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Abstract. In this paper, we present some new combined bounds for the standard singular value decomposition,
extending some existing results. Furthermore, a combined perturbation bound for the generalized singular value
decomposition of Grassmann matrix pairs is given, from which we obtain a Hoffman–Wielandt-type bound for
generalized singular values.
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1. Introduction. The standard singular value decomposition (SVD) and the generalized
singular value decomposition (GSVD) are very useful tools in many matrix computation
problems and practical applications, such as the Kronecker canonical form of a general matrix
pencil, constrained and total least-squares problems, and so on; see [4, 5, 6, 7, 16, 17, 21, 23]
and the references therein. The purpose of this paper is to present some new combined
perturbation bounds for the standard SVD, as well as combined perturbation bounds for the
GSVD.

As is well known, for any A ∈ Cm×n, its standard SVD may be written as (see, e.g., [4,
18])

A = UΣV H , with Σ = diag(σ1, σ2, . . .) and σi ≥ 0, i = 1, 2 . . . ,(1.1)

where U ∈ Cm×m and V ∈ Cn×n are unitary matrices and σ1, σ2, . . . are the singular values
of A.

The GSVD of two matrices having the same number of columns is a generalization of
the standard SVD. Let A ∈ Cm×n and B ∈ Cp×n. Let {A,B} be an (m, p, n)-Grassmann

matrix pair (GMP), i.e., rank

([
A
B

])
= n. Then there exist unitary matrices U ∈ Cm×m,

V ∈ Cp×p, and a nonsingular matrix Q ∈ Cn×n such that [8, 16, 19, 21]

UHAQ = Σa, V HBQ = Σb,(1.2)

where

Σa = diag(α1, α2, . . .), Σb = diag(. . . , βn−1, βn),(1.3)

meaning that Σa is zero except for the diagonal starting in the top-left corner (the leading
diagonal) and Σb is zero except for the diagonal ending in the bottom-right corner (the trailing
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diagonal). It holds that

αm+1 = · · · = αn = 0 if m ≤ n,
β1 = · · · = βn−p = 0 if p ≤ n, and

αi, βi ≥ 0, α2
i + β2

i = 1, i = 1, 2, . . . , n.

The decomposition (1.2) is called the GSVD of the (m, p, n)-GMP {A,B}, and
{(αi, βi) , i = 1, 2, . . . , n} are its generalized singular values, which are denoted by σ{A,B}.

There is a large body of literature on perturbation theories for the SVD and GSVD.
Mirsky [14] generalized the Hoffman–Wielandt theorem to singular values, and Wedin [22]
generalized the famous Davis–Kahan sin θ-theorem, relating invariant subspaces of two
selfadjoint operators, to cover the singular value decomposition. Relative perturbation bounds
for singular values and singular subspaces have been presented in the literature; see [1, 2,
10, 11, 12, 13]. Sun [19] was the first to give perturbation bounds for generalized singular
values and generalized singular subspaces, and Paige [15] and Li [8] improved some results
given by Sun [19]. Recently, Li and Sun [12] used Jordan–Wielandt matrices and combined
perturbation bounds for eigenspaces and eigenvalues of Hermitian matrices to derive some
combined absolute and relative perturbation bounds for the singular values and singular
subspaces of a square matrix.

The novelty and main benefit of this paper are the application of the inequality (2.1), given
in Section 2, from which one directly obtains combined perturbation bounds for the singular
subspaces and singular values of a general matrix. In the sequel, we also readily derive several
new perturbation bounds. Furthermore, the technique described in [12] cannot be applied to
the GSVD. In contrast, our technique can be utilized to derive combined perturbation bounds
for the generalized singular subspaces and generalized singular values of a Grassmann matrix
pair. Hence, this paper makes the following two contributions:

1. We employ techniques different from those described by Li and Sun [12]. Our
combined bounds for the SVD are derived based on a fundamental conclusion (see
Lemma 2.2), whereas Li and Sun [12] use Jordan–Wielandt matrices.

2. Some new perturbation bounds for the SVD are given (see Theorem 3.4 and The-
orem 3.6), and combined perturbation bounds for the GSVD are also derived; see
Theorem 4.1 and Theorem 4.3.

The rest of this paper is organized as follows. In Section 2, we give several useful lemmas
and introduce properties of the angle between two subspaces of the same dimension. In
Section 3, some new absolute and relative perturbation bounds for the SVD are presented.
Section 4 gives combined bounds for generalized singular values and generalized singular
subspaces. Some concluding remarks are given in Section 5.

Throughout this paper, we use the following notation: Cm×n denotes the set of m× n
complex matrices. The symbol In is the n× n identity matrix, and when no ambiguity can
arise, the subscript n is omitted. For X ∈ Cm×n, ‖X‖2 and ‖X‖F denote the spectral norm
and Frobenius norm of X , respectively, XH is the conjugate transpose, X† is the Moore-
Penrose inverse, and PX = XX† is the orthogonal projector onto the column spaceR(X) of
X . The chordal metric is defined for (α, β) 6= (0, 0) 6= (α̃, β̃), with α, β, α̃, β̃ ∈ C, by

ρ((α, β), (α̃, β̃))
def
=

∣∣∣β̃α− α̃β∣∣∣√
|α|2 + |β|2

√
|α̃|2 + |β̃|2

.

2. Preliminaries. In this section, several useful lemmas are given. Lemma 2.2 plays
a major role in deriving perturbation bounds for the SVD and GSVD. We also introduce
properties of the angle between two subspaces with the same dimension.

http://etna.ricam.oeaw.ac.at
http://www.kent.edu
http://www.ricam.oeaw.ac.at


ETNA
Kent State University and

Johann Radon Institute (RICAM)

502 X. S. CHEN, X. Q. ZOU, AND S.-W. VONG

The following result is usually used to derive perturbation bounds for both eigenvalue and
generalized eigenvalue problems (see [3, 9, 10, 12]):

LEMMA 2.1 ([3, Theorem 3.2]). Let T ∈ Cn×n and Λi = diag(λ
(i)
1 , . . . , λ

(i)
n ) ∈ Cn×n,

i = 1, 2, 3, 4. Then there exists a permutation τ of {1, 2, . . . , n} such that

σ2
min(T )

n∑
i=1

∣∣∣λ(1)i λ
(2)
τ(i) − λ

(3)
i λ

(4)
τ(i)

∣∣∣2 ≤ ‖Λ1TΛ2 − Λ3TΛ4‖2F ,

where σmin(T ) denotes the smallest singular value of the matrix T .
We apply the following two lemmas to establish combined perturbation bounds for

the standard SVD and GSVD, respectively. The next Lemma 2.2 may be regarded as a
generalization of Lemma 2.1.

LEMMA 2.2. Let G, H ∈ Cn×n, Λ = diag(λ1, . . . , λn), ∆ = diag(δ1, . . . , δn),
Γ = diag(γ1, . . . , γn), and Ω = diag(ω1, . . . , ωn), with λi, βi, γi, ωi ≥ 0, i = 1, 2, . . . , n.
Then there exists a permutation τ of {1, 2, . . . , n} such that(

σ2
min(G) + σ2

min(H)
) n∑
i=1

∣∣λiδτ(i) − γiωτ(i)∣∣2
≤ ‖ΛG∆− ΓHΩ‖2F + ‖ΛH∆− ΓGΩ‖2F .

(2.1)

Proof. Let G = (gij) and H = (hij). Then we have

‖ΛG∆− ΓHΩ‖2F + ‖ΛH∆− ΓGΩ‖2F(2.2)

=

n∑
i,j=1

(
|λiδjgij − γiωjhij |2 + |λiδjhij − γiωjgij |2

)
=

n∑
i,j=1

(
(λ2i δ

2
j + γ2i ω

2
j )(|gij |2 + |hij |2)− 4λiδjγiωj Re(gijhij)

)
≥

n∑
i,j=1

(
(λ2i δ

2
j + γ2i ω

2
j )(|gij |2 + |hij |2)− 2λiδjγiωj(|gij |2 + |hij |2)

)
=

n∑
i,j=1

(λiδj − γiωj)2(|gij |2 + |hij |2)

=

n∑
i,j=1

(
(λiδj − γiωj)|gij |

)2
+

n∑
i,j=1

(
(λiδj − γiωj)|hij |

)2
= ‖ΛG∆− ΓGΩ‖2F + ‖ΛH∆− ΓHΩ‖2F ,

where the first inequality is obtained from the facts that 2 Re(gijhij) ≤ |gij |2 + |hij |2 and
that λi, δi, γi, and ωi are nonnegative numbers. Therefore, by Lemma 2.1, there exist two
permutations τ1 and τ2 of {1, 2, . . . , n} such that

σ2
min(G)

n∑
i=1

∣∣λiδτ1(i) − γiωτ1(i)∣∣2 ≤ ‖ΛG∆− ΓGΩ‖2F

and

σ2
min(H)

n∑
i=1

∣∣λiδτ2(i) − γiωτ2(i)∣∣2 ≤ ‖ΛH∆− ΓHΩ‖2F ,
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which implies that there is a permutation τ of {1, 2, . . . , n} such that

(
σ2
min(G) + σ2

min(H)
) n∑
i=1

∣∣λiδτ(i) − γiωτ(i)∣∣2 ≤ ‖ΛG∆− ΓGΩ‖2F + ‖ΛH∆− ΓHΩ‖2F .

Combining the above inequality with (2.2) yields the desired result (2.1).
REMARK 2.3. Using Lemma 2.2, we may obtain a result given by Li [8]. In fact, if G

and H are n× n unitary matrices, then σmin(G) = σmin(H) = 1. Hence, (2.1) reduces to

n∑
i=1

∣∣λiδτ(i) − γiωτ(i)∣∣2 ≤ 1

2

(
‖ΛG∆− ΓHΩ‖2F + ‖ΛH∆− ΓGΩ‖2F

)
,

which is the result in [8, Lemma 4.3].
The following lemma is a consequence of [8, Formula (7.15)], which is used to derive

perturbation bounds for singular subspaces and generalized singular subspaces.
LEMMA 2.4 ([8]). Let G, H ∈ Cm×n, Λ = diag(λ1, . . . , λm), ∆ = diag(δ1, . . . , δn),

Γ = diag(γ1, . . . , γm), and Ω = diag(ω1, . . . , ωn), with λi, βj , γi, ωj ≥ 0, i = 1, . . . ,m,
j = 1, . . . , n. Then we have(

min
1≤i≤m
1≤j≤n

{|λiδj − γiωj |}
)2(
‖|G‖2F + ‖H‖2F

)
≤ ‖ΛG∆− ΓHΩ‖2F + ‖ΛH∆− ΓGΩ‖2F .

The perturbation of singular subspaces and generalized singular subspaces requires the
definition of the angles between two subspaces with the same dimension. Let U1, Ũ1 ∈ Cn×`
(1 ≤ ` ≤ n−1), with UH1 U1 = ŨH1 Ũ1 = I`. Then the canonical angle between the subspaces
R(U1) andR(Ũ1) is defined by (see [18, 20])

Θ(R(U1),R(Ũ1)) = arccos
(
UH1 Ũ1Ũ

H
1 U1

)1/2
.

The following results are useful in Sections 3–4:
LEMMA 2.5. Let U =

[
U1 U2

]
and Ũ =

[
Ũ1 Ũ2

]
be n × n unitary matrices with

U1, Ũ1 ∈ Cn×` (1 ≤ ` ≤ n− 1). Then, for any unitarily invariant norm ‖ · ‖, we have

‖ sin Θ(R(U1),R(Ũ1))‖ = ‖UH2 Ũ1‖ = ‖ŨH2 U1‖(2.3)

and

σ2
min(UH1 Ũ1) = σ2

min(ŨH1 U1) = 1− ‖ sin Θ(R(U1),R(Ũ1))‖22.(2.4)

In particular, identity (2.3) holds for ‖ · ‖2 and ‖ · ‖F .
Proof. The proof of (2.3) can be found in [20, Lemma 7.1]. The C-S decomposition

theorem (see [18, 20]) yields (2.4).

3. Combined bounds for the standard SVD. In this section, we present some absolute
and relative perturbation bounds for the SVD. Let A ∈ Cm×n have the SVD (1.1), and let
` ∈ N satisfy

1 ≤ ` < min{m,n}.(3.1)
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From (1.1) we formally obtain

A
` n−`[
V1 V2

]
=

` m−`[
U1 U2

] `

m−`

` n−`[
Σ1 0
0 Σ2

]
,(3.2)

where

Σ1 = diag(σ1, . . . , σ`), Σ2 = diag(σ`+1, σ`+2, . . .).(3.3)

In the sequel, the perturbed matrix Ã ∈ Cm×n and the corresponding decompositions (1.1)
and (3.2) are marked with tildes; e.g., the matrix corresponding to U1 is written as Ũ1.

For simplicity, let Ψ and Φ denote the canonical angles between the column subspaces
R(U1) andR(Ũ1) and between the column subspacesR(V1) andR(Ṽ1), respectively; that is,

Ψ = Θ(R(U1),R(Ũ1)), Φ = Θ(R(V1),R(Ṽ1)).

We present the following combined bound for the SVDs. For the case of square matrices, Li
and Sun [12] used Jordan–Wielandt matrices to prove the result. Here, we use Lemma 2.2 and
Lemma 2.4 to provide a concise proof.

THEOREM 3.1. Let A, Ã = A − E ∈ Cm×n have the SVDs (3.2) and (3.3), and let
` ∈ N satisfy (3.1). Then there exists a permutation τ of {1, 2, . . . , `} such that

(
2− ‖ sin Ψ‖22 − ‖ sin Φ‖22

)∑̀
i=1

∣∣σi − σ̃τ(i)∣∣2 + δ2
(
‖ sin Ψ‖2F + ‖ sin Φ‖2F

)
≤ ‖EṼ1‖2F + ‖EH Ũ1‖2F ,

(3.4)

where

δ =



min
`+1≤i≤n
1≤j≤`

{|σi − σ̃j |} if m = n,

min

{
min

`+1≤i≤n
1≤j≤`

{|σi − σ̃j |}, min
1≤j≤`

{σ̃j}
}

if m > n,

min

{
min

`+1≤i≤m
1≤j≤`

{|σi − σ̃j |}, min
1≤j≤`

{σ̃j}
}

if m < n.

Proof. By the SVDs of A and Ã, we have

UHEṼ = UH(A− Ã)Ṽ = ΣV H Ṽ − UH Ũ Σ̃,

which can be rewritten in block form as[
UH1 EṼ1 UH1 EṼ2
UH2 EṼ1 UH2 EṼ2

]
=

[
Σ1V

H
1 Ṽ1 − UH1 Ũ1Σ̃1 Σ1V

H
1 Ṽ2 − UH1 Ũ2Σ̃2

Σ2V
H
2 Ṽ1 − UH2 Ũ1Σ̃1 Σ2V

H
2 Ṽ2 − UH2 Ũ2Σ̃2

]
.(3.5)

Similarly, we have

[
V H1 EH Ũ1 V H1 EH Ũ2

V H2 EH Ũ1 V H2 EH Ũ2

]
=

[
Σ1U

H
1 Ũ1 − V H1 Ṽ1Σ̃1 Σ1U

H
1 Ũ2 − V H1 Ṽ2Σ̃H2

ΣH2 U
H
2 Ũ1 − V H2 Ṽ1Σ̃1 ΣH2 U

H
2 Ũ2 − V H2 Ṽ2Σ̃H2

]
.

(3.6)
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It follows from (3.5) and (3.6) that

‖EṼ1‖2F + ‖EH Ũ1‖2F
= ‖Σ1V

H
1 Ṽ1 − UH1 Ũ1Σ̃1‖2F + ‖Σ1U

H
1 Ũ1 − V H1 Ṽ1Σ̃1‖2F

+ ‖Σ2V
H
2 Ṽ1 − UH2 Ũ1Σ̃1‖2F + ‖ΣH2 UH2 Ũ1 − V H2 Ṽ1Σ̃1‖2F .

(3.7)

Applying Lemma 2.2 to ‖Σ1V
H
1 Ṽ1 − UH1 Ũ1Σ̃1‖2F + ‖Σ1U

H
1 Ũ1 − V H1 Ṽ1Σ̃1‖2F , it follows

that there exists a permutation τ of {1, 2, . . . , `} such that

(
σ2
min(V H1 Ṽ1) + σ2

min(UH1 Ũ1)
)∑̀
i=1

∣∣σi − σ̃τ(i)∣∣2
≤ ‖Σ1V

H
1 Ṽ1 − UH1 Ũ1Σ̃1‖2F + ‖Σ1U

H
1 Ũ1 − V H1 Ṽ1Σ̃1‖2F .

(3.8)

If m = n, then Σ2 = diag(σ`+1, . . . , σn) ∈ C(n−`)×(n−`). By Lemma 2.4, we get

‖Σ2V
H
2 Ṽ1 − UH2 Ũ1Σ̃1‖2F + ‖Σ2U

H
2 Ũ1 − V H2 Ṽ1Σ̃1‖2F(3.9)

≥ min
`+1≤i≤n
1≤j≤`

{|σi − σ̃j |2}
(
‖UH2 Ũ1‖2F + ‖V H2 Ṽ1‖2F

)
= δ2

(
‖UH2 Ũ1‖2F + ‖V H2 Ṽ1‖2F

)
.

From Lemma 2.5 and (3.7)–(3.9), we obtain the desired bound (3.4).

If m > n, then let Σ2 =

[
Λ
0

]
∈ C(m−`)×(n−`), with Λ = diag(σ`+1, . . . , σn), and

let U2 =
[
U21 U22

]
∈ C(m)×(m−`), with U21 ∈ Cm×(n−`), U22 ∈ Cm×(m−n). Then, by

Lemma 2.4, we have

‖Σ2V
H
2 Ṽ1 − UH2 Ũ1Σ̃1‖2F + ‖ΣH2 UH2 Ũ1 − V H2 Ṽ1Σ̃1‖2F

= ‖ΛV H2 Ṽ1 − UH21Ũ1Σ̃1‖2F + ‖UH22Ũ1Σ̃1‖2F + ‖ΛUH21Ũ1 − V H2 Ṽ1Σ̃1‖2F
≥ min
`+1≤i≤n
1≤j≤`

{
|σi − σ̃j |2

}(
‖UH21Ũ1‖2F + ‖V H2 Ṽ1‖2F

)
+ min

1≤j≤`

{
σ̃2
j

}
‖UH22Ũ1‖2F

≥ δ2
(
‖UH21Ũ1‖2F + ‖V H2 Ṽ1‖2F + ‖UH22Ũ1‖2F

)
= δ2

(
‖UH2 Ũ1‖2F + ‖V H2 Ṽ1‖2F

)
.

Combining the above inequality with (3.7)–(3.8) and using Lemma 2.5 yield the combined
bound (3.4).

If m < n, then let Σ2 =
[
Λ 0

]
∈ C(m−`)×(n−`), with Λ = diag(σ1, . . . , σm), and

let V2 =
[
V21 V22

]
∈ Cn×`, with V21 ∈ Cn×(m−`) and V22 ∈ Cn×(n−m). Similarly, by

Lemma 2.4, we get

‖Σ2V
H
2 Ṽ1 − UH2 Ũ1Σ̃1‖2F + ‖ΣH2 UH2 Ũ1 − V H2 Ṽ1Σ̃1‖2F

= ‖ΛV H21 Ṽ1 − UH2 Ũ1Σ̃1‖2F + ‖ΛUH2 Ũ1 − V H21 Ṽ1Σ̃1‖2F + ‖V H22 Ṽ1Σ̃1‖2F
≥ δ2

(
‖UH2 Ũ1‖2F + ‖V H2 Ṽ1‖2F

)
,

which also leads to the desired bound (3.4).
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REMARK 3.2. Using Jordan–Wielandt matrices, Li and Sun [12] have shown the com-
bined bound (3.4) for the case of square matrices; see [12, Theorem 3.1]. Here, we apply
different techniques to provide a proof for the general case.

REMARK 3.3. If δ > 0, then it follows from (3.4) that

‖ sin Ψ‖2F + ‖ sin Φ‖2F ≤
‖EṼ1‖2F + ‖EH Ũ1‖2F

δ2
,

which was also stated by Wedin in [22] for m ≥ n.
Next, we provide some combined relative bounds for the SVDs. From the singular value

decompositions, we obtain the left and right polar decompositions of A and Ã as follows
(see [4]):

A = PlQ = QPr and Ã = P̃lQ̃ = Q̃P̃r,

respectively, where Q and Q̃ are the unitary factors of A and Ã, respectively, and Pl, P̃l and
Pr, P̃r are the left and right Hermitian semidefinite factors of A and Ã, respectively.

THEOREM 3.4. Let A, Ã = A − E ∈ Cn×n have the SVDs (3.2) and (3.3), with
rank(A) = rank(Ã) = n, and let ` ∈ N satisfy (3.1). Then there exists a permutation τ of
{1, 2, . . . , `} such that

(
2−‖ sin Ψ‖22 − ‖ sin Φ‖22

)∑̀
i=1

(
σi − σ̃τ(i)
σsi σ̃

t
τ(i)

)2

+
(
δ(s,t)

)2 (
‖ sin Ψ‖2F + ‖ sin Φ‖2F

)
≤
∥∥∥P−sl EP̃−tr Ṽ1

∥∥∥2
F

+
∥∥∥ŨH1 P̃−tl EP−sr

∥∥∥2
F
,

(3.10)

where s, t are nonnegative numbers and

δ(s,t) = min
`+1≤i≤n
1≤j≤`

{
|σi − σ̃j |
σsi σ̃

t
j

}
.(3.11)

Proof. It follows easily from rank(A) = rank(Ã) = n that Pl, Pr, P̃l, and P̃r are n× n
Hermitian positive definite matrices, and we have [4]

Pl = UΣUH , Pr = V ΣV H , P̃l = Ũ Σ̃ŨH , and P̃r = Ṽ Σ̃Ṽ H .

It follows from (3.2)–(3.3) that[
UH1
UH2

]
P−sl EP̃−tr

[
Ṽ1 Ṽ2

]
=

[
Σ1−s

1 V H1 Ṽ1Σ̃−t1 − Σ−s1 UH1 Ũ1Σ̃1−t
1 Σ1−s

1 V H1 Ṽ2Σ̃−t2 − Σ−s1 UH1 Ũ2Σ̃1−t
2

Σ1−s
2 V H2 Ṽ1Σ̃−t1 − Σ−s2 UH2 Ũ1Σ̃1−t

1 Σ1−s
2 V H2 Ṽ2Σ̃−t2 − Σ−s2 UH2 Ũ2Σ̃1−t

2

](3.12)

and [
ŨH1
ŨH2

]
P̃−tl EP−sr

[
V1 V2

]
=

[
Σ̃−t1 ŨH1 U1Σ1−s

1 − Σ̃1−t
1 Ṽ H1 V1Σ−s1 Σ̃−t1 ŨH1 U2Σ1−s

2 − Σ̃1−t
1 Ṽ H1 V2Σ−s2

Σ̃−t2 ŨH2 U1Σ1−s
1 − Σ̃1−t

2 Ṽ H2 V1Σ−s1 Σ̃−t2 ŨH2 U2Σ1−s
2 − Σ̃1−t

2 Ṽ H2 V2Σ−s2

]
.

(3.13)
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By (3.12) and (3.13) we get∥∥∥P−sl EP̃−tr Ṽ1

∥∥∥2
F

+
∥∥∥ŨH1 P̃−tl EP−sr

∥∥∥2
F

=

∥∥∥∥[UH1UH2
]
P−sl EP̃−tr Ṽ1

∥∥∥∥2
F

+
∥∥∥ŨH1 P̃−tl EP−sr

[
V1 V2

]∥∥∥2
F

= ‖Σ1−s
1 V H1 Ṽ1Σ̃−t1 − Σ−s1 UH1 Ũ1Σ̃1−t

1 ‖2F
+ ‖Σ1−s

2 V H2 Ṽ1Σ̃−t1 − Σ−s2 UH2 Ũ1Σ̃1−t
1 ‖2F

+ ‖Σ̃−t1 ŨH1 U1Σ1−s
1 − Σ̃1−t

1 Ṽ H1 V1Σ−s1 ‖2F
+ ‖Σ̃−t1 ŨH1 U2Σ1−s

2 − Σ̃1−t
1 Ṽ H1 V2Σ−s2 ‖2F .

(3.14)

By Lemma 2.2, there exists a permutation τ of {1, 2, . . . , `} such that

‖Σ1−s
1 V H1 Ṽ1Σ̃−t1 − Σ−s1 UH1 Ũ1Σ̃1−t

1 ‖2F
+ ‖Σ̃−t1 ŨH1 U1Σ1−s

1 − Σ̃1−t
1 Ṽ H1 V1Σ−s1 ‖2F

= ‖Σ1−s
1 V H1 Ṽ1Σ̃−t1 − Σ−s1 UH1 Ũ1Σ̃1−t

1 ‖2F
+ ‖Σ1−s

1 UH1 Ũ1Σ̃−t1 − Σ−s1 V H1 Ṽ1Σ̃1−t
1 ‖2F

≥
(
σmin(V H1 Ṽ1) + σmin(UH1 Ũ1)

)∑̀
i=1

(
σi − σ̃τ(i)
σsi σ̃

t
τ(i)

)2

.

(3.15)

It follows from Lemma 2.4 that

‖Σ1−s
2 V H2 Ṽ1Σ̃−t1 − Σ−s2 UH2 Ũ1Σ̃1−t

1 ‖2F
+ ‖Σ̃−t1 ŨH1 U2Σ1−s

2 − Σ̃1−t
1 Ṽ H1 V2Σ−s2 ‖2F

= ‖Σ1−s
2 V H2 Ṽ1Σ̃−t1 − Σ−s2 UH2 Ũ1Σ̃1−t

1 ‖2F
+ ‖Σ1−s

2 UH2 Ũ1Σ̃−t1 − Σ−s2 V H2 Ṽ1Σ̃1−t
1 ‖2F

≥

 min
`+1≤i≤n
1≤j≤`

{
|σi − σ̃j |
σsi σ̃

t
j

}2(∥∥∥V H2 Ṽ1

∥∥∥2
F

+
∥∥∥UH2 Ũ1

∥∥∥2
F

)

=
(
δ(s,t)

)2(∥∥∥V H2 Ṽ1

∥∥∥2
F

+
∥∥∥UH2 Ũ1

∥∥∥2
F

)
.

(3.16)

By (3.14)–(3.16) and Lemma 2.5, we obtain the combined bound (3.10).
REMARK 3.5. If δ(s,t) > 0, then, by (3.10), we get

‖ sin Ψ‖2F + ‖ sin Φ‖2F ≤
(

1

δ(s,t)

)2(∥∥∥P−sl EP̃−tr Ṽ1

∥∥∥2
F

+
∥∥∥ŨH1 P̃−tl EP−sr

∥∥∥2
F

)
≤
(

1

δ(s,t)

)2(∥∥∥P−sl EP̃−tr

∥∥∥2
F

+
∥∥∥P̃−tl EP−sr

∥∥∥2
F

)
,

which is an estimate that was given by Dopico, Moro, and Molera [2] for the case s = t = 1
2 .

The following results are relative perturbation bounds for the singular values:
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THEOREM 3.6. Let A, Ã = A − E ∈ Cm×n have the SVDs (3.2) and (3.3), with
rank(A) = rank(Ã) = n. Then there exists a permutation τ of {1, 2, . . . , n} such that

(
2− ‖ sin Θ(R(A),R(Ã))‖22

) n∑
i=1

(
σi − σ̃τ(i)
σsi σ̃

t
τ(i)

)2

≤
∥∥∥(P †l )sEP̃−tr

∥∥∥2
F

+
∥∥∥(P̃ †l )tEP−sr

∥∥∥2
F
,

(3.17)

where s, t are nonnegative numbers. In particular, when m = n, we have

n∑
i=1

(
σi − σ̃τ(i)
σsi σ̃

t
τ(i)

)2

≤ 1

2

(∥∥∥P−sl EP̃−tr

∥∥∥2
F

+
∥∥∥P̃−tl EP−sr

∥∥∥2
F

)
.(3.18)

Proof. The condition rank(A) = rank(Ã) = n implies that m ≥ n. First, we prove
inequality (3.17) for m > n. Let ` = n. Then the SVDs (3.2) and (3.3) reduce to

A = U1Σ1V
H and Ã = Ũ1Σ̃1Ṽ

H ,(3.19)

respectively, where U1, Ũ1 ∈ Cm×n and Σ1 = diag(σ1, . . . , σn) and Σ̃1 = diag(σ̃1, . . . , σ̃n).
It follows from (3.19) that

Pl = U1Σ1U
H
1 , P †l = U1Σ−11 UH1 , P̃l = Ũ1Σ̃1Ũ

H
1 , P̃ †l = Ũ1Σ̃−11 ŨH1

and

Pr = V Σ1V
H , P̃r = Ṽ Σ̃1Ṽ

H , R(A) = R(U1), R(Ã) = R(Ũ1).

Therefore,

UH1 (P †l )sEP̃−tr Ṽ = Σ1−s
1 V H Ṽ Σ̃−t1 − Σ−s1 UH1 Ũ1Σ̃1−t

1(3.20)

and

ŨH1 (P̃ †l )tEP−sr V = Σ̃−t1 ŨH1 U1Σ1−s
1 − Σ̃1−t

1 Ṽ HV Σ−s1 .(3.21)

Noting that UH2 (P †l )s = 0 and ŨH2 (P̃ †l )t = 0, we obtain from (3.20) and (3.21) that

‖(P †l )sEP̃−tr ‖2F + ‖(P̃ †l )tEP−sr ‖2F
= ‖UH1 (P †l )sEP̃−tr Ṽ ‖2F + ‖ŨH1 (P̃ †l )tEP−sr V ‖2F
= ‖Σ1−s

1 V H Ṽ Σ̃−t1 − Σ−s1 UH1 Ũ1Σ̃1−t
1 ‖2F

+ ‖Σ1−s
1 UH1 Ũ1Σ̃−t1 − Σ−s1 V H Ṽ Σ̃1−t

1 ‖2F .

(3.22)

It follows from Lemma 2.2 that there exists a permutation τ of {1, 2, . . . , n} such that

(
σ2
min(UH1 Ũ1) + σ2

min(V H Ṽ )
) n∑
i=1

(
σi − σ̃τ(i)
σsi σ̃

t
τ(i)

)2

≤ ‖Σ1−s
1 V H Ṽ Σ̃−t1 − Σ−s1 UH1 Ũ1Σ̃1−t

1 ‖2F
+ ‖Σ1−s

1 UH1 Ũ1Σ̃−t1 − Σ−s1 V H Ṽ Σ̃1−t
1 ‖2F .

(3.23)
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By Lemma 2.5, (3.22), and (3.23), we get inequality (3.17).
When m = n, we have

‖ sin Θ(R(A),R(Ã))‖2 = 0, P †l = P−1l , and P̃ †l = P̃−1l .

Hence, the bound (3.18) follows from (3.17).
REMARK 3.7. If we take s = 1 and t = 0, then (3.18) reduces to

n∑
i=1

(
σi − σ̃τ(i)

σi

)2

≤ 1

2

(∥∥P−1l E
∥∥2
F

+
∥∥EP−1r

∥∥2
F

)
=

1

2

(∥∥A−1E∥∥2
F

+
∥∥EA−1∥∥2

F

)
,

which was proved by Chen in [1].
REMARK 3.8. For nonsingular matrices A and Ã = A− E ∈ Cn×n, with SVDs (3.2)–

(3.3), Li and Sun [12] derived the relative combined bound(
2− ‖ sin Ψ‖22 − ‖ sin Φ‖22

)
×

n∑
i=1

(
σi − σ̃τ(i)
σsi σ̃

t
τ(i)

)2

+

((
δ(s,t)

)2
+
(
ς(s,t)

)2)
×
(
‖ sin Ψ‖2F + ‖ sin Φ‖2F

)
≤
∥∥∥P−sl EP̃−tr

∥∥∥2
F

+
∥∥∥P̃−tl EP−sr

∥∥∥2
F
,

(3.24)

where δ(s,t) is defined by (3.11) and

ς(s,t) = min
1≤i≤`

`+1≤j≤n

{
|σi − σ̃j |
σsi σ̃

t
j

}
.

Obviously, (3.24) also yields the bound (3.18).
The following example illustrates that ‖ sin Θ(R(A),R(Ã))‖22 in (3.17) cannot be re-

moved for m > n.
EXAMPLE 3.9. Let

A =

0.1 0
0 20
0 0

 and Ã =


2
3 − 1

3 − 2
3

2
3

2
3

1
3

1
3 − 2

3
2
3


3 0

0 4
0 0

 .
Then taking s = 2, t = 1, a simple calculation gives

1

2

(∥∥∥(P †l )2EP̃−1r

∥∥∥2
F

+
∥∥∥P̃ †l EP−2r

∥∥∥2
F

)
= 7.3417× 103.

However, (
0.1− 3

0.12 × 3

)2

+

(
20− 4

202 × 4

)2

= 9.3444× 103 > 7.3417× 103

and (
0.1− 4

0.12 × 4

)2

+

(
20− 3

202 × 3

)2

= 9.5063× 103 > 7.3417× 103,
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which shows that the bound

n∑
i=1

(
σi − σ̃τ(i)
σsi σ̃

t
τ(i)

)2

≤ 1

2

(∥∥∥(P †l )sEP̃−tr

∥∥∥2
F

+
∥∥∥(P̃ †l )tEP−sr

∥∥∥2
F

)
is not valid for m > n. However, it holds that(

1− 1

2
‖ sin Θ(R(A),R(Ã))‖22

)[(
0.1− 3

0.12 × 3

)2

+

(
20− 4

202 × 4

)2
]

= 6.7488× 103 < 7.3417× 103,

which is consistent with the bound (3.17).

4. Combined perturbation bounds for the GSVD. In this section, we present combined
perturbation bounds for generalized singular values and generalized singular subspaces.

Let {A,B} be an (m, p, n)-GMP, whose GSVD is given by (1.2) and (1.3). We take an
` ∈ N satisfying

max{n− p, 0} < ` < min{m,n}.(4.1)

From (1.2) we formally obtain

A
` n−`[
Q1 Q2

]
=

` m−`[
U1 U2

] `

m−`

` n−`[
Σa1 0
0 Σa2

]
(4.2)

and

B
` n−`[
Q1 Q2

]
=
p+`−n n−`[
V1 V2

] p+`−n

n−`

` n−`[
Σb1 0
0 Σb2

]
.(4.3)

Let the (m, p, n)-GMP {Ã, B̃} be a perturbed matrix pair. Using the same decomposition
as in (1.2), (1.3), (4.2), and (4.3), we use the notation that matrices marked with tildes
corresponding to the perturbed matrix pair; e.g., the matrix corresponding to U1 is denoted by
Ũ1. Similar to the notation in Section 3, let

Ψ = Θ(R(U1),R(Ũ1)), Φ = Θ(R(V1),R(Ṽ1)).

For the square case, i.e., m = n = p, we present the following combined bound for the
GSVD:

THEOREM 4.1. Let {A,B} and {Ã, B̃} be two (n, n, n)-GMPs with GSVDs (4.2)–(4.3),
respectively, and let ` ∈ N satisfy (4.1). Then there exists a permutation τ of {1, 2, . . . , `}
such that

(
2− ‖ sin Ψ‖22 − ‖ sin Φ‖22

)∑̀
i=1

∣∣∣αiβ̃τ(i) − βiα̃τ(i)∣∣∣2
+ η2

(
‖ sin Ψ‖2F + ‖ sin Φ‖2F

)
≤

∥∥∥∥∥(PZ − PZ̃)
[
Ũ1 0

0 Ṽ1

]∥∥∥∥∥
2

F

,

(4.4)
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where

Z =
[
AT BT

]T
, Z̃ =

[
ÃT B̃T

]T
, η = min

`+1≤i≤n
1≤j≤`

{|αiβ̃j − βiα̃j |}.(4.5)

Proof. Let ΣA = Λ, ΣB = Ω, ΣÃ = Λ̃, and ΣB̃ = Ω̃. From the GSVDs of {A,B} and
{Ã, B̃}, Li obtained the following two identities (see [8, Equations (4.14) and (4.15)]):

ΛV H Ṽ Ω̃− ΩUH Ũ Λ̃ =
[
Ω −Λ

] [UH
V H

]
(PZ − PZ̃)

[
Ũ

Ṽ

][
Λ̃

Ω̃

]
(4.6)

and

ΛUH Ũ Ω̃− ΩV H Ṽ Λ̃ =
[
Λ Ω

] [UH
V H

]
(PZ − PZ̃)

[
Ũ

Ṽ

][
Ω̃

−Λ̃

]
.(4.7)

Let Σa1 = Λ1, Σa2 = Λ2, Σb1 = Ω1, Σb2 = Ω2 and Σã1 = Λ̃1, Σã2 = Λ̃2, Σb̃1 = Ω̃1,
Σb̃2 = Ω̃2. Then the left-hand sides of (4.6) and (4.7) can be written in the following block
form:

ΛV H Ṽ Ω̃− ΩUH Ũ Λ̃ =

[
Λ1V

H
1 Ṽ1Ω̃1 − Ω1U

H
1 Ũ1Λ̃1 Λ1V

H
1 Ṽ2Ω̃2 − Ω1U

H
1 Ũ2Λ̃2

Λ2V
H
2 Ṽ1Ω̃1 − Ω2U

H
2 Ũ1Λ̃1 Λ2V

H
2 Ṽ2Ω̃2 − Ω2U

H
2 Ũ2Λ̃2

]
,

ΛUH Ũ Ω̃− ΩV H Ṽ Λ̃ =

[
Λ1U

H
1 Ũ1Ω̃1 − Ω1V

H
1 Ṽ1Λ̃1 Λ1U

H
1 Ũ2Ω̃2 − Ω1V

H
1 Ṽ2Λ̃2

Λ2U
H
2 Ũ1Ω̃1 − Ω2V

H
2 Ṽ1Λ̃1 Λ2U

H
2 Ũ2Ω̃2 − Ω2V

H
2 Ṽ2Λ̃2

]
,

(4.8)

respectively. Considering the (2, 1)-blocks of the two partitioned matrices in (4.8), it follows
from Lemmas 2.4 and 2.5 that∥∥∥Λ2V

H
2 Ṽ1Ω̃1 − Ω2U

H
2 Ũ1Λ̃1

∥∥∥2
F

+
∥∥∥Λ2U

H
2 Ũ1Ω̃1 − Ω2V

H
2 Ṽ1Λ̃1

∥∥∥2
F

(4.9)

≥

 min
`+1≤i≤n
1≤j≤`

{
|αiβ̃j − βiα̃j |

}2 (
‖ŨH2 U1‖2F + ‖Ṽ H2 V1‖2F

)
= η2

(
‖ sin Ψ‖2F + ‖ sin Φ‖2F

)
.

Considering the (1, 1)-blocks of the two partitioned matrices in (4.8) and using Lemma 2.2
and Lemma 2.5, there exists a permutation τ of {1, . . . , `} such that∥∥∥Λ1V

H
1 Ṽ1Ω̃1 − Ω1U

H
1 Ũ1Λ̃1

∥∥∥2
F

+
∥∥∥Λ1U

H
1 Ũ1Ω̃1 − Ω1V

H
1 Ṽ1Λ̃1

∥∥∥2
F

(4.10)

≥
(
σ2
min(UH1 Ũ1) + σ2

min(V H1 Ṽ1)
)∑̀
i=1

∣∣∣αiβ̃τ(i) − βiα̃τ(i)∣∣∣2
=
(

2− ‖ sin Ψ‖22 − ‖ sin Φ‖22
)∑̀
i=1

∣∣∣αiβ̃τ(i) − βiα̃τ(i)∣∣∣2 .
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From (4.6)–(4.8) we obtain∥∥∥Λ1V
H
1 Ṽ1Ω̃1 − Ω1U

H
1 Ũ1Λ̃1

∥∥∥2
F

+
∥∥∥Λ1U

H
1 Ũ1Ω̃1 − Ω1V

H
1 Ṽ1Λ̃1

∥∥∥2
F

+
∥∥∥Λ2V

H
2 Ṽ1Ω̃1 − Ω2U

H
2 Ũ1Λ̃1

∥∥∥2
F

+
∥∥∥Λ2U

H
2 Ũ1Ω̃1 − Ω2V

H
2 Ṽ1Λ̃1

∥∥∥2
F

=
∥∥∥ΛV H Ṽ1Ω̃1 − ΩUH Ũ1Λ̃1

∥∥∥2
F

+
∥∥∥ΛUH Ũ1Ω̃1 − ΩV H Ṽ1Λ̃1

∥∥∥2
F

≤

∥∥∥∥∥
[
Ω −Λ
Λ Ω

] [
UH

V H

]
(PZ − PZ̃)

[
Ũ1

Ṽ1

][
Λ̃1 Ω̃1

Ω̃1 −Λ̃1

]∥∥∥∥∥
2

F

=

∥∥∥∥∥(PZ − PZ̃)

[
Ũ1

Ṽ1

]∥∥∥∥∥
2

F

,

(4.11)

where the last equality follows from the fact that the matrices[
Ω −Λ
Λ Ω

]
,

[
UH

V H

]
, and

[
Λ̃ Ω̃

Ω̃ −Λ̃

]
are unitary. Combining (4.9) and (4.10) with (4.11) yields the desired combined bound (4.4).

In order to prove a combined bound for the nonsquare case, we need the following lemma:
LEMMA 4.2 ([8, Proposition 2.3]). Let (αi, βi) and (γj , δj), i, j = 1, 2, . . . , n, be 2n

generalized singular values. Let p, q ≥ 0 be two integers, and define

(αn+i, βn+i) = (γn+i, δn+i) = (1, 0), i = 1, 2, . . . , p,

(αn+p+j , βn+p+j) = (γn+p+j , δn+p+j) = (0, 1), j = 1, 2, . . . , q.

Then, for any permutation µ of {1, 2, . . . , n + p + q}, there exists a permutation τ of
{1, 2, . . . , n} such that∥∥∥diag

(
ρ
(
(α1, β1), (γµ(1), δµ(1))

)
, . . . , ρ

(
(αn+p+q, βn+p+q), (γµ(n+p+q), δµ(n+p+q))

))∥∥∥
F

≥ ‖diag
(
ρ
(
(α1, β1), (γτ(1), δτ(1))

)
, . . . , ρ

(
(αn, βn), (γτ(n), δτ(n))

))
‖F .

The next result is a combined bound for the nonsquare case:
THEOREM 4.3. Let {A,B} and {Ã, B̃} be two (m, p, n)-GMPs with the GSVDs (4.2)–

(4.3), respectively, and let ` ∈ N satisfy (4.1). Then there exists a permutation τ of {1, 2, . . . , `}
such that (

2− ‖ sin Ψ‖22 − ‖ sin Φ‖22
)∑̀
i=1

∣∣∣αiβ̃τ(i) − βiα̃τ(i)∣∣∣2
+ η̃2

(
‖ sin Ψ‖2F + ‖ sin Φ‖2F

)
≤

∥∥∥∥∥(PZ − PZ̃)
[
Ũ1 0

0 Ṽ1

]∥∥∥∥∥
2

F

,

(4.12)

where Z, Z̃, and η are defined by (4.5) and

η̃ =


min

{
η, min1≤j≤`{β̃j}, min`+1≤i≤n{αi}

}
if m > n, p > n,

min
{
η, min1≤j≤`{β̃j}

}
if m ≤ n < p,

min {η, min`+1≤i≤n{αi}} if m > n ≥ p,
η if m < n, p < n.
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Proof. When A or B is nonsquare, we reduce the problem to the square case by suitably
augmenting the matrices with zero block and unit matrices of appropriate dimensions. Next,
we prove the combined perturbation bound (4.12) for the casem > n and p > n; the remaining
cases can be proved similarly. For the case m > n and p > n, let

A =

[
Ip−n 0p−n,n 0p−n,m−n

0m,p−n A 0m,m−n

]
, B =

[
0p,p−n B 0p,m−n

0m−n,p−n 0m−n,n Im−n

]
,

Ã =

[
Ip−n 0p−n,n 0p−n,m−n

0m,p−n Ã 0m,m−n

]
, B̃ =

[
0p,p−n B̃ 0p,m−n

0m−n,p−n 0m−n,n Im−n

]
.

Then, {A,B} and
{
Ã, B̃

}
are Grassmann matrix pairs of order m + p − n, and it follows

from (4.2)–(4.3) that the GSVD of {A,B} is

AQ =
p−n+` m−`[
U1 U2

] p−n+`

m−`

p−n+` m−`[
∆1

∆2

]
,

BQ =
p−n+` m−`[
V1 V2

] p−n+`

m−`

p−n+` m−`[
Γ1

Γ2

]
,

(4.13)

where

(4.14)

Q =

 Ip−n Q1 Q2

Im−n

 ,
U1 =

[
Ip−n 0

0 U1

]
, U2 =

[
0
U2

]
,

V1 =

[
V1
0

]
, V2 =

[
V2 0
0 Im−n

]
,

∆1 =

[
Ip−n

Σa1

]
, ∆2 =

[
Σa2 0m−`,m−n

]
,

Γ1 =
[
0p−n+`,p−n Σb1

]
, Γ2 =

[
Σb2

Im−n

]
.

Let the perturbed Grassmann matrix pair
{
Ã, B̃

}
have the same decomposition (4.13)–(4.14),

where the corresponding matrices are marked with tildes. Then we have

σ{∆1,Γ1} = {(1, 0), . . . , (1, 0)}︸ ︷︷ ︸
p−n

∪ σ{Σa1,Σb1},

σ{∆2,Γ2} = σ{Σa2,Σb2} ∪ {(0, 1), . . . , (0, 1)}︸ ︷︷ ︸
m−n

and

σ{∆̃1, Γ̃1} = {(1, 0), . . . , (1, 0)}︸ ︷︷ ︸
p−n

∪ σ{Σã1,Σb̃1},

σ{∆̃2, Γ̃2} = σ{Σã2,Σb̃2} ∪ {(0, 1), . . . , (0, 1)}︸ ︷︷ ︸
m−n

.
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For the GMPs {A,B} and {Ã, B̃}, we use Lemma 4.2 and bound (4.4) for square matrices to
obtain (

2− ‖ sin Θ(R(Ũ1),R(U1))‖22 − ‖ sin Θ(R(Ṽ1),R(V1))‖22
)

×
∑̀
i=1

|αiβ̃τ(i) − βiα̃τ(i)|2

+ η̃2(‖ sin Θ(R(Ũ1),R(U1))‖2F

+ ‖ sin Θ(R(Ṽ1),R(V1))‖2F ) ≤

∥∥∥∥∥(PZ − PZ̃)

[
Ũ1 0

0 Ṽ1

]∥∥∥∥∥
2

F

(4.15)

for a permutation τ of {1, 2, . . . , `}, where

Z =
[
AT BT

]T
, Z̃ =

[
ÃT B̃T

]T
∈ C2(m+p−n)×(m+p−n),

and

η̃ = min

 min
`+1≤i≤n
1≤j≤`

{|αiβ̃j − βiα̃j |}, min
1≤j≤`

{|0× α̃j − 1× β̃j |},

min
`+1≤i≤n

{|0× βi − 1× αi|}


= min

{
η, min

1≤j≤`
{β̃j}, min

`+1≤i≤n
{αi}

}
.

(4.16)

It is easy to verify from the definitions of Ui,Vi and Ũi, Ṽi together with Lemma 2.5 that, for
any unitarily invariant norm ‖ · ‖,

‖ sin Θ(R(Ũ1),R(U1))‖ =
∥∥∥ŨH2 U1∥∥∥ = ‖ŨH2 U1‖ = ‖ sin Ψ‖(4.17)

and

‖ sin Θ(R(Ṽ1),R(V1))‖ =
∥∥∥ṼH2 V1∥∥∥ =

∥∥∥Ṽ H2 V1

∥∥∥ = ‖ sin Φ‖.(4.18)

In particular, the identities in (4.17) and (4.18) also hold for ‖ · ‖2 and ‖ · ‖F . A simple
calculation gives

PZ = Z
[
(ZHZ)−1ZH

]
=

Ip−n PZ
Im−n

 , PZ̃ =

Ip−n PZ̃
Im−n

 ,
which leads to ∥∥∥∥∥(PZ − PZ̃)

[
Ũ1

Ṽ1

]∥∥∥∥∥
F

=

∥∥∥∥∥(PZ − PZ̃)

[
Ũ1

Ṽ1

]∥∥∥∥∥
F

.(4.19)

Combining (4.15)–(4.19) yields (4.12).
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REMARK 4.4. The combined perturbation bounds (4.4) and (4.12) can also be used to
derive the Hoffman–Wielandt-type bound for generalized singular values given by Li [8].
In fact, when ` = n, then ‖ sin Ψ‖2 = ‖ sin Φ‖2 = 0 and ‖ sin Ψ‖F = ‖ sin Φ‖F = 0.
Inequalities (4.4) and (4.12) reduce to√√√√ n∑

i=1

∣∣∣αiβ̃τ(i) − βiα̃τ(i)∣∣∣2 ≤ 1√
2

∥∥PZ − PZ̃∥∥F ,
which is the result of [8, Theorem 3.2].

REMARK 4.5. The combined bound (3.4) can be obtained from (4.4) and (4.12) using a
special limiting procedure described by Sun [19] and Li [9]. For example, in the square case,
let A = UΣV H and Ã = A− E = Ũ Σ̃Ṽ H be the singular value decompositions of A and
Ã ∈ Cn×n, respectively, where

Σ = diag(σ1, σ2, . . . , σn), Σ̃ = diag(σ̃1, σ̃2, . . . , σ̃n).

Then, for t > 0, the Grassmann matrix pair {A, tI} has the following generalized singular
value decompositions:

UHAQ = ΣA, V H(tI)Q = ΣB ,

where

Q = V diag

(
1√

σ2
1 + t2

, . . . ,
1√

σ2
n + t2

)
,

ΣA = diag

(
σ1√
σ2
1 + t2

, . . . ,
σn√
σ2
n + t2

)
,

ΣB = diag

(
t√

σ2
1 + t2

, . . . ,
t√

σ2
n + t2

)
.

Let

U =
[
U1 U2

]
, V =

[
V1 V2

]
, ΣA = diag(Λ1,Λ2), ΣB = diag(Ω1,Ω2),

where U1, V1 ∈ Cn×` and Λ1, Ω1 ∈ C`×`.
Let the Grassmann matrix pair {Ã, tI} have the same decompositions as above, where

the corresponding matrices are marked with tildes. Then, by (4.4), we get

η2
(
‖ sin Ψ‖2F + ‖ sin Φ‖2F

)
+
(

2− ‖ sin Ψ‖22 − ‖ sin Φ‖22
)

×
∑̀
i=1

∣∣∣∣∣∣ σi√
σ2
i + t2

t√
σ̃2
τ(i) + t2

− t√
σ2
i + t2

σ̃τ(i)√
σ̃2
τ(i) + t2

∣∣∣∣∣∣
2

≤

∥∥∥∥∥(PZ − PZ̃)

[
Ũ1

Ṽ1

]∥∥∥∥∥
2

,

(4.20)

where Z =
[
AT tI

]T
, Z̃ =

[
ÃT tI

]T
, and

η = min
`+1≤i≤n
1≤j≤`

∣∣∣∣∣∣ σi√
σ2
i + t2

t√
σ̃2
j + t2

− t√
σ2
i + t2

σ̃j√
σ̃2
j + t2

∣∣∣∣∣∣ .
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Since (see [8])

t(PZ − PZ̃)→

[
0 A− Ã

AH − ÃH 0

]
, as t→ +∞,

multiplying both sides of (4.20) by t2 and letting t tend to infinity lead to the combined
bound (3.4) for m = n, that is, the result of [12, Theorem 3.1].

5. Conclusions. In this paper, we obtain some new combined bounds for the standard
singular value decomposition based on Lemma 2.2. We extend some existing perturbation
results given in [1, 2, 12] and obtain combined bounds for the generalized singular value
decomposition.

Acknowledgment. The authors are grateful to the anonymous referees for their helpful
comments and valuable suggestions.
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