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Abstract. In this paper, we present some new combined bounds for the standard singular value decomposition,
extending some existing results. Furthermore, a combined perturbation bound for the generalized singular value
decomposition of Grassmann matrix pairs is given, from which we obtain a Hoffman—Wielandt-type bound for
generalized singular values.
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1. Introduction. The standard singular value decomposition (SVD) and the generalized
singular value decomposition (GSVD) are very useful tools in many matrix computation
problems and practical applications, such as the Kronecker canonical form of a general matrix
pencil, constrained and total least-squares problems, and so on; see [4, 5, 6, 7, 16, 17, 21, 23]
and the references therein. The purpose of this paper is to present some new combined
perturbation bounds for the standard SVD, as well as combined perturbation bounds for the
GSVD.

As is well known, for any A € C™*", its standard SVD may be written as (see, e.g., [4,

18])
(1.1) A=UxVH, with ¥ = diag(oy,00,...) and 0; >0, i=1,2...,

where U € C™*™ and V' € C™*"™ are unitary matrices and o1, oa, . . . are the singular values
of A.

The GSVD of two matrices having the same number of columns is a generalization of
the standard SVD. Let A € C™*™ and B € C?*". Let {A, B} be an (m, p, n)-Grassmann

matrix pair (GMP), i.e., rank ({g}) = n. Then there exist unitary matrices U € C™*™,

V € CP*P, and a nonsingular matrix () € C™*" such that [8, 16, 19, 21]

(1.2) UfAQ =%, VEBQ =%,
where
(1.3) ¥, = diag(ay, ag, .. .), ¥y = diag(..., Bn-1,0n),

meaning that ¥, is zero except for the diagonal starting in the top-left corner (the leading
diagonal) and X3y, is zero except for the diagonal ending in the bottom-right corner (the trailing
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diagonal). It holds that
A1 = =0a, =0 if m <n,
Bi==Pup=0 ifp<n, and
@, Bi >0, ?+pP=1, i=1,2,...,n

The decomposition (1.2) is called the GSVD of the (m,p,n)-GMP {A, B}, and
{(a, Bi), i =1,2,...,n} are its generalized singular values, which are denoted by c{ A, B}.

There is a large body of literature on perturbation theories for the SVD and GSVD.
Mirsky [14] generalized the Hoffman—Wielandt theorem to singular values, and Wedin [22]
generalized the famous Davis—Kahan sin §-theorem, relating invariant subspaces of two
selfadjoint operators, to cover the singular value decomposition. Relative perturbation bounds
for singular values and singular subspaces have been presented in the literature; see [1, 2,
10, 11, 12, 13]. Sun [19] was the first to give perturbation bounds for generalized singular
values and generalized singular subspaces, and Paige [15] and Li [8] improved some results
given by Sun [19]. Recently, Li and Sun [12] used Jordan—Wielandt matrices and combined
perturbation bounds for eigenspaces and eigenvalues of Hermitian matrices to derive some
combined absolute and relative perturbation bounds for the singular values and singular
subspaces of a square matrix.

The novelty and main benefit of this paper are the application of the inequality (2.1), given
in Section 2, from which one directly obtains combined perturbation bounds for the singular
subspaces and singular values of a general matrix. In the sequel, we also readily derive several
new perturbation bounds. Furthermore, the technique described in [12] cannot be applied to
the GSVD. In contrast, our technique can be utilized to derive combined perturbation bounds
for the generalized singular subspaces and generalized singular values of a Grassmann matrix
pair. Hence, this paper makes the following two contributions:

1. We employ techniques different from those described by Li and Sun [12]. Our
combined bounds for the SVD are derived based on a fundamental conclusion (see
Lemma 2.2), whereas Li and Sun [12] use Jordan—Wielandt matrices.

2. Some new perturbation bounds for the SVD are given (see Theorem 3.4 and The-
orem 3.6), and combined perturbation bounds for the GSVD are also derived; see
Theorem 4.1 and Theorem 4.3.

The rest of this paper is organized as follows. In Section 2, we give several useful lemmas
and introduce properties of the angle between two subspaces of the same dimension. In
Section 3, some new absolute and relative perturbation bounds for the SVD are presented.
Section 4 gives combined bounds for generalized singular values and generalized singular
subspaces. Some concluding remarks are given in Section 5.

Throughout this paper, we use the following notation: C™*" denotes the set of m x n
complex matrices. The symbol I, is the n X n identity matrix, and when no ambiguity can
arise, the subscript n is omitted. For X € C™*", || X ||z and || X || r denote the spectral norm
and Frobenius norm of X, respectively, X is the conjugate transpose, X' is the Moore-
Penrose inverse, and Px = X X is the orthogonal projector onto the column space R(X) of
X. The chordal metric is defined for (o, 8) # (0,0) # (&, B), with o, 3,@, 3 € C, by

_ Bo—ap
p((0,B), (@,7) % o _
VIal + [812/1al2 + 3P

2. Preliminaries. In this section, several useful lemmas are given. Lemma 2.2 plays
a major role in deriving perturbation bounds for the SVD and GSVD. We also introduce
properties of the angle between two subspaces with the same dimension.
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The following result is usually used to derive perturbation bounds for both eigenvalue and
generalized eigenvalue problems (see [3, 9, 10, 12]):

LEMMA 2.1 ([3, Theorem 3.2]). Let T € C™*™ and A; = diag(A\\”, ..., AY)) e crxn,
i = 1,2, 3,4. Then there exists a permutation T of {1,2,...,n} such that

Ur2nin (T) Z

i=1

2
APAD = AN < HIAT A — AT A3,

where omin(T') denotes the smallest singular value of the matrix T.

We apply the following two lemmas to establish combined perturbation bounds for
the standard SVD and GSVD, respectively. The next Lemma 2.2 may be regarded as a
generalization of Lemma 2.1.

LEMMA 2.2. Let G, H € C**" A = diag(A1,...,A\n), A = diag(dy,...,0n),
I' = diag(v1, .. .,7n), and Q = diag(wn, ..., wn), with X;, Bi,vi,w; > 0,1 =1,2,... n.
Then there exists a permutation T of {1,2, ..., n} such that

<01211in(G) + 0-12nin(H)) Z |)‘267(1) - ’yiw"'(i) ‘2
i=1

< |AGA —THQ|% + ||[AHA — TGQ|%.
Proof. Let G = (g,;) and H = (h;;). Then we have
(2.2)  ||AGA -THQ|% + |AHA —TGQ||%

2.1)

> (I/\1:5j9ij —yiwihig* + [Nidjhi; — %'wjgzﬂz)

ij=1

> (0262 +4203) (193 2 + [hig ) = AN Regighiy) )
2J

-
Il
-

:M3

(202 + 2 (Igisl? + his2) = 200570 (ig | + s 1))

=

&
Il
—

(Xi6; — viw;)* (1gi5* + |haj]?)

I
ﬁMs

B

&
I
—

= (()\i5j - ’Yiwj)\gz‘j|)2 + Zn: ((Ai(;j - %w;‘)|hz‘j|>2

i,j=1 i,j=1

= |[AGA —TGQ|% + |[AHA —THQ||%,

NE

where the first inequality is obtained from the facts that 2Re(g;;hi;) < |gi;]* + |hi;|* and
that \;, d;,7;, and w; are nonnegative numbers. Therefore, by Lemma 2.1, there exist two
permutations 7 and 7 of {1,2,...,n} such that

n 2
Toin(G) D |Nibry i) — Viwr | < IAGA —=TGQ| 7

i=1

and

- 2
Thin(H) Y |Nibryi) = Yitwry(y| < INHA = THQ|I7,
i=1
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which implies that there is a permutation 7 of {1,2,...,n} such that

- 2

i=1
Combining the above inequality with (2.2) yields the desired result (2.1). 0

REMARK 2.3. Using Lemma 2.2, we may obtain a result given by Li [8]. In fact, if G
and H are n X n unitary matrices, then opmin(G) = omin(H) = 1. Hence, (2.1) reduces to

" 1
> Nibr) — Yiwr )| < 3 (IAGA —THQ|[% + ||[AHA = TGQ|%) ,
1=1

which is the result in [8, Lemma 4.3].

The following lemma is a consequence of [8, Formula (7.15)], which is used to derive
perturbation bounds for singular subspaces and generalized singular subspaces.

LEMMA 2.4 ([8]). Let G, H € C"™*", A = diag(A1, ..., Am), A = diag(dy,...,0n),
I' = diag(1,...,vm), and Q = diag(wi,...,wy), wWith A, B, vi,w; > 0,0 =1,...,m,
7 =1,...,n. Then we have

2
(,min Oty =)} (NG + 12712
1<j<n

< |AGA —THQ|% + |[AHA — TGQ|2.

The perturbation of singular subspaces and generalized singular subspaces requires the
definition of the angles between two subspaces with the same dimension. Let Uy, Uy € Ccnxt
(1<¢<n-—1),with UlH U, = UlH U1 = I,;. Then the canonical angle between the subspaces
R(Uy) and R(U, ) is defined by (see [18, 20])

- -~ 1/2
O(R(UL), R(U1)) = arccos (UlHUlUlHUl) .

The following results are useful in Sections 3—4:
LEMMA 2.5. Let U = [Ul Uz] and U = [(71 (72} be n X n unitary matrices with

Uy, Uy € C* (1 < £ < n—1). Then, for any unitarily invariant norm || - |, we have
(2.3) [sin ©(R(UL), R(O))|| = U5 Tn || = U5 T: |

and

24 0hin (U T0) = 025 (U]'TU1) = 1 — || sin ©(R(U1), R(T1)) 13-

In particular, identity (2.3) holds for || - ||2 and || - || 7.
Proof. The proof of (2.3) can be found in [20, Lemma 7.1]. The C-S decomposition
theorem (see [18, 20]) yields (2.4). 0

3. Combined bounds for the standard SVD. In this section, we present some absolute
and relative perturbation bounds for the SVD. Let A € C™*™ have the SVD (1.1), and let
¢ € N satisfy

3.1) 1< ¢ < min{m,n}.
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From (1.1) we formally obtain

L n—/t
4 n—~0 0 m—~
4 21 0
(32) A W=[t Ta] { : 22}’
where
(33) 21 = diag(ol,...,ag), 22 :diag(og+1,og+2,...).

In the sequel, the perturbed matrix A € C™*" and the corresponding decompositions (1.1)
and (3.2) are marked with tildes; e.g., the matrix corresponding to U; is written as U .

For simplicity, let ¥ and ¢ denote the canonical angles between the column subspaces
R(Uy) and R(U7) and between the column subspaces R (V;) and R(V3 ), respectively; that is,

U =O(R(1),R(T1)), @ =O(R(V1),R(1)).

We present the following combined bound for the SVDs. For the case of square matrices, Li
and Sun [12] used Jordan—Wielandt matrices to prove the result. Here, we use Lemma 2.2 and
Lemma 2.4 to provide a concise proof.

THEOREM 3.1. Let A, A = A — E € C™*"™ have the SVDs (3.2) and (3.3), and let
¢ € N satisfy (3.1). Then there exists a permutation T of {1,2, ..., £} such that

¢
. . ~ 2 ) )
3.4) (27 ||sm\I!H§f Hsm<I>||§)Z|aifaT(i)| +52(||S1H\IJ||%+||81H(I>H%)

i=1
< |EVL|E + | B TLl%,

where

min_{loi = &) ifm=n,
1<5<¢

§— min{“_mln {lo; — 71}, mln{oj}} ifm > n,

1<i<n
1<5<e

+1<i<m
1<5<0

min min {|o; — 7}, mln{aj}} ifm <n.

Proof. By the SVDs of A and Z we have
UMEV =U"(A— AV =xsvHIV — Uty
which can be rewritten in block form as

UFEV, UFEV,

SV —UHUS, S ViV, — URU,S,
UEEV, UMEV,

35 v 1% v S22
35) SOVHVL — UHULS,  SoVEV, — U TLS,

Similarly, we have

(3.6)
VHERU, VHEHU,

U U SIUHU, - VEVE,  SUHT, — VEVELE
VHERU, VFERU,

SHUHU, - VEVS, SHUHU, - VEV,SH
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It follows from (3.5) and (3.6) that
(3.7) = |z Vv - UPU |5 + |12 U U - VS| %
+ 152V — U S |13 + (IS8 US T - Vi Vs |2

Applying Lemma 2.2 to ||, VEV, — UEUL S, |2 + |S.UHU, — VEVIS, |
that there exists a permutation 7 of {1,2, ..., ¢} such that

%, it follows

14
PR (U ORE NG >l =7l

<=V = OO |3 + IZ0U1 Oh = VITVAS |3
If m = n, then Xy = diag(oey1,...,0,) € CP=O*("=0 By Lemma 2.4, we get

3.9 SV Vi = U DS} + 12205701 - VA |
. =2 Hrr 112 Hyr (12
>, min (o~ &} (105 Oul3 + V"Vl
1<5<e
= 02 (U Tl + IV VAl%)

From Lemma 2.5 and (3.7)—(3.9), we obtain the desired bound (3.4).

If m > n, then let ¥y = € Cm=0x(n=0 "with A = diag(osy1,...,0,), and

0
let Uy = [Ugl UQQ] S C(m)x(mfl)’ with Uy € me(nff)’ Usy € me(min). Then, by
Lemma 2.4, we have
122V — USULS |[3 + |25 US U, — VIS |12
= [[AVFVy — URULS |3 + |UBUEL 3 + [[AUSTT, — VI VIS |3
. ~ 12 Hrr (12 Hyr 12 . ~2 Hrr |12
>, min {lo; =5} (IS0 + [V Vill3 ) + min, {33} USD
1<5<£

> 0 (|URT I + IVl + 05T I3
= 0 (JUF T3 + IVETAlE) -
Combining the above inequality with (3.7)—(3.8) and using Lemma 2.5 yield the combined
bound (3.4).
If m < n,thenlet S, = [A 0] € Cm=0x(n=0 with A = diag(oy,...,0m), and

let Vo = [Vo1  Vao] € C™¢, with Va; € C™*(m=9 and Va5 € C*("=™)_ Similarly, by
Lemma 2.4, we get

1SoVE VL — U UL S |12 + |28 0P T, — VIEVIS, %
= [[AVSI VI = U UL 1 |5 + AU UL — VT VIS |5 + [[Vas Vi || 3
> 8 (|0 T3 + IVETAlE)

which also leads to the desired bound (3.4). 0
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REMARK 3.2. Using Jordan—Wielandt matrices, Li and Sun [12] have shown the com-
bined bound (3.4) for the case of square matrices; see [12, Theorem 3.1]. Here, we apply
different techniques to provide a proof for the general case.

REMARK 3.3. If § > 0, then it follows from (3.4) that

|EVA|% + |EX UL |12
02 ’

|| sin ¥||% + || sin ®[|% <

which was also stated by Wedin in [22] for m > n.

Next, we provide some combined relative bounds for the SVDs. From the singular value
decompositions, we obtain the left and right polar decompositions of A and A as follows
(see [4]):

A=PQ=QP. ad A=PQ=QP,

respectively, where () and @ are the unitary factors of A and A, respectively, and P, P, and
P, P, are the left and right Hermitian semidefinite factors of A and A, respectively.
THEOREM 3.4. Let A, A = A — E € C"™" have the SVDs (3.2) and (3.3), with

rank(A) = rank(A) = n, and let ¢ € N satisfy (3.1). Then there exists a permutation T of
{1,2,...,¢} such that

_ 2
0i = Or(i
(2-|sin @[3 — [|sin@[3) > <~”>

i=1 Uiai(i)
3.10 2
310 + (6(5’”) (I sin ¥/ + || sin @[3
2

)

~ L~ |2 ~ o~
<Jrreernf o s

where s, t are nonnegative numbers and

G.11) 560 —  min {'Uif]'}
£+1<i<n oot
1<5<e v

Proof. Tt follows easily from rank(A) = rank(A) = n that P;, P,, P,, and P, are n. X n
Hermitian positive definite matrices, and we have [4]

P =USU", P, =VZVH, P=UxU", and P =VIVH.
It follows from (3.2)—(3.3) that

UlH —sp—t |17 7
v| POEE [T
(312) l1—sy/HY1r vw—t —sTTHTT ©1—t 1—sy/HYir vw—t —sTTHTTr ©1—t
— XV ‘{1§1 R g1§1 W ‘52232 Y Q2§2
Yy VHAVIS T - U USSR - B U UL
and
ﬁlH D—t —s
| BUER [V V)
U,
(3.13)

SUUUS T = S VIS SO, - S 1Y,
SyUHULST™ - S VHEWVE TS SR ULEY T - SV
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By (3.12) and (3.13) we get

~ L~ |12 o~ o~ 2
e+ foeses|.

UMY s et | 550 Bt o s
:H[qu]Pl EP'V; F+HU1HPl B |

G.14) = |21 VEVET - S U R
ISy VST - 5 U T S
+HIST U U B - STVAVIET
HIST U U285 = S VAN 3

By Lemma 2.2, there exists a permutation 7 of {1,2, ..., ¢} such that

IS VST — S U O3
+IET T U - STV R
= I VST - S U O 3

+IST U - SV

4 ~ 2
> (oan (V' T3) + ain U1 T) 3 (“) |
=1

s>t
9% (i)

(3.15)

It follows from Lemma 2.4 that
IS5 VIS — 53U U 5|3
+IET U Uy - STVIVRES 7
= |12V VET - 5 US O S %
+ 125 U O S - S VISR

2
. — . 2 2
. ag. o =~ ~
min 1% =%l N/' HVZH%H +HU2HU1H
0+1<i<n afaj F F

1<5<e
2 ~ 112 ~ 112
= (5e0)* (i, + Joran],)-
F F

By (3.14)—(3.16) and Lemma 2.5, we obtain the combined bound (3.10). 0
REMARK 3.5. If §(=:*) > 0, then, by (3.10), we get

(3.16)

Y]

1 \? 2 s~
Jsin vl + sl < (s ) ([[erePr ), + |00 E e

5G0)
2
F) ’

1 \° ~
<(565) (Jreeps

which is an estimate that was given by Dopico, Moro, and Molera [2] for the case s =t = %
The following results are relative perturbation bounds for the singular values:

)

2 ~
—t —s
e,
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THEOREM 3.6. Let A, A= A— E € C™" have the SVDs (3.2) and (3.3), with

rank(A) = rank(A) = n. Then there exists a permutation T of {1,2, ... ,n} such that

(2- Isin©(R(A), R(ANIZ) Y- (“g;“)
(3.17) im1 i7r(i)
2

)

~ 2 ~
< |@her| +|@her

2
F) '
Proof. The condition rank(A) = rank(A) = n implies that m > n. First, we prove
inequality (3.17) for m > n. Let £ = n. Then the SVDs (3.2) and (3.3) reduce to

where s, t are nonnegative numbers. In particular, when m = n, we have

2
- g; — 57- 7 1 s —
(3.18) ) <~t“> <3 <HPl BB
1

= Ti9r(i)

2 ~
—t —s
o HFER

(3.19) A=U;5VH  and  A=U %, VE,

respectively, where U7, U, € C™*"and %, = diag(o1,...,0,) and Y, = diag(c1,...,0n).
It follows from (3.19) that

p=U02Uf, Pl =u3sT'Ul, P, =U S0, Pl =070
and

P, =V, VH, P, =V, VH, R(A) = R(Uy), R(A) = R(TY).
Therefore,
(3.20) U (PN EPT'V = 51 VHVET - U U s
and
(3.21) Ul (P EP vV =30 U x-StV Hyse,

Noting that U’ (P)* = 0 and U (P)* = 0, we obtain from (3.20) and (3.21) that
1B BR %+ (P ER |3
= |Uf(PN Y EPTV (% + U (P EPT* V|3

(3.22) e
== VHVED - S U s R
IS U O ST - S VYR G
It follows from Lemma 2.2 that there exists a permutation 7 of {1,2,...,n} such that

n - 2
2 H73 2 HT7 i = O7(i)
(Jmin(Ul Ul) + Jmin(V V)) Z ( 0_5&,5 , >
(3.23) R T
< B VAVE - S UT UL S TR
+ S UR U ST - S VY S
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By Lemma 2.5, (3.22), and (3.23), we get inequality (3.17).
When m = n, we have

|sin®(R(A),R(A)|ls =0, P'=P7' and P =pP".

Hence, the bound (3.18) follows from (3.17). O
REMARK 3.7. If we take s = 1 and ¢ = 0, then (3.18) reduces to

n ~ 2
9i — 97(i) 1 —1 1|2 1|2
> (Z520) < L (e el + lmE )
i=1 v
1 -1 2 112
=3 (a8l + |1 B47)13) |
which was proved by Chen in [1]. _
REMARK 3.8. For nonsingular matrices Aand A = A — E € C™*", with SVDs (3.2)—

(3.3), Li and Sun [12] derived the relative combined bound

(2~ lIsin @) |[sin@3)

n ~ 2
Ui_ar(i)) < )\ 2 (5,t) 2)
X — ] + | (0 + (<
(3.24) ;( T30 i) (o9) ()
x (|| sin ¥||% + || sin ®[|7)
2

)

< |pER
F

2 ~
+ HP;fEP;S
F

where §(5%) is defined by (3.11) and

50— min loi — a1\
1<i<e oot
+1<G<n J

Obviously, (3.24) also yields the bound (3.18). _

The following example illustrates that || sin ©(R(A), R(A))||% in (3.17) cannot be re-
moved for m > n.

EXAMPLE 3.9. Let

2 1 2
01 0 |3 T3 T3 [3 0
A=10 20 and A=|2 2 110 4
0 0 12 2[00

3 3 3

Then taking s = 2, t = 1, a simple calculation gives
1 + ~ 2 =t 2 .
5 (H(B )QEPJIH + le EPT,*?H > = 7.3417 x 10°.
F F

However,

1-3\> [20-4)\7
<(§)12><33> + (2(;)2 ” 4> =9.3444 x 10% > 7.3417 x 10°

and

0.1—4)\2 20— 3\ 2
(0 12 x 4> ’ <202 x 3) = 9.5063 x 10° > 7.3417 x 10°,
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which shows that the bound

n . 2
Y L H s ~_tH2 H Bty pes
— ] <= P EP, PY'EP
- (Uf&},—(z)> —2<(l) T F+ (l) T

2
)
is not valid for m > n. Howeyver, it holds that
2 2
1. . o 0.1-3 20 — 4
Q—memnmxmmnglgng)+(m%ﬂ)]
= 6.7488 x 103 < 7.3417 x 103,

which is consistent with the bound (3.17).

4. Combined perturbation bounds for the GSVD. In this section, we present combined
perturbation bounds for generalized singular values and generalized singular subspaces.

Let {A, B} be an (m, p,n)-GMP, whose GSVD is given by (1.2) and (1.3). We take an
¢ € N satisfying

4.1) max{n —p,0} < ¢ < min{m,n}.

From (1.2) we formally obtain

L n—t L m—t ¢ [ 2, 0
42) Aleﬂ=W1%]mz[5 &J
and

L n—t pté—n n—£ pHl—n ébl n?)[
4.3) B[Q1 @Q]=[V W] n—t [ 0 252]

Let the (m, p,n)-GMP {A, B} be a perturbed matrix pair. Using the same decomposition
as in (1.2), (1.3), (4.2), and (4.3), we use the notation that matrices marked with tildes
corresponding to the perturbed matrix pair; e.g., the matrix corresponding to Uy is denoted by
U, . Similar to the notation in Section 3, let

U =0(R(U1),R(Th)),  @=0O(R(V1),R(W)).

For the square case, i.e., m = n = p, we present the following combined bound for the
GSVD: o

THEOREM 4.1. Let { A, B} and { A, B} be two (n,n,n)-GMPs with GSVDs (4.2)—(4.3),
respectively, and let ¢ € N satisfy (4.1). Then there exists a permutation T of {1,2,...,0}
such that

2

V4
(2= [Isin @[3 — [|sin®[3) >

@By — Bilir (i
44) - ) ,
2 : 2 . 2 U1 0

+7 (|| sin @)% + [ sin®[|%) < ||(Pz - Pz)

0 W

)
F
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where

T
_ 147 pTT 7 _ [ar NT} - mi B B.a.
@s) z=[AT BT, Z [A BT m=, min {ladd; - B,
1<5<¢e
Proof. Let 4 = A, Xp = Q, S 7 = A, and £ 5 = Q. From the GSVDs of {4, B} and
{g, B }, Li obtained the following two identities (see [8, Equations (4.14) and (4.15)]):

@.6)  AVEVQ-QUHUA =[Q —A] vt (P; — P5) U A
' - v 2T R gl |a
and
70 A vt U Q
@7n  AUTUQ-QVIVA=[A Q] [ VH} (Pz — P3) 7 _K] .

Let D1 = Ay, Zao = Ao, Dyt = Q4 Dpe = Dy and gy = Ay, Tao = Ao, ¥, = Q,
X, = Q5. Then the left-hand sides of (4.6) and (4.7) can be written in the following block
form:

4.8)
A1V1H‘71§1 — QlUlHﬁlf\l Al‘/lH%ﬁg — QlU{{ﬁQKQ

AVAVQ - QUHUA = i L1 V2
A VHAVIQ — QUIULAL AV VLQ0 — QU UL A,

)

MUHULQ — W VEVIA, AMUEULQ, — Q1 VE VA,

AUHEUQ - QVHEVA = L1 12 230 Vall
A2U2HU1Q1 - QQ%HV1A1 AQUQHUQQQ - QQ‘/QH‘/QAQ

i

respectively. Considering the (2, 1)-blocks of the two partitioned matrices in (4.8), it follows
from Lemmas 2.4 and 2.5 that

~ ~ ~ ~ |12 ~ o~ o~ |2
4.9) HA2V2HV1(21 - QQUQHUlAlHF n HAQUQHUlﬂ1 - QQVQHVIMHF
2

pin Lo = gl | (1005 + V)
1<5<¢e

Y

7 (Isin @) + | sin @|% ).

Considering the (1, 1)-blocks of the two partitioned matrices in (4.8) and using Lemma 2.2
and Lemma 2.5, there exists a permutation 7 of {1, ..., ¢} such that

~ o~ o~ o~ |12 ~ o~ _—~ |12
4.10) HAllevla1 - QlUlHUlAlHF ¥ H/\1U1HU191 - lelelAluF

2

V4
> (anm(UlHUﬂ + Uﬁﬁn(VlHVl)) > iy — Bidir)

=1

14
~ 2
= (2= Isin Wl — [sin®[3) 3 |aiBrs — Bidirce

i=1
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From (4.6)—(4.8) we obtain
~ ~ o~ 12 ~ o~ o~ |12
HAlVlHVlQl — QlU1HU1A1HF + HAlUlHUlgl . lelHVlAlHF

+ HAQVQHf/l()l — QQU2H(71/~&1H1 + HAQUQHﬁ1§~21 - Q2V2H‘71K1Hi

~ o~ o o~ 2 _ o~ _ 2
— |avHTQ, —QUHUlAlH + HAUHUlQl —QVHV1A1H
(4.11) r ",
QO —A][UH U, A
< P, — P~ ~ - =
- [A QH VH]( 2= P2) | -A
5‘ 2
=Pz=Px) 7" ] .
.

where the last equality follows from the fact that the matrices

Q -A uH o A Q
A Ql ya| a _A
are unitary. Combining (4.9) and (4.10) with (4.11) yields the desired combined bound (4.4).
a
In order to prove a combined bound for the nonsquare case, we need the following lemma:
LEMMA 4.2 ([8, Proposition 2.3]). Let (o, 8;) and (v;,9;), 1,5 = 1,2,...,n, be 2n
generalized singular values. Let p,q > 0 be two integers, and define

(an+iaﬂn+i) - (’7n+i;5n+i) = (1»0)7 1= 1727"'7p7
(an+p+ja 67L+;D+j) = (7n+p+j7 5”+P+j) = (07 1)5 .] = 17 2a - q.
Then, for any permutation p of {1,2,...,n + p + q}, there exists a permutation T of

{1,2,...,n} such that
H diag (P((Oq, B1), (Vu(1)»61(1))) s - - -+ P((Ontptqs Brtpta)s Vu(ntpsa)s 6u(n+p+q)))) HF

> || diag (p((ah B1), (Yr(1): 0r(1))) - - - (s Br), (%<n>75r(n>))) e

The next result is a combined bound for the nonsquare case:

THEOREM 4.3. Let { A, B} and { A, B} be two (m,, p, n)-GMPs with the GSVDs (4.2)—
(4.3), respectively, and let ¢ € N satisfy (4.1). Then there exists a permutation T of {1,2, ..., £}
such that

2

@ifr(iy — BiGir (i

(2~ Isinw[3 ~ |sin®[3) >

i=1

(4.12)

U, 0

+?]a(\|sin\IlH%—|—Hsin<I>||%)S (Pz—PZ) 0

F
where Z, Z, and n are defined by (4.5) and

min {7, mini<;<¢{53;}, miné+1§i§n{ai}} ifm>mn,p>n,
~ min ¢ 7, minlgjgg{,@j}} ifm<n<bp,

min {7, ming{i<i<n{a;}} ifm>n>p,
Y ifm<n,p<n.
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Proof. When A or B is nonsquare, we reduce the problem to the square case by suitably
augmenting the matrices with zero block and unit matrices of appropriate dimensions. Next,
we prove the combined perturbation bound (4.12) for the case m > n and p > n; the remaining
cases can be proved similarly. For the case m > n and p > n, let

— Ip*’ﬂ Opfn,n OP*n,m*’ﬂ — Olhpf’ﬂ B Opym*’ﬂ
A n |:Om,p—n A Om,m—n ’ B= Om—n,p—n Om—n,n Im—n ’
e Ipfn Opfn n Opfn m—n >3 0 — é 0 —

— -n, , B = D,p—n p;m—n|
A |:0m,pn A Om,mfn ’ Omfn,pfn Omfn,n Imfn

Then, {A, B} and {.Z, E} are Grassmann matrix pairs of order m + p — n, and it follows
from (4.2)—(4.3) that the GSVD of {4, B} is

p—n+L m—{L
p—n+L m—~L

AQ= [t U] " [Al AJ,

m—~
(413) +e P p—n+L m—~L
p—n m—
p—n+L Fl
BQ= [Vi V2] e [ F2:| )
where
Iy }
Q= Q11 Q2 ;
‘ Im—n
- O o
ul - i 0 U1:| ) Z/{Q - _U2:| )
4.14) . (V1 . (Vs 0
Vl*_o 9 V27_0 Im—n )
A, = [Ipn Ao =[Suz Omtmn]
1 I Eal ) 2 a m—L{m—n|
b3
Iy = [Op—nttp-n Se1], Iy = |7 I } .

Let the perturbed Grassmann matrix pair {.Z, B } have the same decomposition (4.13)—(4.14),
where the corresponding matrices are marked with tildes. Then we have

U{Al,rl} = {(1,0), ey (1,0)} U U{Zal,zbl},
J{AQ,FQ} = O'{Eaz, Zbg} U {(0, ].), ey (O7 1)}

m—n

and

o{A,T1} = {(1,0),..., (1,0} Uo{Za, Ts, },
o{As,Ts} = 0{%, 5, } U {(0,1),...,(0,1)}.

m—n
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For the GMPs {.A, B} and {A, B}, we use Lemma 4.2 and bound (4.4) for square matrices to
obtain

(2= Isin O(R@), R@))I — [|sin OR(V), ROW)I3)

¢
X Z i Br iy — BiGir(iy|?
i=1

4.15) ~
+ 77 (|| sin O(R(Uh), R(U)) |1 F
a o]l
+ | sin®(R(V1), RON))|IF) < ||(Pz — P3) 01 >
1
F
for a permutation 7 of {1,2, ..., ¢}, where
- [AT BT]T, Z {f[T ET}T c CQ(m+p—n)X(m+p—n)7
and
7] = min Hllflgl?gnﬂaiﬁj = Bia;l}, 121;2[“0 xaj —1x B},
1<5<¢
(4.16)

i 0x B —1xaq
pmin {10 % Bi ail}

=i . i (), pin, (o)

It is easy to verify from the definitions of Uf;, V; and &i, 171 together with Lemma 2.5 that, for
any unitarily invariant norm || - ||,

(4.17) | sin©(R@A), R@)) | = |tf'h || = 105 U] = |sinw|
and
4.18) | sin @R, RO = || WV = ||| = f1sin @]

In particular, the identities in (4.17) and (4.18) also hold for || - ||2 and || - ||p. A simple
calculation gives

Iy n Iy n
Pz =2[(2"2)121] = Py , Pz= Py ;
Im—n Im—n
which leads to
U U
(4.19) (Pz —Pz) |7 - =|(Pz-Py) | " = )
Vl P V1 P

Combining (4.15)-(4.19) yields (4.12). 0
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REMARK 4.4. The combined perturbation bounds (4.4) and (4.12) can also be used to
derive the Hoffman—Wielandt-type bound for generalized singular values given by Li [8].
In fact, when ¢ = n, then ||sinU||z = ||sin®||z = 0 and ||sin¥||p = ||sin®||r = 0.
Inequalities (4.4) and (4.12) reduce to

n

>

i=1

~ 2
iBr(s) — Bilr(i)

1
< 2Pz - Pl

which is the result of [8, Theorem 3.2].

REMARK 4.5. The combined bound (3.4) can be obtained from (4.4) and (4.12) using a
special limiting procedure described by Sun [19] and Li [9]. For example, in the square case,
let A=UXV" and A = A — E = USVH be the singular value decompositions of A and
A € C™"*", respectively, where

Z:diag(ahog,...,an), izdiag(51,52,...,an).

Then, for ¢ > 0, the Grassmann matrix pair { A, ¢I} has the following generalized singular
value decompositions:

UMTAQ =34,  VIDQ =35,

where
1 1
@ = V diag ey ,
Vo2 + 2 Vo2 +t2
. 01 On
ZA:dla yeoey s
g(«/0%+t2 a,,%+t2>
t t
EB:dia geeey .
g<\/0%+t2 «/afl—i—tZ)
Let

U= [Ul U2} ; V= [Vl VQ} ; EA = diag(Al,AQ), EB = diag(Ql,QQ),

where Uy, V4 € C**f and A1, O € Cf”.
Let the Grassmann matrix pair { A, ¢} have the same decompositions as above, where
the corresponding matrices are marked with tildes. Then, by (4.4), we get

7 (1l sin I + [[sin @|1%) + (2~ || sin |3 ~ || sin @|3)

« Z ag; t . t 57-(1)
(4.20) prf RVEEEE \/&f(i) +2 ol + i \/&f(i) + 2
_ﬁ 2
<|(P;—=P;) |t ~
>~ ( Z Z) Vvl )

T Tz AT g
where Z = [AT 1], Z = [A tl} ,and

. g; t t 5]‘
n = min 5 — — 5 — .
B (VIR e VAR e
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Since (see [8])

0 A—A

AH _ qH 0 , as t — +o0o,

t(PZ — PZ) —

multiplying both sides of (4.20) by ¢? and letting ¢ tend to infinity lead to the combined
bound (3.4) for m = n, that is, the result of [12, Theorem 3.1].

5. Conclusions. In this paper, we obtain some new combined bounds for the standard
singular value decomposition based on Lemma 2.2. We extend some existing perturbation
results given in [1, 2, 12] and obtain combined bounds for the generalized singular value
decomposition.
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