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CAPUTO FRACTIONAL-ORDER MODEL OF MEASLES AND REYE’S
SYNDROME: INSIGHTS FROM UK SURVEILLANCE DATA ON

STABILITY AND BIFURCATION∗

ESEN KAYA†, FATMA ÖZKÖSE‡, AND M. TAMER ŞENEL§

Abstract. This paper proposes a fractional-order compartmental S-V-I-R-M model to investigate the transmission
dynamics of measles and the potential occurrence of Reye’s syndrome associated with aspirin use during infection.
The model is formulated using the Caputo fractional derivative in order to incorporate memory and hereditary
effects that are not captured by classical integer-order models, thereby providing a more realistic representation of
epidemic dynamics. Fundamental qualitative properties of the model, including existence, uniqueness, positivity, and
boundedness of solutions are rigorously established. The basic reproduction number is derived, and all equilibrium
points are identified. A local stability analysis of the disease-free and endemic equilibria is performed by means of
fractional-order stability theory. Furthermore, a detailed bifurcation analysis is conducted, revealing the presence of
both forward and backward bifurcations. The results demonstrate that the fractional order significantly influences
stability thresholds and the bifurcation behavior, thereby altering disease persistence conditions. Model parameters
are estimated using measles incidence data and vaccination coverage reported by the UK Health Security Agency for
the period 2019–2023 based on a 21-month observational dataset. Numerical simulations are carried out to assess
the impact of public health interventions, including increased vaccination coverage and reduced aspirin use among
infected individuals. The results demonstrate that the combined intervention strategy is more effective than either
intervention used separately in suppressing disease transmission and reducing sustained outbreaks.

Key words. fractional differential equations, Caputo derivative, measles model, Reye’s syndrome, bifurcation
analysis, parameter estimation
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1. Introduction. The measles virus, a member of the Paramyxoviridae family, remains a
major public health concern despite the availability of an effective vaccine [37]. It continues
to rank among the leading causes of morbidity and mortality in children under five, especially
in regions with limited vaccination coverage. Severe complications—including pneumonia,
diarrhea, laryngotracheobronchitis, otitis media, and, rarely, subacute sclerosing panencephali-
tis (SSPE)—remain significant contributors to disease burden [37]. Additionally, aspirin use
during febrile viral infections may trigger Reye’s syndrome, a rare but severe complication
primarily affecting children, emphasizing the importance of behavioral factors in disease
outcomes [20, 23, 34].

Measles outbreaks are largely driven by the virus’s extraordinary contagiousness via direct
contact, respiratory droplets, or airborne transmission [38]. Herd immunity exceeding 95%
is necessary to interrupt transmission, and, given that humans are the sole natural reservoir
and the virus has a single stable serotype, eradication is biologically feasible [7]. However,
malnutrition, vitamin A deficiency, and inadequate vaccination coverage hinder elimination
efforts [37].

Unlike classical integer-order epidemic models, fractional-order differential equations
provide a natural mathematical framework for incorporating memory and hereditary effects
into disease dynamics. In infectious diseases such as measles, the current number of infected
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individuals may depend not only on the present state but also on the cumulative history
of previous exposures, delayed immune response, vaccination history, and treatment-related
complications. Therefore, the Caputo fractional derivative offers a more realistic representation
of epidemic evolution than standard models by allowing the past states of the system to
influence its current behavior.

Mathematical modeling has become an essential tool for understanding and predicting
epidemic dynamics. Traditional integer-order models, while useful, assume a Markovian
behavior, neglecting memory effects inherent in biological systems [1, 3, 24, 40]. Fractional-
order differential equations, particularly those employing the Caputo derivative, overcome this
limitation by incorporating history-dependent dynamics, capturing effects such as delayed
immune responses, variable infectious periods, and treatment-related complications [30,
31, 39]. In this context, the physical interpretation of the fractional derivative reflects the
cumulative influence of past exposures and interventions on current transmission and recovery
rates.

Although several classical measles transmission models have been proposed in the litera-
ture, studies involving fractional-order formulations that simultaneously investigate stability,
bifurcation behavior, and fitting to real data remain relatively limited. In particular, the role of
fractional order in altering epidemic thresholds and the long-term disease persistence has not
been sufficiently explored in the context of measles and Reye’s syndrome.

In recent years, fractional-order epidemic models have attracted increasing attention
due to their ability to incorporate memory effects that are not captured by classical integer-
order formulations. In the context of measles dynamics, fractional-order modeling has been
employed to better describe the persistence and temporal evolution of the disease. For example,
a Caputo fractional-order compartmental model for measles infection was proposed in which
the existence of solutions, equilibrium points, and stability properties were analyzed, and
the impact of the fractional order on disease dynamics was demonstrated through numerical
simulations. More recently, the classical SEIR measles model has been extended to a Caputo
fractional-order framework, in which numerical investigations have revealed that variations
in the fractional order significantly affect outbreak patterns, peak infection levels, and the
long-term behavior of the system. Although these studies clearly demonstrate the relevance of
fractional-order approaches in modeling measles transmission, analyses that comprehensively
examine stability characteristics and Hopf bifurcation behavior within a Caputo fractional-
order framework remain relatively limited. This observation provides the main motivation for
the present study [5, 9].

A recent study by Naik and co-authors [5] further confirmed the effectiveness of Caputo
fractional-order SEIR formulations for measles transmission, demonstrating that variations in
the fractional order significantly influence numerical stability and epidemic evolution. This
motivates the present investigation of stability thresholds and bifurcation behavior in the
proposed S-V-I-R-M framework.

Recent studies have further strengthened the role of fractional-order epidemic modeling
in capturing complex disease transmission mechanisms with memory effects. For instance,
fractional-order models have been successfully applied to pneumonia transmission with
vaccination and reinfection [8], COVID-19 epidemic dynamics incorporating Mittag-Leffler
kernels and bifurcation analysis [22], and epidemic systems analyzed via a fixed-point theory
and advanced numerical techniques [6]. These contributions provide both theoretical and
computational support for the effectiveness of Caputo fractional derivatives in describing
infectious disease dynamics.

Beyond infectious disease dynamics, fractional-order differential equations have also
been successfully applied to other complex biomedical systems. For example, Özköse et
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al. [32] developed a mathematical model of patient-derived lung cancer stem cells using
fractional-order derivatives and demonstrated that memory-dependent formulations provide a
more realistic representation of cellular proliferation and biological interactions. This study
further supports the applicability of Caputo fractional-order models in capturing hereditary and
nonlocal effects in complex health-related processes, thereby strengthening the methodological
basis of the present work.

Moreover, Das et al. [11] analyzed a breast cancer model with discrete-time delay and
demonstrated that time-delay effects significantly influence the stability and bifurcation struc-
tures of the system. Their results support the idea that incorporating memory-related mecha-
nisms, either through delay terms or fractional derivatives, yields a more realistic representation
of complex biological processes.

More recently, El-Mesady et al. [16] developed a fractional-order epidemiological model
for tuberculosis transmission incorporating prevention and isolation control measures. Their
study established the existence, positivity, boundedness, local stability, and bifurcation proper-
ties of the model, while also demonstrating the effectiveness of combined control strategies in
reducing disease spread. These findings support the applicability of Caputo fractional-order
formulations and optimal intervention frameworks to complex infectious disease dynamics.

Recent advances in fractional-order epidemic modeling have also addressed nonlinear
phenomena such as stability changes, bifurcations, and oscillatory dynamics, with [21, 42]
providing foundational results on Hopf bifurcation in fractional-order systems.

Moreover, recent studies on stability and bifurcation analysis in fractional and population
dynamic systems [27, 28] further motivate the present work, particularly in exploring threshold
behavior, endemic persistence, and oscillatory transitions in measles transmission dynamics.

The main objective of this study is to develop and analyze a Caputo fractional-order
S-V-I-R-M model describing measles transmission together with aspirin-associated Reye’s
syndrome dynamics. The proposed model aims to investigate existence, uniqueness, positivity,
stability properties, and bifurcation behavior while evaluating the impact of public health
interventions using real surveillance data from the United Kingdom.

Furthermore, the proposed fractional-order framework provides a flexible and realistic tool
for evaluating intervention strategies such as vaccination campaigns and behavioral control
measures, thereby offering practical insights for public health decision-making.

The model is calibrated using real measles case data and vaccination coverage from the
UK Health Security Agency (2019–2023) [14, 26, 29]. Numerical simulations are performed to
evaluate the predictive behavior of the fractional-order model and to assess the impact of public
health interventions, including enhanced Measles-Mumps-Rubella (MMR) vaccination cover-
age, reduced aspirin use among febrile children, and targeted vaccination in high-incidence
regions [2, 15]. The results confirm that the fractional-order formulation provides a more
realistic representation of epidemic dynamics compared to the classical integer-order model.

In summary, this work contributes a generalizable framework that bridges fractional
calculus and real-world epidemiological data, offering both theoretical insights and practical
guidance for evidence-based disease control. Following the formulation of the proposed model,
its existence and uniqueness properties are established. Equilibrium points are subsequently
identified, offering conditions for disease persistence or eradication. Section 2 provides
foundational definitions in fractional calculus, while Section 3 introduces the fractional-order
measles model. Existence and uniqueness results are presented in Section 4. Section 5
analyzes equilibrium points. Section 6 investigates the positivity and boundedness of solutions.
Section 7 presents a sensitivity analysis of the basic reproduction number. Local and global
stability analyses are discussed in Sections 8 and 9, respectively. Numerical methods are
described in Section 10, simulation results in Section 11, followed by parameter estimation

http://etna.ricam.oeaw.ac.at
http://www.kent.edu
http://www.ricam.oeaw.ac.at


ETNA
Kent State University and

Johann Radon Institute (RICAM)

444 E. KAYA, F. ÖZKÖSE, AND M. T. ŞENEL

in Section 12. Section 13 presents the bifurcation analysis of the proposed system. Finally,
Section 14 concludes the study.

2. Preliminaries.

DEFINITION 2.1 ([36]). The fractional integral of order ϑ > 0 of a function f(t) (t > 0)
is given by

Iϑf(t) =
1

Γ(ϑ)

∫ x

0

(x− t)ϑ−1f(t)dt, x > 0,

where Γ(.) is the Gamma function.

DEFINITION 2.2 ([36]). The Caputo fractional derivative of order ϑ > 0 of a function
f : (0,∞)→ R is represented by

C
0 D

ϑ

t f(t) =

{
1

Γ(n−ϑ)
∫ t
0

(d/dτ)nf(τ)

(t−τ)ϑ−n+1 dτ, 0 ≤ n− 1 < ϑ < n, n = [ϑ], n ∈ N,(
d
dt

)n
f(t), ϑ = n, n ∈ N.

LEMMA 2.3 ([36]). The Laplace transform (LT) of a function f(t) of order ϑ > 0 is
given by

L[C0 D
ϑ

t f(t)] = sϑF (s)−
n−1∑
v=0

f (v)(0)sϑ−v−1.

LEMMA 2.4 ([36]). The Laplace transform (LT) of f(t) = tϑ1−1Eϑ,ϑ1
(±ωtϑ), with the

Mittag-Leffler function Eϑ,ϑ1 , is given by

L[tϑ1−1Eϑ,ϑ1
(±ωtϑ)] =

sϑ−ϑ1

sϑ ± ω
.

THEOREM 2.5 ([4, 35, 36]). Consider the fractional-order system

dϑX

dtϑ
= f(X), X (0) = X0,

with α ∈ (0, 1] and X ∈ Rn. The zeros of the function f (X∗) = 0 are the equilibrium points
of the system (3.1), and these equilibrium points are

(1) asymptotically stable ⇐⇒ the eigenvalues λi of the Jacobian matrix J(X∗) satisfy
|arg(λi)| > ϑπ

2 , ∀i, i = 1, 2, . . . , n;
(2) unstable ⇐⇒ ∃i such that the corresponding eigenvalue λi of J(X∗) satisfies
|arg(λi)| < ϑπ

2 , i = 1, 2, . . . , n.

THEOREM 2.6 ([36]). Consider the polynomial equation

P (λ) = λn + a1λ
n−1 + .....+ an−1λ+ an = 0,

and let λi denote the zeros.
(1) For n = 1, the condition for |arg(λi)| > ϑπ

2 is

a1 > 0.
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(2) For n = 2, the conditions for |arg(λi)| > ϑπ
2 are either

a1 > 0, a2 > 0

or

a1 < 0, 4a2 > a21,
∣∣tan−1(4a2 > a21)

∣∣ > ϑπ

2
.

(3) For n = 3, the conditions for |arg(λi)| > ϑπ
2 are

a1 > 0, a3 > 0, and a1a2 > a3,

(4) For n = 4, the conditions for |arg(λi)| > ϑπ
2 are

a1 > 0, a3 > 0, a4 > 0, and a1a2a3 > a23 + a21a4,

(5) For n = 5, the conditions for |arg(λi)| > ϑπ
2 are the Routh-Hurwitz conditions [19]

ai > 0, i = 1, 2, 3, 4, 5,

a1a2a3 > a23 + a21a4, and

(a1a4 − a5)
(
a1a2a3 − a23 − a21a4

)
> a5 (a1a2 − a3)

2
+ a1a

2
5.

3. Mathematical model. Mathematical models can be used to predict the spread of
infectious diseases and the effects of aspirin use on this disease. Many diseases can be treated
and their spread halted using mathematical models. Our aim is to monitor the spread of the
disease with the help of these mathematical models and to assist science by observing the
impact of this disease on people. Measles, whose prevalence has increased with external
migration to our country in recent years, causes the death of many people. To examine the
spread of measles and the effects of aspirin on this disease, we consider five subclasses:
susceptible individuals, vaccinated individuals, infected individuals, recovered individuals,
and individuals who developed Reye’s syndrome as a result of aspirin use while ill. We denote
susceptible individuals by S, vaccinated individuals by V , infected individuals by I , recovered
individuals by R, individuals who developed Reye’s syndrome as a result of aspirin use while
infected by M , and the total population by N . The proposed fractional-order model is as
follows:

(3.1)

C
0 D

ϑ
t S(t) = bϑS

(
1− S

K

)
− S

(
µϑ1 + ωϑ

)
− IβϑS

N
− S(ψϑ1 + ψϑ2 ),

C
0 D

ϑ
t V (t) = S(ψϑ1 + ψϑ2 )−

(
µϑ1 + τϑ1 + τϑ2

)
V,

C
0 D

ϑ
t I(t) = −I

(
γϑ + δϑ + ζϑ + θϑ + µϑ1

)
+
IβϑS

N
+ Sωϑ + τϑ1 V,

C
0 D

ϑ
t R(t) = I(γϑ + θϑ) + Iζϑξ − µϑ1R+ τϑ2 V,

C
0 D

ϑ
tM(t) = Iζϑ(1− ξ)− µϑ2M,

with the initial conditions

S(0) = S0 ≥ 0, V (0) = V0 ≥ 0, I(0) = I0 ≥ 0,

R(0) = R0 ≥ 0 M(0) = M0 ≥ 0,

where t ≥ 0 and ϑ (0 < ϑ ≤ 1) is the order of the model.
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Equation (3.1) represents a Caputo fractional-order compartmental model that describes
the transmission dynamics of measles with vaccination and disease-related complications.
The state variables S(t), V (t), I(t), R(t), and M(t) denote the populations of susceptible,
vaccinated, infected, recovered individuals, and individuals experiencing severe complications,
respectively.

The first equation describes the dynamics of the susceptible population. The term
bϑS

(
1− S

K

)
represents the intrinsic growth of susceptible individuals under limited re-

sources, whereK is the carrying capacity. The term S(µϑ1 +ωϑ) accounts for natural mortality
and the transition of susceptible individuals due to exposure-related processes, while the
bilinear incidence term βϑIS

N models disease transmission through effective contact between
susceptible and infected individuals. The vaccination-related terms S(ψϑ1 + ψϑ2 ) describe the
transfer of susceptible individuals to the vaccinated class.

The second equation governs the vaccinated population. The class V (t) increases due to
vaccination of susceptible individuals and decreases because of natural mortality and vaccine
waning or loss of immunity, represented by the rates τϑ1 and τϑ2 .

The third equation characterizes the infected population. New infections arise from effec-
tive contact between susceptible and infected individuals as well as through transitions from
the vaccinated class. The removal terms correspond to recovery, disease-induced mortality,
natural death, and progression to severe complications.

The fourth equation describes the recovered population, which increases through the
recovery of infected individuals and immunity acquisition from the vaccinated class. The
parameter ξ represents the proportion of infected individuals who recover without developing
severe complications, while the class decreases due to natural mortality.

The final equation models the dynamics of individuals experiencing severe complications.
This population increases from a fraction (1− ξ) of infected individuals and decreases due to
complication-related mortality at the rate µϑ2 .

From a biological point of view, the proposed fractional-order S-V-I-R-M model provides
a more realistic framework then standard models for describing disease transmission dynamics
by incorporating memory and hereditary effects through the Caputo fractional derivative.
Unlike classical integer-order models, where the evolution of each compartment depends
only on its current state, the fractional-order formulation accounts for the entire history of the
system. This is particularly relevant in infectious disease dynamics, where past exposures,
immune responses, and delayed effects of vaccination influence the current progression of the
disease.

Within this framework, the susceptible population is influenced not only by current inter-
actions but also by past epidemic conditions. The vaccinated class reflects both immediate pro-
tection and time-dependent waning immunity. The infected class captures memory-dependent
effects related to incubation periods and disease progression, while the recovered class incor-
porates delayed recovery and long-term immune response. The compartment representing
individuals with severe complications accounts for delayed adverse outcomes associated with
aspirin use during infection.

The fractional-order parameter ϑ acts as a memory index governing the influence of past
states on the current dynamics. Smaller values of ϑ correspond to stronger memory effects,
leading to slower disease evolution and prolonged persistence, whereas values approaching
one recover the classical memoryless integer-order model. This provides a clear biologi-
cal justification for using fractional calculus in modeling measles transmission and related
complications.

The Caputo fractional derivative of order ϑ (0 < ϑ ≤ 1) introduces a nonlocal temporal
dependence, allowing the present rate of change of each compartment to depend on its entire
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history. This yields a more realistic description of epidemic evolution than classical ODE
models, particularly in capturing delayed responses and long-term persistence. All model
parameters are assumed to be nonnegative to ensure biological feasibility.

From a modeling perspective, dimensional consistency is essential to preserve the physical
and biological interpretability of the system. Özköse et al. [33] emphasized that fractional-
order models require careful parameter rescaling since the nonlocal character of fractional
derivatives alters the classical temporal dimension. In the case of Caputo derivatives of
order ϑ, the time dimension is effectively generalized, and parameters must be defined in
fractional-order units (e.g., time−ϑ) to maintain dimensional homogeneity. This ensures that
each term in the system remains consistently balanced and prevents biologically unrealistic
interpretations. Following established approaches in fractional epidemic modeling, the present
formulation guarantees dimensional consistency across all state variables and parameters. This
not only supports the physical validity of the model but also enables meaningful comparison
with classical integer-order systems, particularly in the analysis of stability and the long-term
dynamical behavior. The definitions and biological meanings of all model parameters used in
the system (3.1) are presented in Table 3.1.

TABLE 3.1
The biological meanings of the parameters.

Par. Description

S0 initial population of susceptible individuals
V0 initial population of vaccinated individuals
I0 initial population of infected individuals
R0 initial population of recovered individuals

M0
initial population of individuals who developed Reye’s syndrome
as a result of aspirin use while infected

N total population
β transmission rate
ω the rate of individuals with prejudice against vaccination
τ1 the rate of people vaccinated against measles
τ2 the rate of people vaccinated and cured of measles
ψ1 the rate of people who received the first dose of the measles vaccine
ψ2 the rate of people who received the second dose of the measles vaccine
µ1 the natural death rate of humans in the district
µ2 death rate from Reye’s syndrome
θ the rate of those taking vitamin A supplements
b logistic growth rate of susceptible individuals
ζ the rate of people using aspirin during measles treatment

ξ
the rate of those who were infected, recovered,
and became immune by using aspirin

γ the recovery rate of infected individuals
δ the death rate due to measles infection
K carrying capacity of the population

4. Existence and uniqueness. Let us take into account the system with the initial
conditions

S(0) = S0, V (0) = V0, I(0) = I0, R(0) = R0, M(0) = M0.
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It is possible to express the system as

(4.1)


C
0 D

ϑ
t X(t) = A1X(t) + S(t)A2X(t) + V (t)A3X(t), t > 0,

X(0) = X0,

where

X(t) =


S(t)

V (t)

I(t)

R(t)

M(t)

 , X(0) =


S(0)

V (0)

I(0)

R(0)

M(0)

 ,

A1 =


−(µϑ1 + ωϑ + ψϑ1 + ψϑ2 − bϑ) 0 0 0 0

ψϑ1 + ψϑ2 −(τϑ1 + τ2 + µϑ1 ) 0 0 0
ωϑ τϑ1 −(γϑ + δϑ + µϑ1 + θϑ + ζ) 0 0
0 τϑ2 γϑ + θϑ −µϑ1 0
0 0 ζϑ 0 −µϑ2

 ,

A2 =


0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 ζϑξI 0 0
0 0 −ζϑξI 0 0

 , A3 =


− b

ϑ

K 0 −β
ϑ

N 0 0
0 0 0 0 0

0 0 βϑ

N 0 0
0 0 0 0 0
0 0 0 0 0

 .

In view of verifying existence and uniqueness of solutions, we give the following definitions:
DEFINITION 4.1 ([30]). Let C∗[0, τ ] be the class of continuous column vectors X(t)

whose components S, V, I, R,M ∈ C∗[0, τ ] are in the class of continuous functions on the
interval [0, τ ]. The norm of X ∈ C∗[0, τ ] is

‖X‖ = sup
t

∣∣e−NtS(t)
∣∣+ sup

t

∣∣e−NtV (t)
∣∣+ sup

t

∣∣e−NtI(t)
∣∣

+ sup
t

∣∣e−NtR(t)
∣∣+ sup

t

∣∣e−NtM(t)
∣∣ ;

when t > ψ ≥ m, we write C∗ψ[0, τ ] and Cψ[0, τ ].

DEFINITION 4.2 ([30]). Let

R5
+ =

{
ζ(t) ∈ R5 : ζ(t) ≥ 0

}
.

Then X ∈ C∗[0, τ ] is a solution of the initial value problem (IVP)(4.1) if
(1) (t,X(t)) ∈ D, t ∈ [0, τ ], where D = [0, τ ]×K,

K =
{

(S, V, I, R,M) ∈ R5
+ : |S| ≤ p, |V | ≤ r, |I| ≤ w, |R| ≤ q, |M | ≤ s

}
,

and p, r, w, q, s are positive constants, and
(2) X(t) satisfies (4.1).
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We can now prove existence and uniqueness:
THEOREM 4.3. The IVP (4.1) has a unique solution X ∈ C∗[0, τ ].
Proof. For 0 < ϑ ≤ 1, the fractional-order system (4.1) can be written in the equivalent

integral form

(4.2) X(t) = X(0) + Iϑ (A1X(t) + S(t)A2X(t) + V (t)A3X(t)) .

Here, A1, A2, and A3 are constant matrices, and | · | denotes the induced matrix norm. Define
the operator F : C∗[0, τ ]→ C∗[0, τ ] by

(4.3) FX(t) = X(0) + Iϑ (A1X(t) + S(t)A2X(t) + V (t)A3X(t)) .

Let X,Y ∈ C∗[0, τ ]. Let X,Y ∈ C∗[0, τ ]. Using the weighted norm

|X| = sup
0≤t≤τ

e−Gt|X(t)|,

where G > 0 is a positive constant, we obtain

|FX − FY | ≤ 1

Γ(ϑ)
sup

0≤t≤τ

∫ t

0

[
(t− s)ϑ−1e−G(t−s) (|A1|+ |S(s)| |A2|+ |V (s)| |A3|)

× e−Gs|X(s)− Y (s)|
]
ds.

Since |S(t)| ≤ p and |V (t)| ≤ r on [0, τ ], it follows that

|FX − FY | ≤ (|A1|+ p|A2|+ r|A3|) |X − Y | sup
0≤t≤τ

1

Γ(ϑ)

∫ t

0

(t− s)ϑ−1e−G(t−s) ds.

By the change of variable u = t− s, we have

1

Γ(ϑ)

∫ t

0

(t− s)ϑ−1e−G(t−s) ds =
1

Γ(ϑ)

∫ t

0

uϑ−1e−Gu, du ≤ 1

Gϑ
.

Here, Gϑ denotes the ϑ-th power of the positive constant G. Consequently,

|FX − FY | ≤ |A1|+ p|A2|+ r|A3|
Gϑ

|X − Y |.

Choose G > 0 sufficiently large such that

|A1|+ p|A2|+ r|A3|
Gϑ

< 1.

Then there exists a constant 0 < q < 1 such that

|FX − FY | ≤ q|X − Y |.

Hence, F is a contraction onC∗[0, τ ]. By the Banach fixed-point theorem, F has a unique fixed
point in C∗[0, τ ]. Therefore, the integral equation (4.2) has a unique solution X ∈ C∗[0, τ ]. It
remains to show that the integral equation (4.2) is equivalent to the original fractional initial
value problem (4.1). From (4.2),

X(t)−X(0) = Iϑ (A1X(t) + S(t)A2X(t) + V (t)A3X(t)) .
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Applying the Caputo fractional derivative CDϑ
t to both sides and using the identity

CDϑ
t I

ϑf(t) = f(t),

we obtain

CDϑ
t X(t) = A1X(t) + S(t)A2X(t) + V (t)A3X(t).

Moreover, setting t = 0 in (4.2) gives

X(0) = X0.

Thus, the integral equation (4.2) is equivalent to the IVP (4.1). Therefore, the IVP (4.1) admits
a unique solution X ∈ C∗[0, τ ].

5. Equilibrium points and their stability. To calculate the equilibria of the system (3.1),
let

C
0 D

ϑ
t S(t) = 0, C

0 D
ϑ
t V (t) = 0, C

0 D
ϑ
t I(t) = 0,

C
0 D

ϑ
t R(t) = 0, C

0 D
ϑ
tM(t) = 0.

Thus,

C
0 D

ϑ
t S(t) = bϑS

(
1− S

K

)
− S

(
µϑ1 + ωϑ

)
− IβϑS

N
− S(ψϑ1 + ψϑ2 ) = 0,

C
0 D

ϑ
t V (t) = S(ψϑ1 + ψϑ2 )−

(
µϑ1 + τϑ1 + τϑ2

)
V = 0,

C
0 D

ϑ
t I(t) = −I

(
γϑ + δϑ + ζϑ + θϑ + µϑ1

)
+
IβϑS

N
+ Sωϑ + τϑ1 V = 0,

C
0 D

ϑ
t R(t) = I(γϑ + θϑ) + Iζϑξ − µϑ1R+ τϑ2 V = 0,

C
0 D

ϑ
tM(t) = Iζϑ(1− ξ)− µϑ2M = 0.

Then there are three equilibrium points:

(5.1) E1 = (0, 0, 0, 0, 0), E2 = (a∗, b∗, c∗, d∗, e∗), E3 = (k∗, l∗,m∗, n∗, o∗).

The formulas for E2, E3 can be computed, e.g., by symbolic computations; however, since the
expressions are rather long (over multiple pages), we do not state them explicitly.

6. Positivity and boundedness. In this section, the positivity and boundedness of the
solution of the model (3.1) are examined. Let

ζ(t) = [S(t), V (t), I(t), R(t),M(t)]
T
.

Let us recall a lemma that will be used to verify the nonnegativity of the solution of the
model (3.1).
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LEMMA 6.1 (Generalized Mean Value Theorem [36]). Assume that

w(t) ∈ C[a, b] and C
0 D

ϑ
t w(t) ∈ C[a, b], for 0 < ϑ ≤ 1.

Then

w(t) = w(a) +
1

Γ(ϑ)
C
0 D

ϑ
t w(τ)(t− a)ϑ,

where 0 ≤ τ ≤ t, ∀t ∈ (a, b].

REMARK 6.2. If w ∈ C[a, b] and C
0 D

a
tw(t) ≥ 0, for all t ∈ (a, b], then the function w(t)

is non-increasing for all t ∈ (a, b].
THEOREM 6.3. The model (3.1) with the initial conditions has a bounded solution in R5

+.
Proof.

(6.1)

C
0 D

ϑ
t S
∣∣
S=0

= 0 ≥ 0,

C
0 D

ϑ
t V
∣∣
V=0

= S(ψϑ1 + ψϑ2 ) ≥ 0,

C
0 D

ϑ
t I
∣∣
I=0

= Sωϑ + τϑ1 V ≥ 0,

C
0 D

ϑ
t R
∣∣
R=0

= I(γϑ + θϑ) + Iζϑξ + τϑ2 V ≥ 0,

C
0 D

ϑ
tM

∣∣
M=0

= Iζϑ(1− ξ) ≥ 0.

If (S(0), V (0), I(0), R(0),M(0)) ∈ R5
+, then from (6.1) and Remark 6.2, the solution of the

model (3.1) can only lie above the hyperplanes S(t) = 0, V (t) = 0, I(t) = 0, R(t) = 0, and
M(t) = 0. This result demonstrates that the region R5

+ constitutes a positively invariant set.

THEOREM 6.4. The region

Q =
{
S(t), V (t), I(t), R(t),M(t) ∈ R5

+, 0 < S(t), V (t), I(t), R(t),M(t) ≤ C
}

is a positive invariant set for the system (3.1).
Proof. Equations (3.1) yield the following:

C
0 D

ϑ
t N(t) =bϑS

(
1− S

K

)
− µϑ1 (S + V + I +R)− µϑ2M.

This gives

C
0 D

ϑ
t N(t) ≤bϑS + µϑ1N.

Consequently, summing all equations of the system (3.1) yields an upper bound for the total
population N(t) in the form of the following fractional differential inequality:

C
0 D

ϑ
t N(t) ≤

(
µϑ1 + bϑ

)
N(t),

which ensures that the total population remains bounded for all t ≥ 0.
If we apply the Laplace transform, then we have

sϑ w(s)− sϑ−1N(0) ≤
(
µϑ1 + bϑ

)
w(s),

which further gives w(N) ≤ sϑ−1

sϑ−b−µ1
N(0). By taking the inverse Laplace transform, we get

that if (S(t), V (t), I(t), R(t),M(t)) ∈ R5
+, then

N(t) ≤ Eϑ,1
(
−(µϑ1 + bϑ)tϑ

)
,
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with the Mittag-Leffler function Eϑ,1. From its definition we obtain

N(t) ≤
∞∑
k=0

[
−(µϑ1 + bϑ)tϑ

]k
Γ(ϑk + 1)

.

By applying the ratio test for convergence, it follows that the above series is convergent. Hence,
its sum is bounded by a positive constant C > 0, that is,

N(t) ≤ C.

Therefore, the state variables S(t), V (t), I(t), R(t),M(t) are bounded.
From an epidemiological perspective, the positivity of the solutions guarantees that all

population compartments remain biologically meaningful throughout the evolution of the
system since negative values for susceptible, vaccinated, infected, recovered, or complication-
related classes are not physically interpretable. Similarly, boundedness ensures that the total
population remains within realistic limits over time, thereby confirming the reliability and
practical applicability of the proposed model in real epidemic scenarios.

7. Basic reproduction number. The basic reproduction number R0 for a single infected
person is a threshold that indicates the total number of potential cases generated in a completely
susceptible population during its transmission period. F and V are the matrices created for
the new infection and the transition terms, respectively. Following the same method as in [41],
the basic reproduction number is calculated as follows:

f =


0
0

βϑSI
N
0
0

 , v =


−bϑS

(
1− S

K

)
+ S

(
µϑ1 + ωϑ

)
+ IβϑS

N + S(ψϑ1 + ψϑ2 )
−S(ψϑ1 + ψϑ2 ) +

(
µϑ1 + τϑ1 + τϑ2

)
V

I
(
γϑ + δϑ + ζϑ + θϑ + µϑ1

)
− Sωϑ + τϑ1 V

−I(γϑ + θϑ)− Iζϑξ − µϑ1R+ τϑ2 V
−Iζϑ(1− ξ) + µϑ2M

 ,

F =

[
βϑS0

N 0
0 0

]
, V =

[
γϑ + δϑ + ζϑ + θϑ + µϑ1 0

−ζϑ(1− ξ) µϑ2

]
.

The expression for R0 is the spectral radius of the matrix FV −1 and is given by

R0 =
βS0

N(γ + δ + ζ + θ + µ1)
, S0 =

K(b− µ1 − ω − ψ1 − ψ2)

b
,

thus,

R0 =
βK(b− µ1 − ω − ψ1 − ψ2)

bN(γ + δ + ζ + θ + µ1)
.

7.1. Sensitivity analysis. In this section, we analyze the sensitivity of R0 with respect
to parameters that affect the reproduction number. A sensitivity measure shows the relative
changes that may occur in variables due to a change in a given parameter. We have applied
the same method as in [10]. Given the importance of the reproduction number in calculating
disease prevalence, it is necessary to assess the sensitivities of the parameters with respect to
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R0.

∂R0

∂γ
=
∂R0

∂δ
=
∂R0

∂ζ
=
∂R0

∂θ
=
−bN(βK(b− µ1 − ω − ψ1 − ψ2)

(bN(γ + δ + ζ + θ + µ1))2
< 0,

∂R0

∂µ1
=
−βK(bN(γ + δ + ζ + θ + µ1)− bN(βK(b− µ1 − ω − ψ1 − ψ2)

(bN(γ + δ + ζ + θ + µ1))2
< 0,

∂R0

∂ω
=
∂R0

∂ψ1
=
∂R0

∂ψ2
=
−βK(bN(γ + δ + ζ + θ + µ1)

(bN(γ + δ + ζ + θ + µ1))2
< 0,

∂R0

∂b
=
βK(bN(γ+δ+ζ+θ+µ1)−N(γ+δ+ζ+θ+µ1)βK(b−µ1−ω−ψ1−ψ2)

(bN(γ+δ+ζ+θ+µ1))2
> 0,

∂R0

∂K
=
β(b− µ1 − ω − ψ1 − ψ2)bN(γ + δ + ζ + ξ + µ1)

(bN(γ + δ + ζ + θ + µ1))2
> 0,

∂R0

∂β
=
K(b− µ1 − ω − ψ1 − ψ2)bN(γ + δ + ζ + θ + µ1)

(bN(γ + δ + ζ + θ + µ1))2
> 0.

From the sensitivity analysis, it can be seen that R0 increases with the parameters b,K, β and
decreases with γ, δ, ζ, θ, µ1, ω, ψ1, ψ2. This indicates that in order to reduce disease outbreaks,
parameters with negative negative sensitivity indices should be maximized.

8. Local stability of the equilibria. The necessary conditions for the stability of the
equilibrium points are summarized below.

THEOREM 8.1. Let E1 denote the disease-free equilibrium (DFE) of the system (3.1).
Then, the equilibrium point E1 is unstable.

Proof. The Jacobian matrix of system (3.1) evaluated at the disease-free equilibrium E1

is given by

J(E1)

=


bϑ − µϑ1 − ωϑ 0 0 0 0
ψϑ1 + ψϑ2 −(µϑ1 + τϑ1 + τϑ2 ) 0 0 0
ωϑ τϑ1 −(ζϑ + δϑ + µϑ1 + γϑ + θϑ) 0 0
0 τϑ2 ζϑξ + γϑ + θϑ −µϑ1 0
0 0 ζϑ(1− ξ) 0 −µϑ2

 .
Since the Jacobian matrix is triangular, the characteristic equation is obtained directly from its
diagonal entries as

P (λ) = (−λ− µ1)(−λ− µ2)(−λ− µ1 − τ1 − τ2)

× (b− µ1 − ω − λ)(−γ − δ − ζ − θ − µ1 − λ) = 0.

Hence, the eigenvalues are

λ1 = −µ1, λ2 = −µ2, λ3 = −(µ1 + τ1 + τ2),

λ4 = b− µ1 − ω, λ5 = −(γ + δ + ζ + θ + µ1).

Under biologically meaningful assumptions, all parameters are positive. Consequently, λ1,
λ2, λ3, and λ5 have negative real parts, whereas λ4 can be positive. Therefore, the disease-free
equilibrium E1 is unstable.

THEOREM 8.2. Let E2 and E3 (cf. (5.1)) be the equilibrium points of the system (3.1). If
R0 < 1, then E2 and E3 are locally asymptotically stable.
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Proof. The Jacobian matrix evaluated at E2 is given by

J(E2) =


j11 0 j13 0 0

ψϑ1 + ψϑ2 −(µϑ1 + τϑ1 + τϑ2 ) 0 0 0
j31 τϑ1 j33 0 0
0 τϑ2 γϑ + θϑ + ζϑξ −µϑ1 0
0 0 ζϑ(1− ξ) 0 −µϑ2

 ,
where

j11 = bϑ
(

1− 2S∗

K

)
− (µϑ1 + ωϑ)− I∗βϑ

N
,

j13 = −S
∗βϑ

N
,

j31 = ωϑ +
I∗βϑ

N
,

j33 = −(γϑ + δϑ + ζϑ + θϑ + µϑ1 ) +
S∗βϑ

N
.

Here S∗, I∗, V ∗ involve long formulas that are computed without much effort but which are
too long to be stated here.

The characteristic polynomial can be expressed as

P (λ) = (−λ− µ1)(−λ− µ2)
(
λ3 + a1λ

2 + a2λ+ a3
)
,

where the coefficients a1, a2, and a3 (which can be calculated straightforwardly but are omitted
for brevity) are positive for R0 < 1. According to the Routh–Hurwitz criteria, if

a1 > 0, a3 > 0, a1a2 > a3,

then all roots of the cubic polynomial have negative real parts. Furthermore, for a fractional-
order system of order 0 < ϑ ≤ 1, Matignon’s stability criterion ensures stability provided

|arg(λi)| >
ϑπ

2
, i = 1, . . . , 5.

Hence, when R0 < 1, all eigenvalues satisfy the fractional stability condition, and the
equilibrium points E2 and E3 are locally asymptotically stable.

9. Global stability of the equilibria. In this section, we use the discretization technique
to demonstrate the global stability of measles disease population extinction. We attempt to
conceptualize the global stability of the system by generalizing it as a collection of differ-
ence equations given discrete time intervals over which different decisions and actions are
implemented. Let κ =

[
t
x

]
x. The system is discretized as follows:

C
0 D

ϑ
t S(t) = S(κ)bϑ

(
1− S(κ)

K

)
− βϑS(κ)I(κ)

N
− (µϑ1 + ωϑ + ψϑ1 + ψϑ2 )S(κ),

C
0 D

ϑ
t V (t) = S(κ)(ψϑ1 + ψϑ2 )− V (κ)(µϑ1 + τϑ1 + τϑ2 ),

C
0 D

ϑ
t I(t) =

βϑS(κ)I(κ)

N
+ ωϑS(κ) + τϑ1 V (κ)− (γϑ + δϑ + µϑ1 + θϑ + ζϑ)I(κ),

C
0 D

ϑ
t R(t) = (γϑ + θϑ + ζϑξ)I(κ)− µϑ1R(κ) + τϑ2 V (κ),
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C
0 D

ϑ
tM(t) = ζϑI(κ)− ζϑξI(κ)− µϑ2M(κ).

Starting with t ∈ [0, h) and t
h ∈ [0, 1), we get

C
0 D

ϑ
t S(t) = S0b

ϑ

(
1− S0

K

)
− βϑS0I0

N
− (µϑ1 + ωϑ + ψϑ1 + ψϑ2 )S0,

C
0 D

ϑ
t V (t) = S0(ψϑ1 + ψϑ2 )− V0(µϑ1 + τϑ1 + τϑ2 ),

C
0 D

ϑ
t I(t) =

βϑS0I0
N

+ ωϑS(κ) + τϑ1 V0 − (γϑ + δϑ + µϑ1 + θϑ + ζϑ)I0,

C
0 D

ϑ
t R(t) = (γϑ + θϑ + ζϑξ)I0 − µϑ1R0 + τϑ2 V0,

C
0 D

ϑ
tM(t) = ζϑI0 − ζϑξI0 − µϑ2M0.

The solution reduces to

S1(t) = S0 +
tϑ

Γ(ϑ+ 1)

(
S0b

ϑ

(
1− S0

K

)
− βϑS0I0

N
− (µϑ1 + ωϑ + ψϑ1 + ψϑ2 )S0

)
,

V1(t) = V0 +
tϑ

Γ(ϑ+ 1)

(
S0(ψϑ1 + ψϑ2 )− V0(µϑ1 + τϑ1 + τϑ2 )

)
,

I1(t) = I0 +
tϑ

Γ(ϑ+ 1)

(
βϑS0I0
N

+ ωϑS0 + τϑ1 V0 − (γϑ + δϑ + µϑ1 + θϑ + ζϑ)I0

)
,

R1(t) = R0 +
tϑ

Γ(α+ 1)

(
(γϑ + θϑ + ζϑξ)I0 − µϑ1R0 + τϑ2 V0

)
,

M1(t) = M0 +
tϑ

Γ(ϑ+ 1)

(
ζϑI0 − ζϑξI0 − µϑ2M0

)
.

For t ∈ [h, 2h), th ∈ [1, 2), we obtain

S2(t) = S1 +
(t− h)ϑ

Γ(ϑ+ 1)

(
S1b

ϑ

(
1− S1

K

)
− βϑS1I1

N
− (µϑ1 + ωϑ + ψϑ1 + ψϑ2 )S1

)
,

V2(t) = V1 +
(t− h)ϑ

Γ(ϑ+ 1)

(
S1(ψϑ1 + ψϑ2 )− V1(µϑ1 + τϑ1 + τϑ2 )

)
,

I2(t) = I1 +
(t− h)ϑ

Γ(ϑ+ 1)

(
βϑS1I1
N

+ ωϑS1 + τϑ1 V1 − (γϑ + δϑ + µϑ1 + θϑ + ζϑ)I1

)
,

R2(t) = R1 +
(t− h)ϑ

Γ(ϑ+ 1)

(
(γϑ + θϑ + ζϑξ)I1 − µϑ1R1 + τϑ2 V1

)
,

M2(t) = M1 +
(t− h)ϑ

Γ(ϑ+ 1)

(
ζϑI1 − ζϑξI1 − µϑ2M1

)
.

In repeating the discretization process n times, we get

Sn+1(t) = Sn +
(t− nh)ϑ

Γ(ϑ+ 1)

(
Snb

ϑ

(
1− Sn

kϑ

)
− βϑSnIn

N
− (µϑ1 + ωϑ + ψϑ1 + ψϑ2 )S1

)
,

Vn+1(t) = Vn +
(t− nh)ϑ

Γ(ϑ+ 1)

(
Sn(ψϑ1 + ψϑ2 )− Vn(µϑ1 + τϑ1 + τϑ2 )

)
),

In+1(t) = In +
(t− nh)ϑ

Γ(ϑ+ 1)

(
βϑSnIn
N

+ ωϑSn + τϑ1 Vn− (γϑ + δϑ + µϑ1 + θϑ + ζϑ)In

)
,
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Rn+1(t) = Rn +
(t− nh)ϑ

Γ(ϑ+ 1)

(
γϑ + θϑ + ζϑξ)In − µϑ1Rn + τϑ2 Vn

)
,

Mn+1(t) = Mn +
(t− nh)ϑ

Γ(ϑ+ 1)

(
ζϑIn −−ζϑξIn − µϑ2Mn

)
.

Finally, for t ∈ [nh, (n+ 1)h), where t→ (n+ 1)h and ϑ→ 1, we obtain

Sn+1(t) = Sn +
hϑ

Γ(ϑ+ 1)

(
Snb

ϑ

(
1− Sn

K

)
− βϑSnIn

N
− (µϑ1 + ωϑ + ψϑ1 + ψϑ2 )Sn

)
,

Vn+1(t) = Vn +
hϑ

Γ(ϑ+ 1)

(
Sn(ψϑ1 + ψϑ2 )− Vn(µϑ1 + τϑ1 + τϑ2 )

)
,

In+1(t) = In +
hϑ

Γ(ϑ+ 1)

(
βϑSnIn
N

+ ωϑSn + τϑ1 Vn − (γϑ + δϑ + µϑ1 + θϑ + ζϑ)In

)
,

Rn+1(t) = Rn +
hϑ

Γ(ϑ+ 1)

(
γϑ + θϑ + ζϑξ)In − µϑ1Rn + τϑ2 Vn

)
,

Mn+1(t) = Mn +
hϑ

Γ(ϑ+ 1)

(
ζϑIn − ζϑξIn − µϑ2Mn

)
).

LEMMA 9.1. Assume that {X(n)}∞n=0 = {(S(n), V (n), I(n), R(n),M(n))}∞n=0 is a
positive solution of the system. Then the following conditions hold:
(i) If 

Snb
ϑ

(
1− Sn

K

)
− βϑSnIn

N
− (µϑ1 + ωϑ + ψϑ1 + ψϑ2 )Sn > 0,

Sn(ψϑ1 + ψϑ2 )− Vn(µϑ1 + τϑ1 + τϑ2 ) > 0,

βϑSnIn
N

+ ωϑSn + τϑ1 Vn − (γϑ + δϑ + µϑ1 + θϑ + ζϑ)In > 0,

(γϑ + θϑ + ζϑξ)In − µϑ1Rn + τϑ2 Vn > 0,

ζϑIn − ζϑξIn − µϑ2Mn > 0,

then the positive solution {X(n)}∞n=0 of the system is monotonically increasing.
(ii) If 

Snb
ϑ

(
1− Sn

K

)
− βϑSnIn

N
− (µϑ1 + ωϑ + ψϑ1 + ψϑ2 )Sn < 0,

Sn(ψϑ1 + ψϑ2 )− Vn(µϑ1 + τϑ1 + τϑ2 ) < 0,

βϑSnIn
N

+ ωϑSn + τϑ1 Vn − (γϑ + δϑ + µϑ1 + θϑ + ζϑ)In < 0,

(γϑ + θϑ + ζϑξ)In − µϑ1Rn + τϑ2 Vn < 0,

ζϑIn − ζϑξIn − µϑ2Mn < 0,

then the positive solution {X(n)}∞n=0 of the system is monotonically decreasing.

Proof. The subsequent calculation arises from the analysis of the monotonic behavior of
the solution in the system, as follows:
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Sn+1(t)− Sn =
hϑ

Γ(ϑ+ 1)

(
Snb

ϑ

(
1− Sn

K

)
− βϑSnIn

N

− (µϑ1 + ωϑ + ψϑ1 + ψϑ2 )Sn

)
,

Vn+1(t)− Vn =
hϑ

Γ(ϑ+ 1)

(
Sn(ψϑ1 + ψϑ2 )− Vn(µϑ1 + τϑ1 + τϑ2 )

)
),

In+1(t)− In =
hϑ

Γ(ϑ+ 1)

(
βϑSnIn
N

+ ωϑSn + τϑ1 Vn

− (γϑ + δϑ + µϑ1 + θϑ + ζϑ)In

)
,

Rn+1(t)−Rn =
hϑ

Γ(ϑ+ 1)

(
(γϑ + θϑ + ζϑξ)In − µϑ1Rn + τϑ2 Vn

)
,

Mn+1(t)−Mn =
hϑ

Γ(ϑ+ 1)

(
ζϑIn − ζϑξIn − µϑ2Mn

)
.

Therefore, it becomes evident that under the conditions stated in (i), the system exhibits the
following property:

Sn+1 > Sn, Vn+1 > Vn, In+1 > In, Rn+1 > Rn, and Mn+1 > Mn,

and, based on the conditions in (ii), we have

Sn+1 < Sn, Vn+1 < Vn, In+1 < In, Rn+1 < Rn, and Mn+1 < Mn,

THEOREM 9.2. Let χ1 be a coexisting equilibrium point of the system. Assume that the
local stability conditions and those of Lemma 9.1 hold. If

h1 <

 2
(
Sn − S̄1

)
Γ(ϑ+ 1)

−
(
Snbϑ

(
1− Sn

K

)
+ βϑSnIn

N − (µϑ1 + ωϑ + ψϑ1 + ψϑ2 )Sn

)
 1

ϑ

,

h2 <

(
2
(
Vn − V̄1

)
Γ(ϑ+ 1)

−
(
Sn(ψϑ1 + ψϑ2 )− (µϑ1 + τϑ1 + τϑ2 )Vn

)) 1
ϑ

,

h3 <

 2
(
In − Ī1

)
Γ(ϑ+ 1)

−
(
βϑSnIn
N + ωϑSn + τϑ1 Vn − (γϑ + δϑ + µϑ1 + θϑ + ζϑ)In

)
 1

ϑ

,

h4 <

(
2
(
Rn − R̄1

)
Γ(ϑ+ 1)

−
(
(γϑ + θϑ + ζϑξ)In − µϑ1Rn + τϑ2 Vn

)) 1
ϑ

,

h5 <

(
2
(
Mn − M̄1

)
Γ(ϑ+ 1)

−
(
ζϑIn − ζϑξIn − µϑ2Mn

)) 1
ϑ

,

where Sn > S̄1, Vn > V̄1, In > Ī1, Rn > R̄1, and Mn > M̄1, then the equilibrium point χ1

is globally asymptotically stable.
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Proof. Let us consider a Lyapunov function Ly(n) defined by

Ly(n) = (X(n)− χ1)
2
, n = 0, 1, 2, . . . ,

where X(n) = (S(n), V (n), I(n), R(n),M(n)) and χ1 =
(
S̄1, V̄1, Ī1, R̄1, M̄1

)
. Its change

along the solutions of the system is

∆Ly(n) = Ly(n+ 1)− Ly(n)

= (X(n+ 1)− χ1)
2 − (X(n)− χ1)

2

= (X(n+ 1)−X(n)) (X(n+ 1) +X(n)− 2χ1) .

From the first equation of the system (3.1), we have

∆Ly1(n) = (L(n+ 1)− L(n))(L(n+ 1) + L(n)).

Using Lemma 9.1, it is evident that L(n+ 1) < L(n). Hence, we only need to demonstrate
that

L(n+ 1) + L(n) > 0,

which holds for

h1 <

 2
(
Sn − S̄1

)
Γ(ϑ+ 1)

−
(
Snbϑ

(
1− Sn

K

)
+ βϑSnIn

N − (µϑ1 + ωϑ + ψϑ1 + ψϑ2 )Sn

)
 1

ϑ

, Sn > S̄1.

Thus, we obtain ∆Ly2(n) < 0. Similar to the previous computations, we can analyze

∆Ly2(n) = (V (n+ 1)− V (n))(V (n+ 1) + V (n)− 2V̄1).

Using Lemma 9.1 (ii), it is obvious that V (n+1) < V (n). Hence, we only need to demonstrate
that

Ly(n+ 1) + Ly(n) > 0,

which holds for

h2 <

(
2
(
Vn − V̄1

)
Γ(ϑ+ 1)

−
(
Sn(ψϑ1 + ψϑ2 )− (µϑ1 + τϑ1 + τϑ2 )Vn

)) 1
ϑ

, Vn > V̄1.

Thus, we obtain ∆Ly3(n) < 0. Similar to the previous computations, we can analyze

∆Ly3(n) = (I(n+ 1)− I(n))
(
I(n+ 1) + I(n)− 2Ī1

)
.

From Lemma 9.1 (ii), we can show that ∆Li(n) < 0, for i = 3, . . . , 5, if

h3 <

 2
(
In − Ī1

)
Γ(ϑ+ 1)

−
(
βϑSnIn
N + ωϑSn + τϑ1 Vn − (γϑ + δϑ + µϑ1 + θϑ + ζϑ)In

)
 1

ϑ

, for In > Ī1,

h4 <

(
2
(
Rn − R̄1

)
Γ(ϑ+ 1)

−
(
(γϑ + θϑ + ζϑξ)In − µϑ1Rn + τϑ2 Vn

)) 1
ϑ

, for Rn > R̄1,

h5 <

(
2
(
Rn − R̄1

)
Γ(ϑ+ 1)

−
(
ζϑIn − ζϑξIn − µϑ2Mn

)) 1
ϑ

, for Mn > M̄1.
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10. Numerical scheme for the provided measles model in the Caputo Fractional (CF)
derivative sense. We employ the CF operator in order to analyze the behavior of the suggested
fractional-order model. The Adams-type estimator-corrector approach [12, 13, 17, 18] is
employed to provide a numerical simulation of the proposed nonlinear fractional-order system.
Regarding the Caputo operator of order ϑ, the Cauchy-type ODE given below is considered:

(10.1) C
0 D

ϑ
t Φ(t) = f(t,Φ(t)), Φ(b)(0) = Φ

(b)
0 , 0 < b ≤ n− 1, 0 < t ≤ τ,

where b = 0, 1, . . . , n− 1, and n = dϑe. Equation (10.1) can be transformed into the Volterra
integral equation

(10.2) Φ(t) =

n−1∑
b=0

Φ
(b)
0

tb

b!
+

1

Γ(ϑ)

∫ t

0

(t− s)ϑ−1f(s,Φ(s)) ds.

Taking into account the Adams–Bashforth–Moulton algorithm [12] and the proposed predictor–
corrector scheme for the numerical solution of the model, we set

h =
τ

N
, tz = zh, z = 0, 1, . . . , N ∈ Z+,

and denote Φz ≈ Φ(tz).
Then the corresponding corrector formula [25] can be written as follows:

Sq+1 =

q−1∑
z=0

S
(z)
0

tzq+1

z!

+
hϑ

Γ(ϑ+ 2)

q∑
z=0

pz,q+1

[
Szb

ϑ
(

1− Sz
K

)
− βϑSzIz

N

− (µϑ1 + ωϑ + ψϑ1 + ψϑ2 )Sz

]
+

hϑ

Γ(ϑ+ 2)
pq+1,q+1

[
SPFq+1b

ϑ
(

1−
SPFq+1

K

)
−
βϑSPFq+1I

PF
q+1

N

− (µϑ1 + ωϑ + ψϑ1 + ψϑ2 )SPFq+1

]
.

Vq+1 =

q−1∑
z=0

V
(z)
0

tzq+1

z!

+
hϑ

Γ(ϑ+ 2)

q∑
z=0

(pz,q+1)
(
Sz(ψ

ϑ
1 + ψϑ2 )− µϑ1Vz −

(
τϑ1 + τϑ2

)
Vz
)
,

+
hϑ

Γ(ϑ+ 2)

q∑
z=0

(pq+1,q+1)
(
SPFq+1(ψϑ1 + ψϑ2 )− µϑ1V PFq+1 −

(
τϑ1 + τϑ2

)
V PFq+1

)
,

Iq+1 =

q−1∑
z=0

I
(z)
0

tzq+1

z!

+
hϑ

Γ(ϑ+ 2)

q∑
z=0

(pz,q+1)− Iz
(
γϑ + δϑ + ζϑ + θϑ + µϑ1

)
+
Izβ

ϑSz
N

+ Szω
ϑ + τϑ1 Vz
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+
hϑ

Γ(ϑ+ 2)

q∑
z=0

(pq+1,q+1)
IPFq+1β

ϑSPFq+1

N
+ SPFq+1ω

ϑ

+ τϑ1 V
PF
q+1 − IPFq+1

(
γϑ + δϑ + ζϑ + θϑ + µϑ1

)
,

Rq+1 =

q−1∑
z=0

R
(z)
0

tzq+1

z!

+
hϑ

Γ(ϑ+ 2)

q∑
z=0

(pz,q+1) Iz(γ
ϑ + θϑ) + Izζ

ϑ − µϑ1Rz + τϑ2 Vz

+
hϑ

Γ(ϑ+ 2)

q∑
z=0

(pq+1,q+1) IPFq+1(γϑ + θϑ) + IPFq+1ζ
ϑ − µϑ1RPFq+1 + τϑ2 V

PF
q+1 ,

Mq+1 =

q−1∑
z=0

M
(z)
0

tzq+1

z!

+
hϑ

Γ(ϑ+ 2)

q∑
z=0

(pz,q+1) Izζ
ϑ − Izζϑ − µϑ2Mz

+
hϑ

Γ(ϑ+ 2)

q∑
z=0

(pq+1,q+1) IPFq+1ζ
ϑ − IPFq+1ζ

ϑ − µϑ2MPF
q+1,

where

pz,q+1 =


qϑ+1 − (q − ϑ)(q + 1)ϑ, if z = 0,

(q − z + 2)ϑ+1 + (q − z)ϑ+1 − 2(q − z + 1)ϑ+1, if 1 ≤ z ≤ q,
1, if z = q + z.

The predictor formula for the next step, ΦPFq+1, is given by

SPFq+1 =

q−1∑
z=0

S
(z)
0

tzq+1

z!
+

hϑ

Γ(ϑ+ 1)

q∑
z=0

(
(jz,q+1) Szb

ϑ

(
1− Sz

K

)
+
βϑSzIz
N

− (µϑ1 + ωϑ + ψϑ1 + ψϑ2 )Sz,

)
V PFq+1 =

q−1∑
z=0

I
(z)
0

tzq+1

z!

+
hϑ

Γ(ϑ+ 1)

q∑
z=0

(jz,q+1)
(
Sz(ψ

ϑ
1 + ψϑ2 )− µϑ1Vz −

(
τϑ1 + τϑ2

)
Vz
)
,

IPFq+1 =

q−1∑
z=0

I
(z)
0

tzq+1

z!

+
hϑ

Γ(ϑ+ 1)

q∑
z=0

(
(jz,q+1)

(
γϑ + δϑ + ζϑ + θϑ + µϑ1

)
Iz

+
Izβ

ϑSz
N

+ Szω
ϑ + τϑ1 Vz,

)
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RPFq+1 =

q−1∑
z=0

R
(z)
0

tzq+1

z!
+

hϑ

Γ(ϑ+ 1)

q∑
z=0

(
(jz,q+1) Iz(γ

ϑ + θϑ)

+ Izζ
ϑ − µϑ1Rz + τϑ2 Vz,

)
MPF
q+1 =

q−1∑
z=0

M
(z)
0

tzq+1

z!
+

hϑ

Γ(ϑ+ 1)

q∑
z=0

(jz,q+1) Izζ
ϑ − Izζϑ − µϑ2Mz,

where

jz,q+1 = (q + 1− z)ϑ − (q − z)ϑ.

11. Numerical simulations and discussion. Numerical simulations of the proposed
fractional-order model are performed using the Adams–Bashforth–Moulton predictor-corrector
algorithm [17]. The initial conditions are set as

(S0, V0, I0, R0,M0) = (67,735,000, 100,568, 11, 10, 1),

and the parameter values are adopted from Table 12.1. The simulations are conducted to
investigate how the system dynamics responds to variations in the fractional-order parameter
ϑ and other key epidemiological parameters.

Figure 11.1 displays the time evolution of the susceptible population for different ϑ-
values. The number of susceptible individuals declines until approximately day 20, after
which it stabilizes. Smaller values of ϑ increase memory effects, slowing the stabilization
process. Similarly, Figure 11.2 shows that the vaccinated population initially rises, then
slightly decreases before stabilizing. The fractional-order memory delays the equilibrium
when ϑ < 1.
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FIG. 11.1. Change of susceptible individuals over time for different fractional-order derivative values ϑ.

Figure 11.3 illustrates the infected population dynamics. The infection peaks around
day 15 and subsequently declines toward equilibrium. Fractional-order effects reduce the
peak magnitude and prolong the convergence to the steady state. The recovered population
(Figure 11.4) reaches the equilibrium faster when ϑ = 1, while the Reye’s syndrome subpop-
ulation (Figure 11.5) stabilizes more quickly at ϑ = 1, confirming that the fractional-order
dynamics delays the stabilization across the subpopulations.
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FIG. 11.2. Change of infected individuals over time for different fractional-order derivative values ϑ .

0 10 20 30 40 50 60 70 80 90 100

Time (Days)

0

50

100

150

200

250

300

350

In
fe

c
te

d
 i
n

d
iv

id
u

a
ls

 

 = 1

 = 0.97

 = 0.94

 = 0.91

30 35 40 45 50 55
0

5

10

15

20

25

FIG. 11.3. Change of infected individuals over time for different fractional-order derivative values ϑ.

The influence of the transmission rate β is presented in Figure 11.6. Higher β-values
accelerate the decline of susceptible individuals and increase the infection prevalence initially,
before vaccination and recovery stabilize the system, which is consistent with the biological
behavior of measles.

Figure 11.7 examine the vaccination parameters ψ1 (first-dose rate) and ω (hesitancy).
Increasing ψ1 accelerates the susceptibility decline and improves coverage, whereas a higher
ω slows the vaccination uptake, raising the infection risk.

The effects of aspirin administration are illustrated in Figure 11.8, represented by ζ and ξ.
Increasing ζ reduces the infected and recovered populations but raises the incidence of Reye’s
syndrome, reflecting known pediatric risks. Conversely, increasing ξ promotes the recovery
and mitigates the severity of Reye’s syndrome.

Finally, Figure 11.9 shows that higher recovery rates γ lead to a faster decline in the
infections and an increase in the recovered individuals, in agreement with expected biological
outcomes.
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FIG. 11.4. Change of recovered individuals over time for different fractional-order derivative values ϑ.
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FIG. 11.5. Time evolution of individuals with Reye’s syndrome for different fractional-order values ϑ.
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FIG. 11.6. Dynamics of susceptible and infected individuals for different transmission rates β at ϑ = 0.94.
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FIG. 11.7. Dynamics of susceptible and vaccinated individuals for different vaccination rates ψ1 at ϑ = 0.94.
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FIG. 11.8. Dynamics of susceptible and infected individuals for different values of the vaccination hesitancy
rate ω at ϑ = 0.94.

Overall, the numerical simulations demonstrate that fractional-order dynamics signifi-
cantly influence the timing and magnitude of epidemic peaks and equilibrium states, while
key epidemiological and behavioral parameters critically modulate the disease spread and the
complication rates.

Figure 11.12 presents the sensitivity analysis of the endemic infected population with
respect to the fractional-order parameter ϑ. The results demonstrate that the fractional-order
parameter has a substantial influence on the disease transmission dynamics. Specifically,
increasing ϑ toward 1 causes the system to gradually converge to the classical integer-order
behavior, while smaller values of ϑ introduce stronger memory effects, leading to noticeable
changes in the infected population level. These findings highlight the importance of incorpo-
rating fractional-order dynamics in accurately describing the spread and persistence of the
measles infection.

The sensitivity analysis shown in Figure 11.13 indicates that the transmission rate β has
the highest positive impact on the basic reproduction numberR0, while recovery, mortality, and
vaccination-related parameters reduce the epidemic threshold. This suggests that controlling
the transmission rate is the most effective strategy for disease mitigation.

Figure 11.14 illustrates the effect of the fractional-order parameter ϑ on the basic repro-
duction number R0. It is observed that as ϑ increases, the value of R0 decreases, indicating
that memory effects play a stabilizing role in the epidemic dynamics and reduce disease
persistence.
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FIG. 11.9. Effects of the aspirin usage rate ζ on recovered individuals and individuals with Reye’s syndrome at
ϑ = 0.94.
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FIG. 11.10. Effects of the recovery-through-aspirin rate ξ on recovered individuals and individuals with Reye’s
syndrome at ϑ = 0.94.

12. Parameter estimation. Parameter estimation is applied to obtain a curve closest
fitting the real data such that the most appropriate parameter values are obtained with this
method. Quite often, parameter values found in the literature are used in applications of the
mathematical models, but their accurate estimation is very important in order to run a more
realistic mathematical model, to increase the reliability of the considered model for the future
prediction of the disease, and to allow a better understanding of the transmission dynamics of
the epidemic.
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FIG. 11.11. Dynamics of infected and recovered individuals for different recovery rates γ at ϑ = 0.94.
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FIG. 11.12. Sensitivity analysis of the endemic infected population with respect to the fractional-order parameter
ϑ.
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FIG. 11.13. Sensitivity indices of the basic reproduction number R0 with respect to model parameters.
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FIG. 11.14. Effect of the fractional-order parameter ϑ on the basic reproduction number R0.

The model parameters are estimated in order to obtain the best-fitting curve to the
observed measles incidence data. The estimation is performed using a nonlinear least-squares
optimization framework, where the objective function is defined as the sum of the squared
differences between the numerical solutions of the fractional-order system and the reported
epidemiological data. The fractional-order system is solved numerically for each candidate
parameter set, and the optimal parameters are obtained by minimizing this error criterion.
In addition, the initial population values are determined based on demographic data, and
consistency conditions are imposed to ensure biological feasibility. The results indicate that
the fractional-order model provides a significantly improved fit to the real data, highlighting
the importance of memory and hereditary effects in describing the transmission dynamics of
measles.

There are 16 different parameter values in the measles model. We fit 16 of these parameter
values using actual measles incidence data from the United Kingdom (WHO), calculated using
the average UK life expectancy (81.4), µ1 (natural mortality rate) (3.36575679e-5) (WHO),
and the total population of the United Kingdom (67, 835, 590). We covered 21 months of
data cases from 2019 to 2023. If the initial conditions are the total UK population and the
infected individuals, then I(0) = 11 and because N(0) = S(0) + V (0) + I(0) + R(0) +
M(0), R(0) = 10, and M(0) = 1, the remaining other population values are calculated as
S(0) = 67, 735, 000 and V (0) = 100, 568.

Actual cases of measles are displayed as red-filled circles in Figure 12.1. Values that best
fit the actual data are displayed with a blue line. The parameter values used in the model are
given in Table 12.1, together with the best-fit values obtained using the Least-Squares Curve
Fitting Technique (LSCFT).

13. Bifurcation analysis. To know the qualitative behavior of the solution of the given
n-dimensional dynamical system

(13.1)
dx

dt
= f(x, µ), x ∈ Rm,

near the non-hyperbolic equilibrium points as the vector field f passes through a point in
the bifurcation set or as the parameter µ varies through a bifurcation value µ0, we use the
following criteria:
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FIG. 12.1. Real cases of measles in the U.K. from 2019–2023 and the best-fit curve from the proposed model.

THEOREM 13.1 (Sotomayor’s theorem). Suppose that f(x0, µ0) = 0 and that the n× n
matrix A = Df(x0, µ0) has a simple eigenvalue λ = 0 with eigenvector v and that AT has
an eigenvector w corresponding to the eigenvalue λ = 0. Furthermore, suppose that A has k
eigenvalues with negative real part and (n− k − 1) eigenvalues with positive real part.

1. If wT fµ(x0, µ0) 6= 0, wT [D2f(x0, µ0)(v, v)] 6= 0, then the system (13.1) experi-
ences a saddle-node bifurcation at the equilibrium point x0 as the parameter µ passes
through the bifurcation value µ = µ0.

2. If wT fµ(x0, µ0) = 0, wT [Df(x0, µ0)v] 6= 0, and wT [D2f(x0, µ0)(v, v)] 6= 0, then
the system (13.1) experiences a trans-critical bifurcation at the equilibrium point x0
as the parameter µ varies through the bifurcation value µ = µ0.

3. If wT fµ(x0, µ0) = 0, wT [Df(x0, µ0)v] 6= 0, wT [D2f(x0, µ0)(v, v)] = 0, and
wT [D3f(x0, µ0)(v, v, v)] 6= 0, then the system (13.1) experiences a pitchfork bifur-
cation at the equilibrium point x0 as the parameter µ varies through the bifurcation
value µ = µ0.

Let the eigenvalue of J(E0)
∣∣
β∗ be zero, and let the corresponding equilibrium system be

given by:

C
0 D

ϑ
t S(t) = bϑS

(
1− S

K

)
− S

(
µϑ1 + ωϑ

)
− IβϑS

N
− S(ψϑ1 + ψϑ2 ) = f1,

C
0 D

ϑ
t V (t) = S(ψϑ1 + ψϑ2 )−

(
µϑ1 + τϑ1 + τϑ2

)
V = f2,

C
0 D

ϑ
t I(t) = −I

(
γϑ + δϑ + ζϑ + θϑ + µϑ1

)
+
IβϑS

N
+ Sωϑ + τϑ1 V = f3,

C
0 D

ϑ
t R(t) = I(γϑ + θϑ) + Iζϑξ − µϑ1R+ τϑ2 V = f4,

C
0 D

ϑ
tM(t) = Iζϑ(1− ξ)− µϑ2M = f5.

Let

x0 = E0(S, V, I, R,M) = (0, 0, 0, 0, 0),

R0 =
βK(b− µ1 − ω − ψ1 − ψ2)

bN(γ + δ + ζ + θ + µ1)
= 1,

µ0 = ω∗ =
βKb− βKµ1 − βKψ1 − βKψ2 − bN(γ + δ + ζ + θ + µ1)

βK
.
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TABLE 12.1
The biological meanings of the parameters and their numerical values.

Par. Description
Parameter est.
values

Reference Unit

β transmission rate 2.0010e-06 fitted 1/year
ω the rate of individuals with 1.0000e-06 fitted 1/year

prejudice against vaccination
τ1 the rate of people vaccinated 1.1639e-06 fitted 1/year

against measles
τ2 the rate of people vaccinated 0.3691 fitted 1/year

and cured of measles
ψ1 the rate of people who received 0.0385 fitted 1/year

the first dose of measles vaccine
ψ2 the rate of people who received 0.2299 fitted 1/year

the second dose of measles vaccine
µ1 the natural death rate 0.0000336575679 fitted 1/year

of humans in the district
µ2 death rate from Reye’s syndrome 0.5224 fitted 1/year
θ the rate of those taking 0.0943 fitted 1/year

vitamin A supplements
b logistic growth rate of susceptible individuals 2.4143e-04 fitted 1/year
ζ the rate of people using aspirin 0.1769 fitted 1/year

during measles treatment
ξ the rate of those who were infected 0.3002 fitted 1/year

and recovered and became immune
by using aspirin

γ the recovery rate of infected individuals 0.1327 fitted 1/year
δ the death rate due to measles infection 0.0943 fitted 1/year
K carrying capacity of the population 0.1325 fitted 1/year

Then,

Df(x, µ) =


a11 0 a13 0 0

ψ1 + ψ2 −µ1 − τ1 − τ2 0 0 0
a31 τ1 a33 0 0
0 τ2 γ + θ + ζξ −µ1 0
0 0 ζ − ζξ 0 −µ2

 ,

where

a11 = b

(
1− 2S

K

)
− (µ1 + ω∗ + ψ1 + ψ2)− Iβ

N
,

a13 = −Sβ
N
,

a31 = ω∗ +
Iβ

N
,

a33 = − (ζ + δ + µ1 + γ + θ) +
Sβ

N
,
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Df(x0, µ0)

=


b− µ1 − ω∗ − ψ1 − ψ2 0 0 0 0

ψ1 + ψ2 −µ1 − τ1 − τ2 0 0 0
ω∗ τ1 −(ζ + δ + µ1 + γ + θ) 0 0
0 τ2 γ + θ + ζξ −µ1 0
0 0 ζ − ζξ 0 −µ2


= A,

D2f(x0, µ0)

=


−2bϑ
K 0 −β

N 0 0 0 0 0 0 0 −β
N 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 β
N 0 0 0 0 0 0 0 β

N 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

 .

We set Av = 0, where v = (v1, v2, v3, v4, v5)T and 0 = (0, 0, 0, 0, 0)T :
b− µ1 − ω∗ − ψ1 − ψ2 0 0 0 0

ψ1 + ψ2 −µ1 − τ1 − τ2 0 0 0
ω∗ τ1 −(ζ + δ + µ1 + γ + θ) 0 0
0 τ2 γ + θ + ζξ −µ1 0
0 0 ζ − ζξ 0 −µ2



v1
v2
v3
v4
v5

 =


0
0
0
0
0

 ,
yielding

(b− µ1 − ω∗ − ψ1 − ψ2)v1 = 0 (a),
(ψ1 + ψ2)v1 − (µ1 + τ1 + τ2)v2 = 0 (b),

ω∗v1 + τ1v2 − (ζ + δ + µ1 + γ + θ)v3 = 0 (c),
τ2v2 + (γ + θ + ζξ)v3 − µ1v4 = 0 (d),

(ζ − ζξ)v3 − µ2v5 = 0 (e).

From (b), we have v2 = (ψ1+ψ2)v1
µ1+τ1+τ2

. Substitution of v3 in (c) provides v3 = τ1v2+ω
∗v1

ζ+δ+µ1+γ+θ
.

From (d) and (e), v4 = τ2v2+(γ+θ+ζξ)v3
µ1

, v5 = (ζ−ζξ)v3
µ2

.
Let v1 = 1. Thus,

v =

[
1,

ψ1 + ψ2

µ1 + τ1 + τ2
,
τ1v1(ψ1 + ψ2) + ω∗v1(ζ + δ + µ1 + γ + θ)

(µ1 + τ1 + τ2)(ζ + δ + µ1 + γ + θ)
,

τ1v1(ψ1 + ψ2) + ω∗v1(µ1 + τ1 + τ2)

(µ1 + τ1 + τ2)(ζ + δ + µ1 + γ + θ)
,

τ1v1(ψ1 + ψ2) + ω∗v1(µ1 + τ1 + τ2)(ζ − ζξ)
(µ1 + τ1 + τ2)µ2(ζ + δ + µ1 + γ + θ)

]T
,

(v, v)

=




1

ψ1+ψ2

µ1+τ1+τ2
τ1v1(ψ1+ψ2)+ω

∗v1(ζ+δ+µ1+γ+θ)
(µ1+τ1+τ2)(ζ+δ+µ1+γ+θ)

τ1v1(ψ1+ψ2)+ω
∗v1(µ1+τ1+τ2)

(µ1+τ1+τ2)(ζ+δ+µ1+γ+θ)
τ1v1(ψ1+ψ2)+ω

∗v1(µ1+τ1+τ2)(ζ−ζξ)
(µ1+τ1+τ2)µ2(ζ+δ+µ1+γ+θ)

)

 ,


1
ψ1+ψ2

µ1+τ1+τ2
τ1v1(ψ1+ψ2)+ω

∗v1(ζ+δ+µ1+γ+θ)
(µ1+τ1+τ2)(ζ+δ+µ1+γ+θ)

τ1v1(ψ1+ψ2)+ω
∗v1(µ1+τ1+τ2)

(µ1+τ1+τ2)(ζ+δ+µ1+γ+θ)
τ1v1(ψ1+ψ2)+ω

∗v1(µ1+τ1+τ2)(ζ−ζξ)
(µ1+τ1+τ2)µ2(ζ+δ+µ1+γ+θ)




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=


a1
a2
.
.
.
a25

 .

The formulas for a1–a25 are as follows:

a1 = 1,

a2 =
ψ1 + ψ2

µ1 + τ1 + τ2
,

a3 =
τ1v1(ψ1 + ψ2) + ω∗v1(ζ + δ + µ1 + γ + θ)

(µ1 + τ1 + τ2)(ζ + δ + µ1 + γ + θ)
,

a4 =
τ1v1(ψ1 + ψ2) + ω∗v1(µ1 + τ1 + τ2)

(µ1 + τ1 + τ2)(ζ + δ + µ1 + γ + θ)
,

a5 =
τ1v1(ψ1 + ψ2) + ω∗v1(µ1 + τ1 + τ2)(ζ − ζξ)

(µ1 + τ1 + τ2)µ2(ζ + δ + µ1 + γ + θ)
,

a6 =
ψ1 + ψ2

µ1 + τ1 + τ2
,

a7 =

(
ψ1 + ψ2

µ1 + τ1 + τ2

)2

,

a8 =
ψ1 + ψ2

µ1 + τ1 + τ2

τ1v1(ψ1 + ψ2) + ω∗v1(ζ + δ + µ1 + γ + θ)

(µ1 + τ1 + τ2)(ζ + δ + µ1 + γ + θ)
,

a9 =
ψ1 + ψ2

µ1 + τ1 + τ2

τ1v1(ψ1 + ψ2) + ω∗v1(ζ + δ + µ1 + γ + θ)

(µ1 + τ1 + τ2)(ζ + δ + µ1 + γ + θ)
,

a10 =
ψ1 + ψ2

µ1 + τ1 + τ2

τ1v1(ψ1 + ψ2) + ω∗v1(µ1 + τ1 + τ2)(ζ − ζξ)
(µ1 + τ1 + τ2)µ2(ζ + δ + µ1 + γ + θ)

,

a11 =
τ1v1(ψ1 + ψ2) + ω∗v1(ζ + δ + µ1 + γ + θ)

(µ1 + τ1 + τ2)(ζ + δ + µ1 + γ + θ)
,

a12 =
τ1v1(ψ1 + ψ2) + ω∗v1(ζ + δ + µ1 + γ + θ)

(µ1 + τ1 + τ2)(ζ + δ + µ1 + γ + θ)

ψ1 + ψ2

µ1 + τ1 + τ2
,

a13 =

(
τ1v1(ψ1 + ψ2) + ω∗v1(ζ + δ + µ1 + γ + θ)

(µ1 + τ1 + τ2)(ζ + δ + µ1 + γ + θ)

)2

,

a14 =
τ1v1(ψ1+ψ2)+ω

∗v1(ζ+δ+µ1+γ+θ)
(µ1+τ1+τ2)(ζ+δ+µ1+γ+θ)

τ1v1(ψ1+ψ2)+ω
∗v1(µ1+τ1+τ2)

(µ1+τ1+τ2)(ζ+δ+µ1+γ+θ)
,

a15 =
τ1v1(ψ1+ψ2)+ω

∗v1(ζ+δ+µ1+γ+θ)
(µ1+τ1+τ2)(ζ+δ+µ1+γ+θ)

τ1v1(ψ1+ψ2)+ω
∗v1(µ1+τ1+τ2)(ζ−ζξ)

(µ1+τ1+τ2)µ2(ζ+δ+µ1+γ+θ)
,

a16 =
τ1v1(ψ1 + ψ2) + ω∗v1(µ1 + τ1 + τ2)

(µ1 + τ1 + τ2)(ζ + δ + µ1 + γ + θ)
,

a17 =
τ1v1(ψ1 + ψ2) + ω∗v1(µ1 + τ1 + τ2)

(µ1 + τ1 + τ2)(ζ + δ + µ1 + γ + θ)

ψ1 + ψ2

µ1 + τ1 + τ2
,

a18 =
τ1v1(ψ1+ψ2)+ω

∗v1(µ1+τ1+τ2)
(µ1+τ1+τ2)(ζ+δ+µ1+γ+θ)

τ1v1(ψ1+ψ2)+ω
∗v1(ζ+δ+µ1+γ+θ)

(µ1+τ1+τ2)(ζ+δ+µ1+γ+θ)
,

a19 =

(
τ1v1(ψ1 + ψ2) + ω∗v1(µ1 + τ1 + τ2)

(µ1 + τ1 + τ2)(ζ + δ + µ1 + γ + θ)

)2

,
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a20 =
τ1v1(ψ1+ψ2)+ω

∗v1(µ1+τ1+τ2)
(µ1+τ1+τ2)(ζ+δ+µ1+γ+θ)

τ1v1(ψ1+ψ2)+ω
∗v1(µ1+τ1+τ2)(ζ−ζξ)

(µ1+τ1+τ2)µ2(ζ+δ+µ1+γ+θ)
,

a21 =
τ1v1(ψ1 + ψ2) + ω∗v1(µ1 + τ1 + τ2)(ζ − ζξ)

(µ1 + τ1 + τ2)µ2(ζ + δ + µ1 + γ + θ)
,

a22 =
τ1v1(ψ1 + ψ2) + ω∗v1(µ1 + τ1 + τ2)(ζ − ζξ)

(µ1 + τ1 + τ2)µ2(ζ + δ + µ1 + γ + θ)

ψ1 + ψ2

µ1 + τ1 + τ2
,

a23 =
τ1v1(ψ1+ψ2)+ω

∗v1(µ1+τ1+τ2)(ζ−ζξ)
(µ1+τ1+τ2)µ2(ζ+δ+µ1+γ+θ)

τ1v1(ψ1+ψ2)+ω
∗v1(ζ+δ+µ1+γ+θ)

(µ1+τ1+τ2)(ζ+δ+µ1+γ+θ)
,

a24 =
τ1v1(ψ1+ψ2)+ω

∗v1(µ1+τ1+τ2)(ζ−ζξ)
(µ1+τ1+τ2)µ2(ζ+δ+µ1+γ+θ)

τ1v1(ψ1+ψ2)+ω
∗v1(µ1+τ1+τ2)

(µ1+τ1+τ2)(ζ+δ+µ1+γ+θ)
,

a25 = (
τ1v1(ψ1 + ψ2) + ω∗v1(µ1 + τ1 + τ2)(ζ − ζξ)

(µ1 + τ1 + τ2)µ2(ζ + δ + µ1 + γ + θ)
)2.

Now,

AT =


b− µ1 − ω∗ − ψ1 − ψ2 ψ1 + ψ2 ω∗ 0 0

0 −µ1 − τ1 − τ2 τ1 τ2 0
0 0 −(ζ + δ + µ1 + γ + θ) γ + θ + ζξ ζ − ζξ
0 0 0 −µ1 0
0 0 0 0 −µ2

 .

Assume that w = (ω1, ω2, ω3, ω4, ω5)T is an eigenvector of AT corresponding to the eigen-
value 0:

AT


ω1

ω2

ω3

ω4

ω5

 =


0
0
0
0
0

 .
Thus,

(b− µ1 − ω∗ − ψ1 − ψ2)ω1 + (ψ1 + ψ2)ω2 + ω∗ω3 = 0 (a),
(−µ1 − τ1 − τ2)ω2 + τ1ω3 + τ2ω4 = 0 (b),

−(ζ + δ + µ1 + γ + θ)ω3 + (γ + θ + ζξ)ω4 + (ζ − ζξ)ω5 = 0 (c),
−µ1ω4 = 0 (d),
−µ2ω5 = 0 (e).

From (c), (d), and (e), we obtain

ω3 = ω5 = 0,

and

ω1 = − (ψ1 + ψ2)ω2

b− µ1 + ω∗ − ψ1 − ψ2
, ω4 =

(µ1 + τ1 + τ2)ω2

τ2
.

Hence, the eigenvector w can be written as

w =

[
− (ψ1 + ψ2)ω2

b− µ1 + ω∗ − ψ1 − ψ2
, ω2, 0,

(µ1 + τ1 + τ2)ω2

τ2
, 0

]T
.
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fµ(x, µ) =


−S
0
S
0
0

 , fµ(x0, µ0) =


0
0
0
0
0



Dfµ(x, µ) =


−1 0 0 0 0
0 0 0 0 0
1 0 0 0 0
0 0 0 0 0
0 0 0 0 0

 , Dfµ(x0, µ0) =


−1 0 0 0 0
0 0 0 0 0
1 0 0 0 0
0 0 0 0 0
0 0 0 0 0

 .
a)

wT fµ(x0, µ0) =

(
−(ψ1 + ψ2)ω2

(b− µ1 + ω∗ − ψ1 − ψ2)
, ω2, 0,

(µ1 + τ1 + τ2)ω2

τ2
, 0

)
0
0
0
0
0

 = 0.

b)

wT [Dfµ(x0, µ0)V ]

=

[
−(ψ1 + ψ2)ω2

(b− µ1 + ω∗ − ψ1 − ψ2)
, ω2, 0,

(µ1 + τ1 + τ2)ω2

τ2
, 0

]

×




−1 0 0 0 0
0 0 0 0 0
1 0 0 0 0
0 0 0 0 0
0 0 0 0 0




1

ψ1+ψ2

µ1+τ1+τ2
τ1v1(ψ1+ψ2)+ω

∗v1(ζ+δ+µ1+γ+θ)
(µ1+τ1+τ2)(ζ+δ+µ1+γ+θ)

τ1v1(ψ1+ψ2)+ω
∗v1(µ1+τ1+τ2)

(µ1+τ1+τ2)(ζ+δ+µ1+γ+θ)
τ1v1(ψ1+ψ2)+ω

∗v1(µ1+τ1+τ2)(ζ−ζξ)
(µ1+τ1+τ2)µ2(ζ+δ+µ1+γ+θ)




=

(ψ1 + ψ2)ω2

(b− µ1 + ω∗ − ψ1 − ψ2)
6= 0.

c)

wT [D2f(x0, µ0)(v, v)]

=

[
−(ψ1 + ψ2)ω2

(b− µ1 + ω∗ − ψ1 − ψ2)
, ω2, 0,

(µ1 + τ1 + τ2)ω2

τ2
, 0

]

×


−2b
K − 2β

N ( τ1v1(ψ1+ψ2)+ω
∗v1(ζ+δ+µ1+γ+θ)

(µ1+τ1+τ2)(ζ+δ+µ1+γ+θ)

0
2β
N
τ1v1(ψ1+ψ2)+ω

∗v1(ζ+δ+µ1+γ+θ)
(µ1+τ1+τ2)(ζ+δ+µ1+γ+θ)

0
0


=

−(ψ1 + ψ2)ω2

(b− µ1 + ω∗ − ψ1 − ψ2)

×
(
−2b

K
− 2β

N
(
τ1v1(ψ1 + ψ2) + ω∗v1(ζ + δ + µ1 + γ + θ)

(µ1 + τ1 + τ2)(ζ + δ + µ1 + γ + θ)

)
6= 0.
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By Sotomayor’s theorem, this tells us that the system (3.1) does exhibit a trans-critical
bifurcation.

The bifurcation analysis with respect to the parameter ω provides further insight into
the nonlinear behavior of the proposed fractional-order system. As shown in Figure 13.1,
variations in ω lead to qualitative changes in the stability of the equilibrium branches, indicating
the possible presence of both forward and backward bifurcation phenomena. In the forward
bifurcation scenario, the disease-free equilibrium loses stability once the critical threshold
is exceeded, giving rise to a unique endemic equilibrium. On the other hand, backward
bifurcation suggests the coexistence of multiple equilibria even when the threshold parameter
remains below unity, implying that disease elimination may not be achieved solely by reducing
the reproduction threshold. This result highlights the impact of memory effects inherent in
the fractional-order framework and their role in prolonging disease persistence and altering
transition dynamics.

The presence of forward and backward bifurcations has important public health implica-
tions. In particular, backward bifurcation indicates that reducing the basic reproduction number
below unity may not always be sufficient for disease eradication. This suggests that stronger
intervention strategies, such as sustained vaccination campaigns and behavioral restrictions on
aspirin use, may be required to eliminate persistent outbreaks.

Despite the effectiveness of the proposed framework, certain limitations should be ac-
knowledged. The model assumes homogeneous mixing of the population and does not
explicitly incorporate age structure, spatial heterogeneity, or stochastic fluctuations. Future
research may focus on extending the model to include these factors for a more comprehensive
epidemiological description.

The bifurcation diagram with respect to the parameter ω demonstrates the existence of a
critical threshold that governs the qualitative behavior of the system. For lower values of ω,
the disease-free equilibrium remains stable, indicating that the infection dies out over time.
However, as ω increases beyond a critical value, the system undergoes a bifurcation, leading
to the appearance of a stable endemic equilibrium. This indicates that behavioral factors and
increased transmission pressure significantly contribute to disease persistence.

The bifurcation analysis with respect to the fractional order ϑ highlights the significant
role of memory effects in the epidemic dynamics. Lower values of ϑ strengthen the memory
effect of the system, leading to reduced infection levels and delayed outbreak intensity. In
contrast, as ϑ approaches unity, the system behavior converges to the classical integer-order
model, where the memory effect diminishes and the infection level increases. These results
confirm that fractional-order modeling provides a more flexible and realistic framework for
capturing complex epidemiological behavior.

Figure 13.2 presents the phase portrait of the epidemic model for three different initial
conditions. It is observed that, regardless of the initial states, all trajectories converge to the
same equilibrium point. This behavior indicates stability of the endemic equilibrium and
confirms that the long-term dynamics of the system is independent of the initial population
distributions. The convergence pattern also reflects the robustness of the model and the
presence of strong attractor dynamics in the fractional-order epidemic system.

14. Conclusions. In this study, we developed and analyzed a fractional-order mathemati-
cal model that links measles transmission dynamics with the occurrence of Reye’s syndrome
associated with aspirin use. The model is formulated using the Caputo fractional derivative,
which allows the representation of memory effects and nonlocal temporal interactions that
classical integer-order models cannot capture. Existence, positivity, and boundedness of solu-
tions were theoretically established, and the equilibrium points of the system were determined
to investigate its stability structure. Using a fixed-point theorem, the existence of equilibrium
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FIG. 13.1. Bifurcation phase diagram with respect to the parameter ω.
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FIG. 13.2. Phase portrait of the epidemic model for different initial conditions: IC1 = (800, 100, 50, 20, 10),
IC2 = (700, 150, 80, 30, 20), IC3 = (900, 50, 30, 10, 5). The trajectories illustrate the dynamical behavior of the
system in the (S, I) plane under varying initial states.

solutions is demonstrated, and a stability analysis shows that the positive equilibrium remains
asymptotically stable under appropriate parameter conditions. The findings indicate that
although the equilibrium points of the fractional-order and integer-order models are identical,
their dynamical behavior differs significantly. In particular, the fractional-order model exhibits
slower convergence toward the equilibrium as ϑ decreases, reflecting stronger memory effects
and prolonged disease persistence. Numerical simulations employed the Adams–Bashforth–
Moulton predictor-corrector method for different values of the fractional order parameter ϑ
and key epidemiological parameters.
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The results confirm that decreasing ϑ intensifies memory effects, leading to delayed
convergence and altered transient dynamics. As ϑ approaches unity, the system behavior
converges to that of the classical integer-order model.

Calibration with real UK measles surveillance data demonstrate that the fractional-order
framework provides improved fitting and a more realistic predictive performance compared
with classical integer-order formulations. A scenario analysis further confirm that maintaining
high MMR vaccination coverage and reducing aspirin use in febrile children can significantly
decrease both measles incidence and the associated risk of Reye’s syndrome.

Overall, the proposed model highlights the importance of incorporating memory effects,
treatment behavior, and epidemiological data into infectious disease modeling. The results
suggest that fractional-order models provide a more flexible and realistic framework for
describing measles transmission and can offer valuable insights for public health decision-
making.

Future research can further extend this framework to a broader class of infectious diseases
by incorporating additional epidemiological complexities, including age-structured vaccination
strategies, stochastic perturbations, and spatial transmission dynamics. Furthermore, integrat-
ing fractional-order modeling with advanced machine learning techniques offers a promising
direction for improving parameter estimation, enhancing predictive accuracy, and capturing
complex nonlinear patterns, while preserving the mechanistic interpretability and the theoreti-
cal rigor of the model. Such developments may provide a more robust and realistic framework
for understanding disease progression and supporting public health decision-making.
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