving the least-squares problem is described
in Algorithm 2. We refer to this algorithm as S-BSD-LS. The key step is line 12, where the
residual update intentionally omits the effect of the perturbation βkvk.

Algorithm 2 S-BSD-LS.
1: Given: Matrix A, vector bδ.
2: Initialize: Choose x0 ∈ Rn.
3: r0 := bδ −Ax0.
4: for k = 0, 1, 2, . . . do
5: uk := AT rk.
6: if uk = 0 then stop.
7: end if
8: sk := Auk.
9: λk := ‖uk‖2/‖sk‖2.

10: Compute parameter βk and direction vk.
11: Update iterate: xk+1 := xk + λkuk + βkvk.
12: Update biased residual: rk+1 := rk − λksk.
13: end for

NOTE 3.1. Note that while Algorithm 2 is presented in a general form, in our numerical
implementation (Section 5) we specifically choose vk as a normalized subgradient of the total
variation functional to promote piecewise-constant reconstructions.

To understand the combined effect of explicit perturbations and noise, it is helpful to
first examine the case in which explicit perturbations are absent. When βk = 0 for all
k, the algorithm reduces to the standard Steepest Descent (SD-LS) method. This classical
method is known to converge to the minimizer x∗noisy of 1

2‖b
δ − Ax‖2, which satisfies the
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first-order optimality condition AT (bδ−Ax∗noisy) = 0. This condition implies that the residual
bδ −Ax∗noisy is orthogonal to the column space of A.

It is important to note that x∗noisy is the least-squares solution corresponding to the noisy
right-hand side bδ and generally differs from the ideal solution associated with the noise-free
vector b. Therefore, the algorithm does not converge to the true minimizer of 1

2‖b − Ax‖.
Analogously, we will show that the sequence generated by Algorithm 2 converges to a biased
point due to the presence of noise. In fact, when explicit perturbations are added, the conditions∑
k βk < ∞ and the boundedness of {vk} ensure convergence, but the resulting solution

remains biased and does not recover the true least-squares solution.
REMARK 3.2. For a symmetric positive definite (SPD) matrix M, one may consider the

preconditioned system M1/2Ax = M1/2b instead of (1.1), where M1/2 denotes the square
root of M. We note that considering such a system does not affect our analysis, and all results
can be readily rewritten in the new setup. For various choices of M and their impact on the
iterative performance, see [37].

4. Convergence analysis. The key feature in Algorithm 2 lies in the update rule for
xk+1, which includes the explicit perturbation term βkvk:

xk+1 = xk + λkuk + βkvk.

However, a critical step is the update rule of the algorithm for the residual rk+1:

rk+1 = rk − λksk.

This residual update does not account for the perturbation introduced in xk+1. The true
residual at step k + 1, based on the actual xk+1, would be

r̃k+1 = bδ −Axk+1 = bδ −A(xk + λkuk + βkvk) = (bδ −Axk)− λkAuk − βkAvk
= rk − λksk − βkAvk = rk+1 − βkAvk.

Thus, for k > 0, the computed residual rk in the algorithm deviates from the true residual by
an accumulation of the terms −βiAvi.

REMARK 4.1. The SD-LS algorithm (Algorithm 1) is known to satisfy the BPR property
(see [32] or [2, Lemma 5, Proposition 4, and Theorem 3]), which makes it applicable as
basic algorithm within the superiorization framework. However, the proposed Algorithm 2
(S-BSD-LS) is not a direct superiorization of Algorithm 1 because the underlying operator
uses a biased residual, in contrast to Algorithm 1. In fact, a superiorized version of Algo-
rithm 1 is Algorithm 3 in Section 5.2. Theorem 4.2 establishes convergence of Algorithm 2,
demonstrating a form of stability analogous to that guaranteed by the BPR property.

THEOREM 4.2. Let {xk} be the sequence generated by Algorithm 2. Assume that the
sequence of vectors {vk} is bounded and that the sequence of scalars {βk} is non-negative
and summable (

∑∞
k=0 βk <∞). Then {xk} converges to a limit x∗ given by

x∗ := y∗ + S∗,

where y∗ is a specific least-squares solution determined by x0 and S∗ :=
∑∞
k=0 βkvk.

Proof. To analyze the convergence of xk, we introduce an auxiliary sequence yk, defined
as

yk = xk −
k−1∑
i=0

βivi,
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where y0 = x0 and k ≥ 1. The iterative update for yk+1 can be rewritten as

yk+1 = xk+1 −
k∑
i=0

βivi = (xk + λkuk + βkvk)−

(
k−1∑
i=0

βivi + βkvk

)

= xk −
k−1∑
i=0

βivi + λkuk = yk + λkuk

= yk + λkA
T rk.(4.1)

We use mathematical induction to show that in Algorithm 2, the residuals are computed as

(4.2) rk = b−Ayk.

For k = 0, since y0 = x0, the relation clearly holds. Suppose that for k = p, the relation
rp = b−Ayp holds. We must then show that it also holds for k = p+ 1.

Using line 12 of Algorithm 2, we get

rp+1 = rp − λpsp = (b−Ayp)− λpsp (by the inductive hypothesis)

= (b−Ayp)− λpAup = (b−Ayp)− λpA(AT rp)

= b−A
(
yp + λpA

T rp
)

= b−Ayp+1 (by 4.1).

This completes the induction. Therefore, using (4.2) and (4.1), the sequence {yk} then evolves
as

(4.3) yk+1 = yk + λkA
T (bδ −Ayk),

and we have

(4.4) λk =
‖uk‖2

‖sk‖2
=
‖AT rk‖2

‖AAT rk‖2
.

Interestingly, the iterative method (4.3) with relaxation parameter (4.4) coincides with the
standard steepest descent method applied to minimize 1

2‖b
δ −Ay‖2. As such, it is known that

the sequence yk converges to a point y∗ satisfying the optimality condition for the unperturbed
problem with noisy data, namely AT (bδ −Ay∗) = 0. This y∗ is the least-squares solution of
the inconsistent system Ay = bδ (see Remark 4.3). From the definition of yk, we have

(4.5) xk = yk +

k−1∑
i=0

βivi.

We are given that ‖vk‖ ≤ M, for some constantM > 0, and that
∑∞
k=0 βk < ∞. These

conditions ensure that the series
∑∞
i=0 βivi converges absolutely

∞∑
k=0

‖βkvk‖ ≤ M
∞∑
k=0

βk <∞.

Therefore, since any absolutely convergent series in Rn converges, we conclude that
∑∞
k=0 βk
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converges. Given that the sequence yk converges to y∗ and the sum
∑k−1
i=0 βivi converges to

S∗ as k →∞, using (4.5), it follows that

lim
k→∞

xk = y∗ + S∗ = x∗.

Thus, the perturbed algorithm does converge to a specific point x∗.
REMARK 4.3. The iterative method (4.3) with relaxation parameters (4.4) is studied

in [37, Algorithm 1, p. 37, with M = I and relaxation parameters (3.8), s = 1, p. 40].
It is shown in [38, Theorem 6] that the sequence generated by (4.3) with the relaxation
parameters (4.4) converges to y∗ = x∗ + PN(A)(x0), where PN(A)(x0) is the orthogonal
projection of x0 onto the null space of A and x∗ is the unique solution with minimal Euclidean
norm of the least-squares equation (1.2). Therefore, if x0 ∈ R(AT ), then the sequence {yk}
converges to the unique minimum-norm solution of (1.2). For all methods in our numerical
experiments, the initial vector is set to x0 = 0. In practical applications, however, a more
suitable starting point may be chosen if a priori information is available.

REMARK 4.4 (The bias term S∗). The cumulative explicit perturbation S∗ =
∑∞
k=0 βkvk

in Theorem 4.2 is precisely the bias term introduced by the algorithm. This term represents the
systematic deviation from the least-squares solution y∗ of the noisy problem. The conditions
‖vk‖ ≤ M and

∑
βk <∞ ensure that S∗ is well defined and finite.

4.1. Semi-convergence and the bias of x∗. In the context of iterative methods, semi-
convergence refers to the phenomenon that an algorithm initially converges toward a mean-
ingful solution—such as the minimum-norm solution or the true minimizer of the original,
noise-free problem—but ultimately deviates due to the influence of noise.

4.1.1. Influence of the biased residual update on semi-convergence. In standard itera-
tive methods for least-squares problems, such as SD-LS, the phenomenon of semi-convergence
is an inherent limitation when dealing with noisy data. These methods are designed to mini-
mize the data-fidelity term 1

2‖b
δ −Ax‖2. While initial iterations typically move the solution

closer to the true, noise-free solution, later iterations begin to fit the noise present in the mea-
surements bδ. Consequently, after reaching an initial optimum, the solution quality degrades
as the algorithm amplifies noise, making it a poor choice for ill-posed inverse problems. The
proposed Superiorized Biased Steepest Descent (S-BSD-LS) algorithm counters this problem
with a fundamental paradigm shift: instead of attempting to converge to a flawed target (the
noisy minimizer), it redefines the destination itself. The key to this strategy lies in the residual
update rule:

rk+1 = rk − λkAuk.

This update intentionally ignores the effect of the perturbation term βkvk,which is concurrently
added to the iterate xk. This deliberate decoupling is the cornerstone of controlling semi-
convergence and has profound implications for the stability and behavior of the algorithm:

• Establishing a stable underlying process: As demonstrated in the proof of Theo-
rem 4.2, this biased update forces the auxiliary sequence yk to follow a standard,
unperturbed steepest descent process for the noisy least-squares problem,

yk+1 = yk + λkA
T (bδ −Ayk).

Because this standard steepest descent process is guaranteed to converge to a least-
squares solution y∗, our algorithm maintains a predictable and stable underlying
trajectory. Unlike traditional methods that are directly susceptible to the instabilities
of the noisy objective, our algorithm is anchored to this well-behaved dynamic.

http://etna.ricam.oeaw.ac.at
http://www.kent.edu
http://www.ricam.oeaw.ac.at


ETNA
Kent State University and

Johann Radon Institute (RICAM)

BIASED SUPERIORIZATION OF STEEPEST DESCENT 101

• Enabling predictable bias accumulation: By forgoing the goal of exact residual
minimization at each step, the algorithm avoids chasing noise effects. Instead, the full
iterate sequence xk converges to a well-defined, biased limit x∗ = y∗+S∗. This bias
is not erratic or random; it is the predictable, cumulative effect of the perturbation
terms S∗ =

∑∞
k=0 βkvk, which are themselves chosen to promote desirable solution

structures (e.g., lower total variation).
In essence, S-BSD-LS sidesteps the trap of semi-convergence by consciously abandoning

the pursuit of the noisy minimizer. It does not ask, “How can we get to a flawed target faster?”
but rather, “Can we define a more stable and structurally meaningful target?”. By converging to
a biased yet well-structured solution, the algorithm achieves stability instead of being affected
by noise, thus making it a robust tool for noisy inverse problems. The bias in the final solution
is not a flaw but a designed feature to achieve robustness.

4.1.2. Why x∗ is biased. For x̄ to be a true minimizer of 1
2‖b

δ −Ax‖2, it must satisfy
the first-order optimality condition AT (bδ −Ax̄) = 0. Let us evaluate this condition for our
limit point x∗ = y∗ + S∗, that is,

AT (bδ −Ax∗) = AT (bδ −A(y∗ + S∗)) = AT (bδ −Ay∗)−ATAS∗.

As established, y∗ is the minimizer of the least-squares problem 1
2‖b

δ −Ay‖2, which means
that AT (bδ −Ay∗) = 0. Substituting this into the expression for AT (bδ −Ax∗) gives

(4.6) AT (bδ −Ax∗) = −ATAS∗.

For x∗ to be a true minimizer of 1
2‖b

δ − Ax‖2, we would require that ATAS∗ = 0. This
condition generally holds if and only if S∗ lies in the null space of ATA, which is equivalent
to S∗ ∈ Null(A). However, since S∗ =

∑∞
i=0 βivi represents a general sum of potentially

nonzero vectors vi, scaled by nonzero coefficients βi, it is highly unlikely that S∗ lies in the
null space of A.

Therefore, the limit point x∗ of the perturbed steepest descent algorithm is generally not
a true minimizer of 1

2‖b
δ − Ax‖2 if S∗ /∈ Null(A). Instead, it is a biased solution, and the

bias is directly related to the accumulated explicit perturbation S∗. The algorithm reaches a
final result (a fixed point), but this result is not the same as the ideal solution we would get if
there were no noise and no added perturbation. The difference comes from two sources. First,
the method itself includes a built-in change, represented by βkvk, which causes some bias.
Second, the data bδ include noise, so the least-squares solution y∗ is already affected by that
noise. In the end, the final output x∗ includes both the effect of the bias of the method and the
noise in the data.

REMARK 4.5. We note that the optimality condition in (4.6) can be rewritten as the
normal equations for a least-squares problem with a modified right-hand side,

ATAx∗ = AT (bδ +AS∗).

While this provides an elegant a posteriori interpretation of the limit point x∗, it is crucial to
recognize that this modified problem cannot be formulated and solved directly. The reason is
fundamental: the accumulated perturbation S∗ =

∑∞
k=0 βkvk is not a predetermined quantity

but is rather an emergent product of the entire iterative history generated by Algorithm 2.
Specifically, each vector vk is determined dynamically from the current iterate xk. For instance,
in our numerical experiments, vk is the negative subgradient of the total variation functional at
xk. Consequently, S∗ is unknown until after the algorithm has converged, making it impossible
to construct the modified right-hand side from the outset. This highlights the dynamic and
path-dependent nature of our proposed method.
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5. Numerical tests. In this section, we implement the proposed S-BSD-LS algorithm
using total variation (TV) regularization as a concrete example. While the algorithm can be
applied with various regularization functionals, TV serves as a well-established benchmark
for imaging problems. We present two examples from tomographic image reconstruction,
a field focused on generating images from projection data. Our primary goal here is to
demonstrate the performance of the algorithm when dealing with noisy data. To maintain
uniform experimental conditions, we add 5% white Gaussian noise to all data sets. For all
presented figures and tables, the relative error is calculated as ‖xtrue−xk‖/‖xtrue‖, where xtrue

represents the phantom (exact solution) and xk is the solution vector at iteration k. CPU time
refers to the total computational time after 300 iterations for each method. In all experiments,
the initial vector is chosen as the zero vector.

We compare the performance of our proposed algorithm, S-BSD-LS (Algorithm 2), with
several state-of-the-art methods: SD-LS, CGLS, S-CG-CD, and FISTA. Below, we briefly
describe each of these methods and detail the parameters used in our numerical tests. The
SD-LS method is a variant of S-BSD-LS that excludes the superiorization term, allowing us
to isolate the impact of superiorization, which serves as a baseline comparison. The CGLS
method is the standard conjugate gradient method for least-squares.

The S-CG-CD method, a recently introduced algorithm [44], is also included for compari-
son. For our tests, we specifically use [44, Algorithm 9] as it has shown the lowest error among
all algorithms reported in the original publication. The technique employs the negative and
normalized subgradient of the total variation as the perturbation term vk, using a coefficient
βk = ωak, where a = 0.99. The parameter ω = 40 was manually selected, as recommended
by the authors, to achieve optimal performance, specifically to attain the minimum relative
error within the first 300 iterations. For the proposed S-BSD-LS method, we adopt the same
form βk = ωak, with a = 0.99 and ω = 1, and we also use the negative and normalized
subgradient of the total variation as the perturbation term vk.

Finally, we include FISTA (Fast Iterative Shrinkage-Thresholding Algorithm) [7], a
well-known proximal gradient method, to provide a benchmark from a different class of
optimization algorithms. The FISTA algorithm is designed to solve optimization problems of
the form

ψ(x) = f(x) + φ(x),

where f is a smooth convex function and φ is a convex (usually non-smooth) function. Various
versions of this algorithm are presented in [27]. In image reconstruction problems, it is
common to set

f(x) = 1
2‖b−Ax‖

2 and φ(x) = η TV (x),

where η is a suitable scalar [27] and TV (x) denotes the total variation (TV) functional.
The challenging part of FISTA is to compute

prox(x) = arg min
y∈C

{
φ(y) + 1

2‖y − x‖
2
}
,

where C is a convex set in Rn. If φ(x) = η TV (x), then we have

prox(x) = arg min
y∈C

{
η TV (y) + 1

2‖y − x‖
2
}

= arg min
y∈C

{
2η TV (y) + ‖y − x‖2

}
.(5.1)
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In [6], a method called FGP is presented for solving the optimization problem (5.1). In
fact, the FGP method solves the problem

(5.2) min
x∈C
‖x− z‖2 + 2η TV (x),

where z is an arbitrary vector. It is clear that any algorithm solving problem (5.2) also solves
problem (5.1). To solve problem (5.1), FISTA in this section employs 10 iterations of the FGP
method. In our implementation, the set C is chosen as the box constraint 0 ≤ xi ≤ 1. The
parameter η was chosen empirically by a coarse search over several orders of magnitude; we
set η = 100 as it gave the best relative error within 300 iterations.

In both methods, namely S-BSD-LS and S-CG-CD, the vector vk is selected according to
the principles of the gradient descent algorithm, which updates the iterates in the direction
opposite to the (sub)gradient of the objective function. In our case, the objective is the total
variation functional. We also normalize each vector vk so that it remains bounded.

A vector tx ∈ Rn is called a subgradient of a convex function g : Rn → R at a point
x ∈ Rn if

〈z − x, tx〉 ≤ g(z)− g(x) for all z ∈ Rn.

The set of all subgradients of g at x is called the subdifferential of g at x and is denoted by
∂g(x). It is well known that ∂g(x) 6= ∅ for any convex function g and that ∂g(x) = {∇g(x)}
if g is differentiable at x; see [4] for a general discussion.

Before proceeding, we recall the definition of the (discrete) total variation. For an image
y ∈ RG×H , where yg,h denotes the pixel value at position (g, h), the total variation is defined
as

TV (y) =

G−1∑
g=1

H−1∑
h=1

√
(yg+1,h − yg,h)2 + (yg,h+1 − yg,h)2.

This definition is standard; see [28, p. 1567, (4.5)].
The (g, h)-component of a subgradient of TV at y, denoted by `g,hy , is given by

`g,hy =
2yg,h − yg+1,h − yg,h+1√

(yg+1,h − yg,h)2 + (yg,h+1 − yg,h)2

+
yg,h − yg−1,h√

(yg,h − yg−1,h)2 + (yg−1,h+1 − yg−1,h)2

+
yg,h − yg,h−1√

(yg+1,h−1 − yg,h+1)2 + (yg,h − yg,h−1)2
.

When any of the denominators in the above expression evaluates to zero, the corresponding
term is assigned a value of zero to avoid division by zero. This convention ensures the
well-definedness and continuity of the subgradient expression.

In both methods, namely S-BSD-LS and S-CG-CD, the vector vk is selected as a negative
subgradient of the TV functional at the current point xk. Specifically, we compute a subgradient
gk ∈ ∂TV (xk) using the componentwise formula given above, with the convention that any
term with a zero denominator is set to zero. We then set vk = −gk/‖gk‖ if gk 6= 0, and
vk = 0 otherwise. This ensures that ‖vk‖ ≤ 1, satisfying the boundedness condition. The
negative sign indicates that we aim to reduce the value of the TV functional. Note that at the
initial point x0 = 0, we have g0 = 0, so v0 = 0.
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FIG. 5.1. Histories of the relative errors in S-BSD-LS, SD-LS, CGLS, S-CG-CD, and FISTA. Test 1.

5.1. Experimental setup: data generation. In all iterative methods—S-BSD-LS, SD-
LS, CGLS, and S-CG-CD—we use zero as the starting point. For our experiments, we
generated all phantom images, system matrices, and right-hand side vectors using the AIR
Tools (Matlab-based) package [25]. The Shepp-Logan phantom, a standard synthetic image in
medical imaging (especially CT), serves as our ground truth (exact solution). We designed two
distinct test cases to evaluate the performance of our algorithm in comparison with existing
methods:
Test 1: Underdetermined systems. This scenario models limited-angle tomography appli-

cations such as breast X-ray tomography and situations with few-projection mea-
surements, where limiting the X-ray dose is critical. In this test, the phantom is
discretized into 512 × 512 pixels. We collect 179 projections, evenly distributed
between 0 and 179 degrees, with 724 rays per projection. This setup yields a system
matrix A of dimension 130320× 262144, resulting in an underdetermined system of
equations.

Test 2: Overdetermined systems. For this test, we again discretize the phantom into 512×512
pixels. However, we acquire a larger data-set: 500 projections evenly distributed
between 0 and 179 degrees, with 800 rays per projection. Consequently, the resulting
system matrix A has a dimension of 400000× 262144, forming an overdetermined
system of equations.

We next analyze the performance of the proposed S-BSD-LS algorithm against established
methods: SD-LS, CGLS, S-CG-CD, and FISTA. The evaluation is based on two distinct
tomographic reconstruction scenarios, Tests 1 and 2. Performance is assessed using the
relative error histories (Figures 5.1 and 5.2) and a summary table (Table 5.1) comparing
the CPU time, the minimum relative error, and the iteration at which this minimum error is
achieved.

In Test 1, modeling an underdetermined system (limited-angle tomography) with noisy
data, CGLS and SD-LS exhibited fast initial convergence, reaching their lowest relative
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FIG. 5.2. Histories of the relative errors in S-BSD-LS, SD-LS, CGLS, S-CG-CD, and FISTA. Test 2.

TABLE 5.1
Comparison of the methods in terms of the CPU time, the minimum relative error, and the corresponding

iteration, Top: Test 1, Bottom: Test 2.

Method CPU Time (s) Min Rel. Err. Iter. at Min Rel. Err.
S-BSD-LS 22.65 0.1435 300
SD-LS 19.87 0.2673 68
CGLS 20.39 0.2662 10
S-CG-CD 301.97 0.1661 103
FISTA 344.45 0.1552 300
S-BSD-LS 59.97 0.1124 300
SD-LS 55.12 0.2231 93
CGLS 55.78 0.2198 12
S-CG-CD 3675.50 0.1223 125
FISTA 611.410 0.1500 300

error early (at iterations 10 and 68, respectively). However, both suffered from severe semi-
convergence, with their relative errors increasing significantly after reaching a minimum, as
shown in Figure 5.1. This behavior highlights their vulnerability to noise and ill-posedness in
underdetermined scenarios.

By contrast, S-BSD-LS maintained a monotonic decrease in the relative error, ultimately
achieving the lowest minimum error (0.1435) at iteration 300, with a modest computational
cost. This behavior is a direct result of the biased residual update and the TV-based superioriza-
tion, which guide the iterates toward structured and stable solutions while avoiding overfitting
to noisy data. The method demonstrates strong robustness against semi-convergence while
keeping the CPU time (22.65 seconds) competitive with SD-LS and CGLS.

S-CG-CD achieved a competitive error (0.1661) but at a significantly higher computational
cost (over 300 seconds). Similarly, FISTA reached an error of 0.1552, but again required
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substantially more time. These results suggest that S-BSD-LS provides a better trade-off
between computational efficiency and accuracy in underdetermined, noisy systems.

The performance trends observed in Test 2, characterized by an overdetermined system
with noisy data where data redundancy is higher, were broadly consistent with Test 1 but
even more pronounced. Both CGLS and SD-LS again converged quickly at first, only to
suffer from semi-convergence, which led to a worsening of the error in later iterations (see
Figure 5.2). Their minimum errors were moderate (0.2198 and 0.2231), and again occurred
early (iterations 12 and 93).

S-BSD-LS, on the other hand, continued to exhibit gradual and stable improvement,
ultimately reaching the best overall accuracy with a minimum relative error of 0.1124 at
iteration 300. This demonstrates the effectiveness of the method even in data-rich contexts.
Despite the larger system size, its CPU time (59.97 seconds) remained comparable to that of
CGLS and SD-LS.

Once again, S-CG-CD and FISTA delivered relatively good accuracy (0.1223 and 0.1500,
respectively) but at a significantly higher computational cost (3675 and 611 seconds, respec-
tively). The high computational demand of S-CG-CD in particular limits its practicality,
especially when high iteration counts are necessary.

The experiments clearly show that S-BSD-LS consistently delivers the lowest minimum
relative error in both underdetermined and overdetermined noisy inverse problems. Compared
to traditional methods such as SD-LS and CGLS, it exhibits greater robustness to noise,
suppresses semi-convergence, and maintains a reasonable computational cost. Moreover, when
compared to S-CG-CD and FISTA, S-BSD-LS achieves comparable or superior accuracy with
much lower CPU time, making it an effective and efficient method for stable reconstruction in
ill-posed settings.

5.2. Additional experiments: superiorized SD-LS with exact residual update. To fur-
ther analyze the respective effects of superiorization and residual bias, Algorithm 3 introduces
the superiorized steepest descent algorithm with exact residual update, denoted by S-SD-LS.
Using [2, Lemma 5, Proposition 4, and Theorem 3], one can easily obtain that Algorithm 1 is
bounded perturbation resilient (BPR), and therefore, the sequence {xk} generated by Algo-
rithm 3 (S-SD-LS) converges to a least-squares solution of the system (1.1). Unlike S-BSD-LS,
this algorithm preserves the true residual at each iteration and thus requires one additional
matrix-vector multiplication (compare Step 12 of Algorithm 3 with Algorithm 2). In fact, the
most time-consuming part of Algorithms 1, 2, and 3 is the matrix-vector multiplication. Algo-
rithms 1 and 2 each require two matrix-vector multiplications, whereas Algorithm 3 requires
three, making it approximately 50% more time-consuming than Algorithm 2. The results for
Tests 1 and 2 are summarized in Table 5.2, showing that S-SD-LS achieves nearly the same
stability and relative error behavior as S-BSD-LS, while incurring a higher computational cost.
This indicates that the stability enhancement primarily originates from the superiorization
mechanism and the use of the TV functional for smoothing the solution, whereas the biased
residual update contributes mainly to computational efficiency.

Conclusion. We proposed the Superiorized Biased Steepest Descent for Least Squares (S-
BSD-LS) algorithm, a novel approach that redefines the reconstruction target in noisy inverse
problems. By decoupling the residual update from the explicit perturbation and integrating
a perturbation step of the form βkvk, the method achieves robust, stable convergence to a
structured, biased solution. Numerical experiments in tomographic imaging demonstrate
that S-BSD-LS consistently outperforms standard least-squares solvers—including SD-LS
and CGLS—as well as advanced regularization methods like S-CG-CD and FISTA, in terms
of both accuracy and resistance to semi-convergence. Despite its improved performance,
the computational cost per iteration of S-BSD-LS remains comparable to CGLS, requiring
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Algorithm 3 Superiorized Steepest Descent Algorithm for Least-Squares problem (S-SD-LS).
1: Given: Matrix A, vector bδ.
2: Initialize: Choose x0 ∈ Rn.
3: r0 := bδ −Ax0.
4: for k = 0, 1, 2, . . . do
5: uk := AT rk.
6: if uk = 0 then stop.
7: end if
8: sk := Auk.
9: λk := ‖uk‖2/‖sk‖2.

10: Compute parameter βk and direction vk.
11: Update iterate: xk+1 := xk + λkuk + βkvk.
12: Update biased residual: rk+1 := rk − λksk − βkAvk.
13: end for

TABLE 5.2
Comparison of Algorithms 1, 2, and 3 in terms of the CPU time, the minimum relative error, and the correspond-

ing iteration. Top: Test 1; Bottom: Test 2. The new method S-SD-LS (superiorized SD-LS with exact residual update)
is included to illustrate the effect of exact versus biased residual computation.

Method CPU Time (s) Min Rel. Err. Iter. at Min Rel. Err.
S-BSD-LS 22.65 0.1435 300
SD-LS 19.87 0.2673 68
S-SD-LS 36.81 0.1601 300
S-BSD-LS 59.97 0.1124 300
SD-LS 55.12 0.2231 93
S-SD-LS 111.62 0.1254 300

only two matrix-vector multiplications and a single additional function evaluation of the
total variation term, whose subgradient and norm can be computed efficiently with minimal
computational cost.

Additional experiments with the superiorized SD-LS algorithm (S-SD-LS)—which em-
ploys exact residual updates—further confirmed that the superiorization mechanism itself is
the principal source of the improved stability and continuous error reduction, while the biased
residual update mainly enhances computational efficiency. These findings reinforce the effec-
tiveness and practicality of the proposed S-BSD-LS method as a reliable and computationally
efficient alternative for stable reconstructions in ill-posed, noisy scenarios.
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