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Abstract. This paper introduces a novel collocation-based framework for the analysis and numerical solution of
linear systems of distributed-order fractional differential equations (DOFDEs), formulated in the Caputo sense. Under
suitable conditions we establish the analytic form of the exact solution and investigate its smoothness properties. The
proposed numerical methodology is structured into two main steps. First, a high-order Gauss–Legendre quadrature
rule is employed to accurately discretize the distributed-order integral, thereby reducing the original system to an
equivalent multi-term fractional differential system. Second, an operational spectral collocation scheme is developed,
based on a special family of generalized Jacobi polynomials as basis functions and Gauss–Legendre nodes as
collocation points to further transform the problem into a well-structured block system of algebraic equations. A
comprehensive convergence analysis is presented, demonstrating the spectral accuracy of the method. The efficiency
of the proposed approach is validated through several illustrative examples, confirming its potential for solving
complex fractional systems with distributed-order dynamics.
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1. Introduction. Fractional calculus has emerged as a powerful tool for modeling com-
plex multi-scale phenomena characterized by memory, non-locality, and anomalous dynamics.
These equations find applications across diverse fields, including non-Gaussian transport in
turbulence [17, 18], non-Newtonian rheology [14, 27], and anomalous diffusion in porous
media [3, 25]. This growing interest has motivated the development of various numeri-
cal techniques for fractional differential equations (FDEs), such as the variational iteration
method [19], homotopy-based methods [15, 21], and spectral collocation methods [31].

Among the various extensions of classical fractional calculus, distributed-order fractional
derivatives have gained particular attention. A distributed-order fractional derivative is defined
as a fractional operator obtained by continuously integrating the differentiation orders across a
prescribed range within a given domain. Distributed-order fractional differential equations
(DOFDEs) thus constitute a natural generalization that subsumes both single-order and multi-
term fractional differential equations as special cases. In recent decades, the application of
DOFDEs has expanded considerably, enabling the precise modeling of diverse complex phe-
nomena in fields such as optimal control [23], diffusion processes [12], and viscoelasticity [13].
Additional comprehensive discussions can be found in [20, 29, 30]. However, the inherent
computational complexity of distributed-order fractional derivatives renders the derivation of
exact analytical solutions for DOFDEs particularly challenging. Although a limited number of
analytical solutions have been reported, they remain rare and often demand further exploration.
Consequently, the development of robust and efficient numerical schemes for the accurate
solution of DOFDEs remains a critical research priority.

In one of the earliest numerical investigations of DOFDEs, Diethelm and Ford [7] in-
troduced a foundational two-stage framework. The first stage entails approximating the
distributed-order derivative via a suitable quadrature rule, while the second involves applying
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an appropriate multi-term numerical scheme. Building upon this structure, subsequent studies
have largely adhered to this two-stage methodology, differing primarily in their choice of
discretization techniques for the second stage. Notable examples include numerical treatments
of the distributed-order time-fractional diffusion equation [12], the distributed-order reaction-
diffusion equation [16], the distributed-order diffusion equation using a reproducing kernel
method [9], and the distributed-order time-fractional diffusion-wave equation employing a
compact difference scheme [26]. Furthermore, various approaches have been developed,
including methods based on the trapezoidal quadrature rule [4], finite difference schemes [10],
the Gauss–Legendre quadrature method [28], the reproducing kernel method [11], radial basis
function-based mesh-free methods [2], and the element-free Galerkin method [1].

Among the growing body of literature addressing DOFDEs, only a limited number of
studies have focused on the numerical treatment of systems of such equations. Existing works
on systems of DOFDEs have primarily concentrated on theoretical aspects, with little progress
made in developing robust numerical methodologies. Consequently, the advancement of
accurate and efficient numerical schemes for solving these systems represents a novel and
valuable contribution to the field.

This paper details a numerical method specifically designed for solving distributed-order
fractional differential equations (DOFDEs) of the form

(1.1)


∫ m

0

ω(ν)DνU(t) dν = AU(t) + F (t), t ∈ Ω = [0, 1],

U (j)(0) = U
(j)
0 , j = 0, 1, . . . ,m− 1,

where the coefficient matrix is denoted by A = [aij ]
n
i,j=1 ∈ Rn×n, and the vector-valued

source function is given by F (t) = [fj(t)]
n
j=1 ∈ Rn, with each component fj ∈ L1(Ω). The

vector U(t) = [uj(t)]
n
j=1 ∈ Rn represents the unknown solution, and U (j)

0 = [u
(j)
i,0 ]ni=1 ∈ Rn

denotes the vector of initial conditions. The fractional derivative is defined in the Caputo sense
by [6]

DνU(t) = Im−νDmU(t) =
1

Γ(m− ν)

∫ t

0

(t− τ)m−ν−1U (m)(τ) dτ,

where Γ(·) denotes the Gamma function and Iν is the Riemann–Liouville fractional integral
operator of order ν defined by

IνU(t) =
1

Γ(ν)

∫ t

0

(t− τ)ν−1U(τ) dτ.

Additionally, it is assumed that the weight function ω(ν) is absolutely integrable over the
interval [0,m] and satisfies∫ m

0

ω(ν)sν dν 6= 0 for Re(s) > 0.

This study introduces a novel operational-based collocation framework for solving systems
of DOFDEs (1.1), an area that has seen limited numerical exploration so far. Specifically, we
construct an operational derivative matrix based on specialized generalized Jacobi polynomials,
enabling a spectral collocation approach that is both accurate and computationally efficient.
To the best of our knowledge, this work represents the first numerical methodology tailored
specifically to such systems, filling a notable gap in the current literature. The proposed method
offers a powerful combination of theoretical rigor and practical efficiency by leveraging the
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intrinsic strengths of spectral collocation methods, including their superior convergence rates
and capability to capture global solution behavior with high accuracy. A key innovation lies in
the use of structured operational matrices, whose elements are explicitly computable, making
the approach highly suitable for large-scale implementation. These matrices not only reduce
the computational burden but also facilitate straightforward coding. Furthermore, the paper
provides a detailed theoretical analysis, including the derivation of exact solutions in special
cases and a rigorous convergence analysis. This firmly establishes our method as a pioneering
and effective framework for advancing the numerical analysis of systems of DOFDEs (1.1).

The remainder of this paper is organized as follows. Section 2 introduces essential prelim-
inaries, including definitions of fractional derivatives, Jacobi polynomials, and a discussion
of their approximation capabilities. The Gauss–Jacobi quadrature formula is also presented
to facilitate numerical integration. In Section 3, we derive the analytical solution of the
underlying equation (1.1). Section 4 outlines the development of an efficient collocation-based
numerical scheme tailored to equation (1.1). The convergence properties of the proposed
method are rigorously analyzed in Section 5. Numerical experiments validating the accuracy
and efficiency of the approach are provided in Section 6. Finally, Section 7 concludes the paper
with a summary of the findings and a discussion of potential directions for future research.

2. Preliminaries and notation. In this section, we present the fundamental mathematical
tools and formulations underpinning the proposed numerical approach. First, to facilitate an
efficient collocation strategy, we utilize the shifted Jacobi polynomials, whose zeros serve
as collocation nodes due to their optimal distribution and numerical stability. Moreover,
the generalized Jacobi polynomials are introduced and adopted as basis functions for the
construction of the approximate solution, taking advantage of their strong approximation
capabilities.

2.1. Shifted Jacobi polynomials. Shifted Jacobi polynomials constitute a class of orthog-
onal polynomials defined on the interval [0, T ], obtained by applying the affine transformation
x = 2t

T − 1 to the classical Jacobi polynomials J (λ,µ)
n (x), originally defined on [−1, 1] [24].

The resulting family, denoted by Ĵ (λ,µ)
n,T (t) = J

(λ,µ)
n

(
2t
T − 1

)
, preserves orthogonality with

respect to the shifted weight function w(λ,µ)
T (t) = tµ(T − t)λ, with λ, µ > −1. These

polynomials also play a key role in interpolation schemes. Specifically, the shifted Jacobi
interpolation operator I(λ,µ)

N,T is defined by

I
(λ,µ)
N,T f(t) =

N∑
j=0

f̂j Ĵ
(λ,µ)
j,T (t), f̂j =

〈f, Ĵ (λ,µ)
j,T 〉

N,w
(λ,µ)
T

‖Ĵ (λ,µ)
j,T ‖2

w
(λ,µ)
T

,

where ‖ · ‖
w

(λ,µ)
T

is the norm associated with the weighted L2-space on [0, T ] and 〈·, ·〉
N,w

(λ,µ)
T

denotes the discrete inner product associated with the shifted Gauss–Jacobi quadrature rule

〈f, g〉
N,w

(λ,µ)
T

=

N∑
j=0

f
(
s

(λ,µ)
j,T

)
g
(
s

(λ,µ)
j,T

)
σ

(λ,µ)
j,T ,

which provides a powerful approximation of the well-known continuous inner product
(·, ·)

w
(λ,µ)
T

. Here, {s(λ,µ)
j,T , σ

(λ,µ)
j,T }Nj=0 represent the nodes and weights of the shifted Gauss–

Jacobi quadrature on [0, T ]. In the special case where λ = µ = 0, corresponding to the shifted
Legendre polynomials, error estimates for the interpolation and Gauss–Legendre quadrature
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are given in [5]:

‖f − I(0,0)
N,T f‖w(0,0)

T

≤ CN−k‖∂kt f‖w(k,k)
T

,∣∣(f, g)
w

(0,0)
T

− 〈f, g〉
N,w

(0,0)
T

∣∣ ≤ CN−k‖∂kt f‖w(k,k)
T

‖g‖
w

(0,0)
T

, g ∈ PN ,
(2.1)

where PN denotes the space of all polynomials of degree at most N and the parameter k ∈ N
is the largest integer for which the weighted norm on the right-hand side of (2.1) remains
finite.

2.2. Generalized Jacobi polynomials. To extend the applicability of Jacobi polynomials
to broader classes of weight parameters, the shifted generalized Jacobi polynomials on Ω are
introduced. For any integer values λ, µ ∈ Z, they are defined as

J (λ,µ)
n (t) = 2λ̃+µ̃(1− t)λ̃tµ̃J (λ̂,µ̂)

ñ,1 (t), ñ = n− (λ̃+ µ̃),

where

λ̃ =

{
−λ λ ≤ −1,

0 λ > −1,
λ̂ =

{
−λ λ ≤ −1,

λ λ > −1,

and similarly for µ̃ and µ̂. These generalized polynomials eliminate the classical restriction
λ, µ > −1 while retaining orthogonality with respect to the weight function w(λ,µ)

1 (t) [8]. Of
particular significance is their vanishing behavior at the boundaries, which for λ, µ ≤ 0 takes
the form

∂jtJ (λ,µ)
n (0) = 0, j = 0, 1, . . . , µ̃− 1,

∂jtJ (λ,µ)
n (1) = 0, j = 0, 1, . . . , λ̂− 1.

This boundary vanishing property makes them particularly suitable for use as basis functions
in Galerkin and Petrov–Galerkin methods designed for functional problems with homogeneous
Dirichlet boundary conditions.

3. Analytic representation and smoothness results. A fundamental objective of this
section is to provide an analytic representation of the solution of equation (1.1) and to investi-
gate its smoothness properties. It is easily verified that, using the coordinate transformation

(3.1) V (t) = U(t)−
m−1∑
j=0

tj

j!
U

(j)
0

and the relation

Dνtj =

{
0 j <

⌈
ν
⌉
, j ∈ N,

Γ(j+1)
Γ(j+1−ν) t

j−ν j ≥
⌈
ν
⌉
,

the equation (1.1) is transformed into the following homogeneous initial value problem:

(3.2)
∫ m

0

ω(ν)DνV (t)dν = AV (t) + F̃ (t),
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where

(3.3) F̃ (t) = F (t) +A

m−1∑
j=0

tj

j!
U

(j)
0 −

∫ m

0

ω(ν)

m−1∑
j=dνe

U
(j)
0

Γ(j − ν + 1)
tj−νdν.

By applying the Laplace transform to (3.2) and incorporating the homogeneous initial
condition along with the auxiliary relation

L[DνV (t)] = sνV (s)−
dνe−1∑
j=0

sν−j−1V (j)(0), V (s) = L[V (t)],

we obtain the following expression:∫ m

0

ω(ν)sνV (s)dν = AV (s) + F̃ (s).

Defining Qm(s) =
∫m

0
ω(ν)sνdν, the above relation can be written as

(3.4) [Qm(s)I −A]V (s) = F̃ (s),

where I is the identity matrix. Assuming det(Qm(s)I − A) 6= 0, for all s > 0, the expres-
sion (3.4) simplifies to

(3.5) V (s) =
[
Qm(s)I −A

]−1
F̃ (s),

and thereby, taking the inverse Laplace transform of both sides of (3.5) yields

(3.6) V (t) = F̃ (t) ∗ L−1
[(
Qm(s)I −A

)−1
]
,

where ∗ denotes the standard convolution operator.
Finally, by invoking the same procedure as in [22, Section 3], we establish that the inverse

Laplace transform term L−1
[(
Qm(s)I −A

)−1
]

yields a bounded function. Consequently,
the representation (3.6) along with (3.1) provides an analytic representation of the exact
solution. Based on the above analysis and intermediate results, we are now in a position to
formally state the following theorem for the problem under consideration:

THEOREM 3.1. Assume det(Qm(s)I −A) 6= 0, for all s > 0. Then the analytic solution
of equation (1.1) is represented by (3.6) and (3.1).

To complete our analysis, we now turn our attention to the smoothness properties of the
solution. Understanding the regularity of the solution not only provides deeper insight into
the behavior of the system but also plays a crucial role in the development and analysis of
numerical methods. To do this, using (3.5) and the relation

L[V (k)] = skL[V ]−
k−1∑
j=0

sk−j−1V (j)(0), k = 0, 1, . . . ,m,

we can conclude

(3.7) L[V (k)] =
(
Qm(s)I −A

)−1
skF̃ (s), k = 0, 1, . . . ,m.
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Taking the inverse Laplace transform of both sides of (3.7) yields

V (k)(t) = F̃ (t) ∗ L−1
[
sk
]
∗ L−1

[(
Qm(s)I −A

)−1
]
.

SinceL−1
[
sk
]

= δ(k)(t), where δ(k)(t) denotes the k-th derivative of the Dirac delta function,
and using the relation F̃ (t) ∗ δ(k)(t) = (−1)kF̃ (k)(t), we have

V (k)(t) = (−1)kF̃ (k)(t) ∗ L−1
[(
Qm(s)I −A

)−1
]
, k = 0, 1, . . . ,m.

Consequently, the regularity of the exact solution depends directly on the smoothness properties
of the known function F̃ in (3.3), as the solution inherits its differentiability from F̃ .

4. Operational Jacobi collocation approach. As demonstrated in the preceding section,
deriving an explicit analytical solution of the underlying problem is highly nontrivial and,
in most cases, infeasible. This complexity necessitates the development of robust numerical
techniques. In this section we formulate the operational spectral collocation method tailored
to the linear system of DOFDEs given in (1.1). The distributed derivative is discretized
using a shifted Gauss–Legendre quadrature rule on the interval [0,m], leading to a fractional
differential equation composed of multiple fractional-order terms. Subsequently, the unknown
solution vectors are computed by employing a powerful collocation approach based on a
family of special generalized Jacobi polynomials as basis functions and Gauss–Jacobi points
as collocation nodes. To achieve this, by utilizing the shifted Gauss–Legendre quadrature rule
on [0,m], equation (1.1) is transformed into the following system of multi-term fractional
differential equations (FDEs):

(4.1)
M∑
i=0

σ
(0,0)
i,m ω

(
s

(0,0)
i,m

)
Ds

(0,0)
i,m U(t) = AU(t) + F (t).

The collocation approximation uNj (t) for uj(t) is defined by

(4.2) uNj (t) =

N+m∑
i=m

bji−m J
(0,−m)
i (t) = bj J (0,−m) = bj J (0,−m)T , j = 1, 2, . . . , n,

where bj = [bj0, b
j
1, . . . , b

j
N ], T = [tm, tm+1, . . . , tN+m]T and where

J (0,−m) =
[
J (0,−m)
m (t), J (0,−m)

m+1 (t), . . . , J (0,−m)
N+m (t)

]T
is the vector of the generalized Jacobi polynomial basis. Also, J (0,−m) is a lower-triangular
generalized Jacobi coefficient matrix of order N + 1. Inserting (4.2) into the k-th component
of (4.1) yields

bkJ (0,−m)
M∑
i=0

σ
(0,0)
i,m ω

(
s

(0,0)
i,m

)
Ds

(0,0)
i,m T

=

n∑
j=1

akjb
jJ (0,−m)T + fk(t), k = 1, 2, . . . , n.

(4.3)

Using the relation Ds
(0,0)
i,m tj =

j!

Γ
(
j − s(0,0)

i,m + 1
) , valid for j ≥ m, we obtain

(4.4) Ds
(0,0)
i,m T = Tm,i,
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where the j-th component is given by

[
Tm,i

]
j

=
(m+ j)!

Γ
(
m+ j − s(0,0)

i,m + 1
) tm+j−s(0,0)i,m , j = 0, 1, 2, . . .

Substituting (4.4) into (4.3) gives

bkJ (0,−m)
M∑
i=0

σ
(0,0)
i,m ω

(
s

(0,0)
i,m

)
Tm,i

=

n∑
j=1

akjb
jJ (0,−m)T + fk(t), k = 1, 2, . . . , n.

(4.5)

To determine the unknown vectors {bk}nk=1, we evaluate both sides of (4.5) at the shifted
Gauss–Legendre collocation points {s(0,0)

l,1 }Nl=0 on Ω:

bkJ (0,−m)
M∑
i=0

σ
(0,0)
i,m ω

(
s

(0,0)
i,m

)
Tm,i

(
s

(0,0)
l,1

)
=

n∑
j=1

akjb
jJ (0,−m)T

(
s

(0,0)
l,1

)
+ fk

(
s

(0,0)
l,1

)
,

for k = 1, 2, . . . , n and l = 0, 1, . . . , N . The above system of algebraic equations can be
written in a more compact form as

bkJ (0,−m)
M∑
i=0

σ
(0,m)
i,m ω

(
s

(0,0)
i,m

)
TSm,i

=

n∑
j=1

akjb
jJ (0,−m)TS + fkS, k = 1, 2, . . . , n,

(4.6)

where

TSm,i =
[
Tm,i(s

(0,0)
0,1 ), Tm,i(s

(0,0)
1,1 ), . . . , Tm,i(s

(0,0)
N,1 )

]
,

TS =
[
T (s

(0,0)
0,1 ), T (s

(0,0)
1,1 ), . . . , T (s

(0,0)
N,1 )

]
,

fkS =
[
fk(s

(0,0)
0,1 ), fk(s

(0,0)
1,1 ), . . . , fk(s

(0,0)
N,1 )

]
.

The system (4.6) can be expressed compactly as

(4.7) b
⊗
J (0,−m)

M∑
i=0

σ
(0,0)
i,m ω

(
s

(0,0)
i,m

)
TSm,i = A

[
b
⊗
J (0,−m)TS

]
+ FS,

where
⊗

denotes the tensor product,

b = [b1, b2, . . . , bn]T , and FS = [f1S, f2S, . . . , fnS]T .

Finally, the linear system of algebraic equations (4.7) (of order n(N + 1)) can be written
in the compact form

(4.8) Π b = FS,

where Π is the system matrix. Solving (5.2) determines the unknown coefficients b.
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5. Convergence analysis. This section is devoted to a rigorous analysis of the conver-
gence properties of the proposed method, with particular emphasis on the derivation of error
bounds. To this end, we establish the following theorem, which precisely characterizes the
error behavior of the collocation scheme:

THEOREM 5.1. Let {uNj (t)}nj=1 denote the collocation approximations of the exact
solutions {uj(t)}nj=1 as defined in (4.2). Then, for each j = 1, 2, . . . , n, the error satisfies the
following estimate:

‖uj(t)− uNj (t)‖
w

(0,0)
1
≤ C N−ψ,

where C is a positive finite constant independent of N and ψ = min{p, k}. Here, p and k are
the largest integers for which the following norms remain finite:

‖∂pν
(
ω(ν)Dνuj

)
‖
w

(p,p)
m

, ‖∂kt fj‖w(k,k)
1

, ‖∂ktDs
(0,0)
i,m uj‖w(k,k)

1
,

for i = 0, 1, . . . ,M and j = 1, 2, . . . , n.
Proof. Building upon the framework developed in the preceding section, the linear

algebraic system (4.8) can be equivalently reformulated in terms of the following operator
representation:

(5.1)
M∑
i=0

σ
(0,0)
i,m ω

(
s

(0,0)
i,m

)
I

(0,0)
N,1

(
Ds

(0,0)
i,m UN

)
= AUN + I

(0,0)
N,1 F,

where UN (t) = [uNj (t)]nj=1 denotes the vector of collocation approximations of the exact
solution U(t) as defined in (4.2). Subtracting (5.1) from (1.1) results in∫ m

0

ω(ν)DνU(t) dν −
M∑
i=0

σ
(0,0)
i,m ω

(
s

(0,0)
i,m

)
I

(0,0)
N,1

(
Ds

(0,0)
i,m UN

)
= AEN + e

I
(0,0)
N,1

F,

whereEN (t) = U(t)−UN (t) and e
I
(0,0)
N,1

F = F−I(0,0)
N,1 F denotes the interpolation error. This

relation can be recast into the following form through straightforward algebraic manipulations:

M∑
i=0

σ
(0,0)
i,m ω

(
s

(0,0)
i,m

)
Ds

(0,0)
i,m EN = AEN + e

I
(0,0)
N,1

F − ELGN,m
(
ω(ν)DνU

)
−

M∑
i=0

σ
(0,0)
i,m ω

(
s

(0,0)
i,m

)
e
I
(0,0)
N,1

(
Ds

(0,0)
i,m UN

)
,

(5.2)

where ELGN,m(·) denotes the error function resulting from discretizing the distributed-order
fractional operator using an (N + 1)-point Gauss–Legendre quadrature on [0,m]. Thus,

applying the fractional integral operator Is
(0,0)
M,m to both sides of (5.2) yields

EN (t) =
1

σ
(0,0)
M,m ω

(
s

(0,0)
M,m

){−M−1∑
i=0

σ
(0,0)
i,m ω

(
s

(0,0)
i,m

)
Is

(0,0)
M,m−s

(0,0)
i,m EN

+AIs
(0,0)
M,mEN + Is

(0,0)
M,mΦN

}
,

(5.3)
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where

ΦN = e
I
(0,0)
N,1

F − ELGN,m
(
ω(ν)DνU

)
−

M∑
i=0

σ
(0,0)
i,m ω

(
s

(0,0)
i,m

)
e
I
(0,0)
N,1

(
Ds

(0,0)
i,m UN

)
.

It is easy to see that equation (5.3) can be represented as follows:

(5.4) |EN | ≤ C1

{
M−1∑
i=0

Is
(0,0)
M,m−s

(0,0)
i,m |EN |+ Is

(0,0)
M,m |EN |

}
+

1∣∣σ(0,0)
M,m ω(s

(0,0)
M,m)

∣∣Is(0,0)M,m |ΦN |,

where

C1 =
max

{
|σ(0,0)
i,m ω(s

(0,0)
i,m )|, ‖A‖∞

}∣∣σ(0,0)
M,m ω(s

(0,0)
M,m)

∣∣ , for i = 0, 1, . . . ,M − 1.

Based on the definition of the fractional integral operator, the inequality (5.4) can be reformu-
lated as

|EN | ≤ C1‖K‖∞Iγ |EN |+
1∣∣σ(0,0)

M,m ω(s
(0,0)
M,m)

∣∣Is(0,0)M,m |ΦN |,

where γ = min0≤i≤M−1

{
s

(0,0)
M,m − s

(0,0)
i,m

}
and

K(t, s) = Γ(γ)

(
M−1∑
i=0

(t− s)s
(0,0)
M,m−s

(0,0)
i,m

Γ
(
s

(0,0)
M,m − s

(0,0)
i,m

) +
(t− s)s

(0,0)
M,m−γ

Γ
(
s

(0,0)
M,m

) )

is a continuous function on Ω. Applying Gronwall’s inequality and using the boundedness of
the operator Is

(0,0)
M,m , we obtain

‖EN‖w(0,0)
1
≤ C ‖ΦN‖w(0,0)

1
,

and consequently, for j = 1, 2, . . . , n, we have

‖uj(t)− uNj (t)‖
w

(0,0)
1
≤ C

(
‖e
I
(0,0)
N,1

fj‖w(0,0)
1

+
∣∣ELGN,m

(
ω(ν)Dνuj

)∣∣
+

M∑
i=0

∣∣σ(0,0)
i,m ω(s

(0,0)
i,m )

∣∣ ‖e
I
(0,0)
N,1

(
Ds

(0,0)
i,m uj

)
‖
w

(0,0)
1

)
.

Clearly, the desired result can be demonstrated by utilizing the inequalities (2.1).
REMARK 5.2. The convergence estimate in Theorem 5.1 provides a worst-case upper

bound. The constants involved are chosen conservatively to ensure the estimate holds for all
functions with the given regularity. In practice, for smooth or analytic test functions, the actual
convergence is typically much faster (often exponential) than the algebraic rate predicted by
the theorem. This is a well-known phenomenon in spectral methods and does not diminish the
validity or usefulness of the theoretical analysis.
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6. Illustrative examples. To demonstrate the accuracy and efficiency of the proposed
spectral collocation method, three representative test problems are presented in this section.
For each example, we compute the L2-norm errors of the approximate solutions, which serve
as a quantitative measure of the approximation accuracy. All numerical experiments were
carried out using Wolfram Mathematica on a personal computing system equipped with a
13th-generation Intel ® CoreTM i3-1315U processor (1.20 GHz), 20 GB of RAM, and a 64-
bit architecture. This hardware configuration provided sufficient computational precision
and performance for the considered numerical tasks. Additionally, all linear systems are
solved using the LinearSolve function in Wolfram Mathematica, which implements an
LU decomposition with partial pivoting to ensure numerical stability.

EXAMPLE 6.1. Consider the system

(6.1)


∫ 3

0

Γ(5− ν)DνU(t)dν = AU(t) + F (t),

U (j)(0) = [0, 0]T , j = 0, 1, 2,

where

A =

[
1 1
1 −1

]
, F (t) =

[
6t2−6
ln(t) − t

3 − t4
24t(t3−1)
ln(t) − t3 + t4

]
, U(t) =

[
t3

t4

]
.

The illustrative example (6.1) is solved using the proposed method, and the corresponding
results are presented in Tables 6.1–6.3 and Figure 6.1. These findings highlight both the
robustness and the high efficiency of the adopted approach. Indeed, Theorem 5.1 establishes
the algebraic error estimate ‖uj(t)−uNj (t)‖

w
(0,0)
1
≤ CN−ψ for our spectral method, where ψ

is the convergence rate determined by the regularity of the solution. To validate this theoretical
result, we compare the computed numerical errors with the predicted bound for various values
of N . Tables 6.1 and 6.2 summarize this comparison. The constant C is estimated from the
numerical results as C = maxN ‖uj(t) − uNj (t)‖

w
(0,0)
1

Nψ, ensuring that the bound holds

for all tested cases. As clearly observed, the inequality ‖uj(t) − uNj (t)‖
w

(0,0)
1
≤ CN−ψ is

satisfied for various approximation degrees N , confirming the reliability of the theoretical
estimate. Nevertheless, the theoretical bound in Theorem 5.1 is not sharp. This is expected
because the theoretical analysis employs worst-case estimates to ensure generality, while the
numerical examples involve smooth test functions. More precisely, in all numerical tests,
the observed errors are significantly smaller than the upper bound predicted by the theorem,
which is expected because the theoretical analysis employs conservative constants to ensure
generality. Furthermore, the rapid decay of the reported errors approaching zero even for
relatively low approximation orders, combined with the linear behavior of the logarithm of the
error depicted in Figure 6.1, provides clear evidence of the attainment of spectral accuracy.

To assess the conditioning of the coefficient matrix, we compute its condition number
κ(Π) = ‖Π‖ ‖Π−1‖ for various values of N using the well-known Euclidean matrix norm.
Table 6.3 presents the condition number for various N in comparison with the residual
‖Πb−FS‖
‖FS‖ . As observed, the condition number grows moderately with N but remains within

acceptable bounds. This growth is expected due to the spectral nature of the basis functions
and is consistent with observations in standard spectral methods [24]. Despite this growth, the
residuals remain of the order of 10−24, confirming that the linear systems are solved accurately.

6.1. Application to a practical problem. In the subsequent example, we turn our atten-
tion to a practical and physically motivated problem. The solar-wind-driven magnetosphere-
ionosphere (WINDMI) system, which can be modeled as a complex driven-damped dynamical
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TABLE 6.1
Numerical performance metrics for Example 6.1: L2-error norms ‖u1(t)−uN1 (t)‖

w
(0,0)
1

versus discretization

parameter N , with convergence constant C = 9.2× 10−4 and ψ = 1.

N ‖u1(t)− uN1 (t)‖
w

(0,0)
1

CN−ψ

2 4.6× 10−4 4.6× 10−4

4 5.2× 10−6 2.3× 10−4

6 2.6× 10−8 1.5× 10−4

8 7.5× 10−11 1.1× 10−4

12 1.5× 10−16 7.6× 10−5

16 7.1× 10−23 5.7× 10−5

TABLE 6.2
Numerical performance metrics for Example 6.1: L2-error norms ‖u2(t)−uN2 (t)‖

w
(0,0)
1

versus discretization

parameter N , with convergence constant C = 0.0029 and ψ = 3.

N ‖u2(t)− uN2 (t)‖
w

(0,0)
1

CN−ψ

2 3.6× 10−4 3.6× 10−4

4 8.2× 10−7 4.5× 10−5

6 1.2× 10−9 1.3× 10−5

8 1.3× 10−12 5.7× 10−6

12 2.2× 10−18 1.7× 10−6

16 1.5× 10−24 7.1× 10−7

TABLE 6.3
Numerical performance metrics for the linear system solution of Example 6.1.

N κ(Π) ‖Πb−FS‖
‖FS‖

2 2.26 2.29× 10−24

4 17.34 1.56× 10−24

6 84.7 1.24× 10−24

8 295.14 1.69× 10−24

12 1969.54 2.4× 10−24

16 8202.21 1.7× 10−24

system, is known to exhibit a rich spectrum of dynamical behaviors. These include stable
low-level plasma convection, intermittent releases of plasma energy stored in the geotail and
released into the ionosphere (commonly referred to as substorms), and extended intervals
of sustained, high-magnitude unloading. This system provides a challenging test case for
numerical methods due to its multiscale nature and sensitivity to perturbations. The classical
integer-order WINDMI model is given in [22] by

(6.2)

du1

dt
= u2,

du2

dt
= u3,

du3

dt
= −au3 − u2 + b− eu1 ,

where u1, u2, and u3 are the state variables of the system and a, b, and e are positive parameters
governing the system’s dynamics.
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FIG. 6.1. Semi-logarithmic plot of the numerical errors for Example 6.1 versus different N .

In what follows, we extend this formulation by introducing the distributed-order counter-
part of the WINDMI system (6.2), thereby enabling the investigation of its behavior within a
broader and more flexible fractional-order framework. This extension allows us to capture
a continuous spectrum of memory effects, which is particularly relevant for modeling com-
plex multiscale phenomena in space-weather dynamics. Consequently, the distributed-order
fractional extension of the WINDMI system (6.2) can be expressed as follows:

∫ 1

0

ω(ν)Dνu1(t)dν = u2(t),∫ 1

0

ω(ν)Dνu2(t)dν = u3(t),∫ 1

0

ω(ν)Dνu3(t)dν = −au3(t)− u2(t) + b− eu1(t),

u1(0) = u
(0)
1 , u2(0) = u

(0)
2 , u3(0) = u

(0)
3 .

Clearly, at the equilibrium point Û = [ln(b), 0, 0], we have

1∫
0

ω(ν)DνÛdν = F (Û) = 0,

where F = [u2, u3, − au3 − u2 + b − eu1 ]T . Therefore, by linearizing the function F
and some simple manipulations, we deduce that the system’s behavior in the vicinity of the
equilibrium point Û can be accurately approximated by the linear model

(6.3)
∫ 1

0

ω(ν)DνY (t)dν = AY (t), Y (0) = U(0)− Û ,
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where Y = U − Û and A = (∂F∂U )|U=Û is given by

A =

 0 1 0
0 0 1
−b −1 −a

 .
EXAMPLE 6.2. Consider equation (6.3) with a = 1, b = 2, and u(0)

1 = u
(0)
2 = u

(0)
3 = 0.

The above equation is solved by applying the variable transformation Ỹ = Y + Û , which
reformulates the problem into one with homogeneous initial conditions. The corresponding
numerical results are presented in Table 6.4 and Figure 6.2. In the absence of an exact
analytical solution, a reference solution obtained with N = 60 is employed for comparison,
and the associated errors are evaluated accordingly. These outcomes clearly demonstrate
the effectiveness of the proposed method in accurately approximating the solutions of this
practical problem, even in the absence of an analytical benchmark. Unlike the previous
synthetic examples, the WINDMI system exhibits a richer dynamical behavior and a wider
frequency content. This intrinsic complexity limits the convergence rate. Nevertheless, the
error decreases consistently, and the method remains stable for all tested N .

TABLE 6.4
Numerical performance metrics for Example 6.2: L2-error norms versus discretization parameter N .

N ‖u1(t)− uN1 (t)‖
w

(0,0)
1

‖u2(t)− uN2 (t)‖
w

(0,0)
1

‖u3(t)− uN3 (t)‖
w

(0,0)
1

6 4.8× 10−4 6.7× 10−4 1.9× 10−3

12 1.3× 10−4 1.7× 10−4 4.1× 10−4

18 5.15× 10−5 7.3× 10−5 1.6× 10−4

24 2.8× 10−5 3.8× 10−5 8.3× 10−5

36 9.6× 10−6 1.3× 10−5 2.7× 10−5

48 2.9× 10−6 3.9× 10−6 9.2× 10−6
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FIG. 6.2. Semi-logarithmic plot of the numerical errors for Example 6.2 versus different N .
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7. Conclusion. In this study, we developed an operational Jacobi collocation framework
for the numerical solution of linear systems of distributed-order fractional differential equations
(DOFDEs). The proposed scheme, which combines high-order quadrature discretization with
generalized Jacobi operational matrices, exhibits both spectral accuracy and computational
efficiency. A rigorous convergence analysis confirms the theoretical error estimates, and
numerical experiments, including a real-world application to the WINDMI system, validate
the robustness and effectiveness of the method. These results highlight the capability of the
proposed approach to capture complex distributed-order dynamics with high precision.
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