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A NEW STABLE AND INVERSION-FREE ITERATION FOR COMPUTING THE
MATRIX SQUARE ROOT OF LARGE AND SPARSE MATRICES∗
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Abstract. The objective of this research is to compute the principal matrix square root using a sparse approxima-
tion. A new stable inversion-free iteration (SIFI) is presented. An analysis of the sparsity and error of the matrices
involved in the iterative process is given. Based on the bandwidth and error analysis, a more efficient algorithm
combining the SIFI with a filtering technique is proposed. The computational efficiency and accuracy of the proposed
method are demonstrated through the computation of the principal square root of various matrices, confirming its
superiority over existing approaches.
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1. Introduction. The matrix square root is one of the most common matrix functions.
Unlike scalars, matrices may not always have a square root. Sometimes a matrix has two or
more square roots. For example, a nonsingular Jordan block has two square roots, and any
involutory matrix is a square root of the identity matrix. If the matrix A is singular, then the
existence of its square root depends on the structure of the Jordan blocks corresponding to
the zero eigenvalues [9]. If the matrix A is real, then it may also lack real roots, for example,
when A is the negative identity matrix. For matrices with different properties, a variety of
theories have been developed.

It has been demonstrated that for any matrix A ∈ Cn×n with no nonpositive real eigen-
values, there is only one square root X whose spectrum lies in the open right half-plane. Such
a matrix X is denoted by A1/2 and is called the principal square root [16]. The principal
matrix square root plays an important role in many mathematical problems such as the definite
generalized eigenvalue problem [10], polar decomposition [26], geometric mean [21], matrix
sign function [24], and matrix logarithm function [1]. The matrix square root also plays an
important role in many practical problems such as dynamics problems, deep learning [4], and
machine vision [14, 22, 25].

Many algorithms have been developed for computing the principal square root of a matrix.
One of the most famous algorithms is the Newton iteration [15]

(1.1)

{
XkHk + HkXk = A−X2

k,

Xk+1 = Xk + Hk,
k = 0, 1, . . .

By choosing a suitable initial value X0, a sequence {Xk} is obtained that converges to A1/2.
This method has some ability to resist perturbations [4], but it requires solving a Sylvester
equation in each iteration, which is expensive. If we set X0 = A, then Xk commutes with
Hk, and (1.1) can be rewritten as

(1.2) Xk+1 =
1

2

(
Xk + AX−1

k

)
, X0 = A.
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However, Higham [15] pointed out that the iterative scheme (1.2), despite avoiding the solution
of the Sylvester equations in (1.1), is unstable in most cases.

To address the stability problem of (1.2), some modified versions have been proposed
such as the Denman and Beavers (DB) method [13, 19] and the Meini iteration based on the
cyclic reduction algorithm (CR) [23]. The DB method is based on the iteration of the matrix
sign function and can be expressed as

X0 = A, Y0 = I,

Xk+1 =
1

2

(
Xk + Y−1

k

)
,

Yk+1 =
1

2

(
Yk + X−1

k

)
,

k = 0, 1, . . . ,

which generates a sequence {Xk} that converges to A1/2 and a sequence {Yk} that converges
to A−1/2. The scheme of the CR method is defined by

(1.3)


Z0 = 2 (I + A) , Y0 = I−A,

Yk+1 = −YkZ
−1
k Yk,

Zk+1 = Zk − 2YkZ
−1
k Yk,

k = 0, 1, . . .

The sequence {Zk} generated by (1.3) converges to 1
4A1/2. In [20], Iannazzo derived an

iteration based on Newton’s method,
X0 = A, H0 =

1

2
(I−A) ,

Xk+1 = Xk + Hk,

Hk+1 = −1

2
HkX

−1
k+1Hk,

k = 0, 1, . . . ,

which is equivalent to (1.3) but generates a sequence {Xk} that converges directly to A1/2.
The above algorithms (DB, CR, IN) have been proved to be stable [17, 20, 23]. However,

in the face of large-scale sparse matrices, these methods are time-consuming because they all
require matrix inversion to some extent, which is costly. Designing a stable scheme that avoids
matrix inversion is an important objective and is discussed in this paper.

Another limitation in computing the root of a large sparse matrix is the required memory,
as the root of a large sparse matrix is often dense or full. Demko et al. [12], while studying
the inverse of symmetric positive definite banded matrices, found that the absolute values of
the elements of the final inverse matrix decay exponentially with increasing distance from
the main diagonal, and the more diagonally dominant the matrix is, the stronger the decay.
Benzi et al. [5] successfully extended this property to general matrix functions and proved that
the elements of the matrix functions of all symmetric banded matrices decay exponentially
with increasing distance from the main diagonal. In [6], they also summarized this decay
property as a localization phenomenon and proposed that some of the smallest elements can
be neglected in numerical calculations without affecting the computational error, which has a
positive impact on the design of fast approximation algorithms. Inspired by this, Gao et al. [27]
proposed a filtering technique and used it to compute large-scale sparse matrix exponentials,
showing high efficiency. Wu et al. [28] introduced the ε-bandwidth to measure the sparsity of
a matrix. If the ε-bandwidth of a matrix is much smaller than its dimension, then the matrix is
treated as a nearly sparse matrix. For a matrix whose principal square root matrix is nearly
sparse, it may be an effective way to combine the filtering technique with an existing iterative
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scheme to construct an efficient method for the computation of the square root of large and
sparse matrices.

This paper is concerned with the numerical computation of the principal square root
of a large-scale sparse matrix. In Section 2, a new stable inversion-free iteration (SIFI) is
developed, and a stability proof is presented. In Section 3, we point out the applicability of the
filtering technique via a bandwidth analysis. In Section 4, the filtering algorithm is introduced
into the proposed SIFI, and the adaptive selection of the filtering threshold is discussed in
detail. Numerical experiments are given in Section 5 to test the accuracy and efficiency of the
proposed method. Conclusions are summarized in Section 6.

2. A stable inversion-free iteration. The problem of finding the principal square root of
a matrix A ∈ Cn×n involves solving the following equation:

(2.1) X2 −A = 0.

Applying Newton’s method to this equation inevitably introduces matrix inversions. For a
large-scale sparse matrix, the inverse matrix is usually dense, which makes the computation
very expensive. To avoid or reduce matrix inversions, the authors in [2] have recommended
the following equation:

(2.2) X−2 −A−1 = 0.

Applying Newton’s method to (2.2) gives the Newton update:

Xk+1X
−1
k + X−1

k Xk+1 = 2I + I−XkA
−1Xk.

If we impose the commutativity condition AXk = XkA (which holds for all iteration indices
k if AX0 = X0A), then Xk commutes with A−1, and the above equation simplifies to

(2.3)

Xk+1 = Xk

(
I +

1

2
Yk

)
,

Yk+1 = I−A−1X2
k+1, k ≥ 0.

Actually, the above iteration is a variant of the inverse Newton iteration [3]. If we replace A−1

with A and maintain the commutativity condition, then this yields a sequence Xk → A−1/2,
as k →∞.

2.1. How to choose a suitable X0. According to [7], if AX0 = X0A, one has

(2.4) Yk+1 =
3

4
Y2
k +

1

4
Y3
k.

Then, taking the norm of both sides of (2.4) yields

‖Yk+1‖ ≤
3

4
‖Yk‖2 +

1

4
‖Yk‖3,

for any consistent norm. Therefore, if we can find such a X0 which commutes with A and
satisfies ‖Y0‖ < 1, then the iteration (2.3) will generate the sequence {Xk} converging to
A1/2, and the auxiliary sequence {Yk} will converge to the zero matrix as k →∞. The most
common selection is X0 = A, which, however, has a great limitation: it requires ‖I−A‖ < 1
to converge [17]. To overcome this limitation, we here recommend the following choice:

X0 =

√
α

‖A‖
A, Y0 = I− α

‖A‖
A,
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FIG. 2.1. Convergence region (red) of the iteration (2.3) for different α: (a) α = 0.1; (b) α = 0.5; (c) α = 1;
(d) α = 2.

where α > 0 is a scaling parameter. For any matrix A with no nonpositive real eigenvalues,
we can always choose a sufficiently small α > 0 such that ‖Y0‖ =

∥∥∥I − α
‖A‖A

∥∥∥ < 1, which

guarantees the convergence of iteration (2.3) to A1/2. In addition, if we set

X0 =

√
α

‖A‖
I, Y0 = I− α

‖A‖
A,

and replace A−1 with A in (2.3), then this yields a sequence Xk → A−1/2, as k → ∞.
According to [18, Theorem 4.15], which establishes superlinear convergence of this iteration
for nonsingular matrices, the convergence region of the iteration (2.4) depends on the following
scalar iteration:

(2.5) yk+1 =
3

4
y2
k +

1

4
y3
k, y0 = 1− αa− αbi,

where a and b are the real and imaginary parts of a certain eigenvalue z = a+ bi of ‖A‖−1
A,

respectively. Due to ρ (A) ≤ ‖A‖, we have |a+ bi| ≤ 1. Obviously, when the eigenvalues of
‖A‖−1

A are all in the set

(2.6)
{
z : z ∈ C, and

∣∣∣∣z − 1

α

∣∣∣∣ < 1

α

}
,

we obtain |y0| < 1, and the scalar iteration (2.5) converges. Therefore, when the eigenvalues
of ‖A‖−1

A are all real positive, taking α = 2 ensures convergence of the iteration (2.3). In
fact, the actual convergence region is larger than (2.6). Figure 2.1 displays the convergence
regions when α takes different values. The figure is obtained as follows: at first, we select
106 initial points y(i)

0 randomly in the complex region |z| < 1 and then substitute these initial

points into (2.5) and iterate for 200 steps. If, for the i-th initial point y(i)
0 ,
∣∣∣y(i)

200

∣∣∣ ≤ 10−10,

then y(i)
0 is marked in red; otherwise y(i)

0 is marked in blue. As can be seen in Figure 2.1,
the value of α significantly affects the size of the convergence region. When α = 0.5, all
red points (representing convergent initial values) lie within the open right half-plane of the
complex plane, meaning that any matrix whose normalized eigenvalues ‖A‖−1

A are all in the
open right half-plane will converge under this iteration. A similar approach to the initial value
selection can also be used for the Newton-Schulz iteration [18]. The original Newton-Schulz
iteration for the matrix square root is as follows:

(2.7)


X0 = A, Y0 = I,

Xk+1 =
1

2
Xk (3I−YkXk) ,

Yk+1 =
1

2
(3I−YkXk) Yk.
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Its convergence condition is ‖I−A‖ < 1, and it requires the commutativity condition
AX0 = X0A (which holds for all k if satisfied initially) to simplify the Newton update to
this form. To extend its convergence region, we can use the same scaled initial value approach.
Set X0 =

√
α
‖A‖A,Y0 =

√
α
‖A‖I. Then the sequence {Xk} generated by (2.7) converges

to A1/2, and the sequence {Yk} converges to A−1/2. According to [18], if Xk commutes
with Yk (which is guaranteed by the initial commutativity condition AX0 = X0A), then
Xk = A−1Yk follows by induction. Let

Rk = I−A−1X2
k = I−XkYk.

Then we have

(2.8)

Rk+1 = I−Yk+1Xk+1 = I− 1

4
Xk(3I−YkXk)

2
Yk

= I− 1

4
Xk(2I + Rk)

2
Yk = I− 1

4
(I−Rk) (2I + Rk)

2

= I−
(

I + Rk +
1

4
R2
k −Rk −R2

k −
1

4
R3
k

)
=

3

4
R2
k +

1

4
R3
k.

Obviously, equations (2.4) and (2.8) are the same, which means the Newton-Schulz iteration
shares the same convergence condition as iteration (2.3).

2.2. Stability analysis. Although iteration (2.3) requires only one matrix inversion, i.e.,
A−1, it is unstable, similar to the iteration generated directly by the Newton method for (2.1),
as will be proved below.

The iteration (2.3) can be written as a fixed-point iteration Xk+1 = F (Xk), where

F (X) = X

(
I +

1

2

(
I−A−1X2

))
=

3

2
X− 1

2
A−1X3.

The Fréchet derivative of F at the solution X∗ = A1/2 is

LF (X∗; H) =
3

2
H− 1

2

(
A−1X∗HX∗ +A−1X∗2H

)
=

1

2
H− 1

2
A−1/2HA1/2.

Applying the vec operator yields the Jacobian matrix

J =
1

2

[
I−

(
AT)1/2 ⊗A−1/2

]
.

The stability condition of the above iterative scheme is ρ (J) ≤ 1. However, according to
[18, Equation (6.24)], for Hermitian positive definite matrices, the condition ρ (J) ≤ 1 holds
only if κ2 (A) < 9. Thus, iteration (2.3) is conditionally stable.

2.3. The proposed iteration. According to the above analysis, iteration (2.3) cannot
guarantee stability. In this section, we present a new stable iterative scheme. According
to (2.4), Yk+1 can also be generated from Yk, and thus the iterative scheme can be rewritten
as

(2.9) Xk+1 = Xk

(
I +

1

2
Yk

)
, Yk+1 = Y2

k

(
3

4
I +

1

4
Yk

)
.

Obviously, if we do not take into consideration round-off errors, then the schemes (2.3)
and (2.9) are equivalent, so the convergence analysis in Section 2.2 is also applicable to (2.9).

http://etna.ricam.oeaw.ac.at
http://www.kent.edu
http://www.ricam.oeaw.ac.at


ETNA
Kent State University and

Johann Radon Institute (RICAM)

INVERSION-FREE ITERATION FOR MATRIX SQUARE ROOT 331

However, if round-off errors are considered, then we find that iteration (2.9) is numerically
stable.

Let F (X,Y) =
[
X
(
I + 1

2Y
)
,Y2

(
3
4I + 1

4Y
)]T

be the iteration map. Its Fréchet
derivative at the fixed point X = A1/2,Y = 0 is[

I A1/2

0 0

]
.

The eigenvalues of this block matrix are 1 and 0, both with magnitude ≤ 1. Therefore, the
proposed iteration (2.9) is unconditionally numerically stable for all matrices A with no
nonpositive real eigenvalues.

It can be seen that the computation of Yk+1 depends only on Yk, and no longer in-
volves A−1. Also, the initial values X0 =

√
0.5/ ‖A‖A, Y0 = I − 0.5A/ ‖A‖ do not

involve the inverse A−1. Hence, the iterative scheme (2.9) combined with the initial matrix
X0 =

√
0.5/ ‖A‖A is a stable iteration that fully avoids matrix inversion. As a matrix inver-

sion costs much more computational time than matrix multiplication for large-scale sparse
matrices, avoiding matrix inversion can reduce computation time effectively.

3. Sparsity of the principal matrix square root. Although the iterative algorithm (2.9)
is stable and avoids computing the matrix inverse, it is still not applicable to the computation
of the principal square root of large-scale matrices due to the limitations of computational cost
and memory. However, it will be shown in this section that there are some sparse matrices
whose principal square roots are still sparse, or nearly sparse, with the help of the bandwidth
theory proposed in [28]. We first introduce the definitions of matrix bandwidth, real bandwidth,
and ε-bandwidth.

DEFINITION 3.1. For a sparse matrix A ∈ Cn×n, whose elements are denoted by aij ,
the bandwidth l(A) of the matrix A is defined by

l(A) = max
Ω(A)

(j − i, 0) + max
Ω(A)

(i− j, 0) ,

where Ω(A) := {(i, j) : aij 6= 0}.
DEFINITION 3.2. For a sparse matrix A ∈ Cn×n and any ε > 0, the following holds:
(a) The real bandwidth λ(A) is

λ(A) = min
P∈P

l(PAPT).

Here P is the set of all permutation matrices. Essentially, the matrix P permutes the
columns and rows of A to make it banded.

(b) The ε-bandwidth β(ε,A) is

β(ε,A) = min
B∈Γ(ε)

λ(A−B), Γ(ε) :=
{
B : B ∈ Cn×n, and ‖B‖ ≤ ε ‖A‖

}
.

For the real bandwidth and ε-bandwidth, we have the following lemma [28]:

LEMMA 3.3. Let A,B ∈ Cn×n be sparse matrices and pm (A) =
m∑
i=0

ciA
i, ci ∈ C,

where m is an arbitrary positive integer. Then,
(a) λ (pm (A)) ≤ mλ(A);
(b) β(εp, pm (A)) ≤ mλ(A−B), where

εp = ‖pm (A)‖−1 ‖pm (A)− pm (A−B)‖ .
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The sparsity of A1/2 can be measured in terms of the real bandwidth or the ε-bandwidth.
In fact, we have the following theorems:

THEOREM 3.4. For any sparse matrix A ∈ Cn×n without nonpositive real eigenvalues
and any ε > 0, if y0 =

∥∥∥I− 0.5‖A‖−1
A
∥∥∥ < 1, then

β(ε,A1/2) ≤ ν (ε, y0)λ(A),

ν (ε, y0) = min

{
s, s ∈ N, and,

∞∑
k=s

∣∣∣∣djj!
∣∣∣∣ yj0 ≤ √0.5ε

}
,

where dj =
j−1∏
i=0

(
1
2 − i

)
.

Proof. The Taylor series for A1/2 can be expressed as

A1/2 =

√
‖A‖√
0.5

(
0.5

‖A‖
A

)1/2

=

√
‖A‖√
0.5

(I−Y0)
1/2

=

√
‖A‖√
0.5

∞∑
j=0

dj
j!

(−Y0)
j
,

where dj =
j−1∏
i=0

(
1
2 − i

)
and Y0 = I− 0.5‖A‖−1

A. Thus, there is a polynomial approxima-

tion of A1/2

fN (Y0) =

√
‖A‖√
0.5

N∑
j=0

dj
j!

(−Y0)
j
,

whose real bandwidth satisfies λ (fN (Y0)) ≤ Nλ(A), according to Lemma 3.3(a). If N
satisfies

(3.1)

√
‖A‖√

0.5
∥∥A1/2

∥∥
∥∥∥∥∥∥
∞∑

j=N+1

dj
j!

(−Y0)
j

∥∥∥∥∥∥ ≤ 1√
0.5

∥∥∥∥∥∥
∞∑

j=N+1

dj
j!

(−Y0)
j

∥∥∥∥∥∥
≤ 1√

0.5

∞∑
j=N+1

∣∣∣∣djj!
∣∣∣∣ ‖Y0‖j < ε,

then ∥∥A1/2 − fN (Y0)
∥∥∥∥A1/2

∥∥ ≤ ε.

Obviously, the minimum ofN satisfying (3.1) is ν (ε, y0). Let B0 =

√
‖A‖√
0.5

∞∑
j=N+1

dj
j! (−Y0)

j .

Then, according to (3.1), we have ‖B0‖ ≤ ε
∥∥A1/2

∥∥, followed by B0 ∈ Γ(ε). According to
Definition 3.2, we have

λ (fN (Y0)) = λ(A1/2 −B0) ≥ min
B∈Γ(ε)

λ(A1/2 −B) = β(ε,A1/2).

Finally, according to Lemma 3.3(a),

β(ε,A1/2) ≤ λ (fN (Y0)) ≤ Nλ(A) ≤ ν (ε, y0)λ(A).
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FIG. 3.1. Numerical comparison of v (ε, y0) and (3α + 1) /2.

THEOREM 3.5. For any matrix A ∈ Cn×n with no nonpositive real eigenvalues, the
approximation Xj of the square root of A generated by iteration (2.9) satisfies

λ(Xj) ≤
3j + 1

2
λ(A), j = 0, 1, 2, . . .

Proof. According to Lemma 3.3(a) and considering that X0 =
√

α
‖A‖A, we have

λ(X0) ≤ 30+1
2 λ(A). Suppose that λ(Xi) ≤ 3i+1

2 λ(A) holds for i. Considering the itera-
tion (2.9), Xi+1 = Xi + A−1X3

i , the iterate Xi+1 is a matrix polynomial in A of degree
1
2 (3i + 1). Then, using Lemma 3.3(a), we have λ(Xi+1) ≤ 3i+1+1

2 λ(A). Setting i = j, we
obtain λ(Xj) ≤ 3j+1

2 λ(A), j = 0, 1, 2, . . .
According to Theorem 3.5, for any given relative error bound ε > 0, the real bandwidth

of the approximate matrix root calculated by (2.9) satisfies

λ(Xα) ≤ 3α + 1

2
λ(A), α = min

{
s :

∥∥A1/2 −Xs

∥∥∥∥A1/2
∥∥ ≤ ε

}
.

Additionally, according to Theorem 3.4, β(ε,A1/2) ≤ ν (ε, y0)λ(A).
We now provide a numerical example to compare the upper bound for the real bandwidth

of the approximation matrix computed by iteration (2.9) with that for the ε-bandwidth of A1/2

with ε = 10−14. The results are displayed in Figure 3.1. It can be seen that when ε = 10−14,
we have

ν (ε, y0)� 3α + 1

2
.

The numerical comparison shown in Figure 3.1 demonstrates that for the matrix computed
by (2.9), there exists a sparser matrix approximation with a similar accuracy. This property is
very helpful for the computation of large-scale sparse matrix square roots.

4. SIFI combined with filtering. Obviously, if (2.9) is used directly, then the results will
be dense due to multiple matrix multiplications, and the amount of computation and required
storage are very large. Therefore, it is necessary to conduct an in-depth research on how to
obtain sparse approximate square roots. In this section, we improve the iteration (2.9) by
introducing an adaptive filtering technique to obtain a more efficient iterative method.
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4.1. Error analysis considering filtering. Because the sparsity of X0 =
√

0.5/ ‖A‖A
and Y0 = I − 0.5A/ ‖A‖ is the same as that of A, we consider them to be sufficiently
sparse, meaning that they do not need to be filtered. Although both X0 and Y0 are sparse,
the matrices X1 = X0 (I + 0.5Y0) and Y1 = 3

4Y2
0 + 1

4Y3
0 can become dense because the

real bandwidth is tripled due to the matrix multiplication. Since the process of computing X1

involves a matrix multiplication, some small elements may be generated that do not affect
the overall accuracy of X1, which means that there may exist a sparser matrix yielding the
same precision as X1. Therefore, we apply filtering to X1 and ignore elements close to zero
to obtain a sparser matrix X̂1 = X1 − F1, where F1 represents the matrix consisting of
nearly zero elements that are dropped after X1 is filtered. Similarly, filtering is used as well to
compute Y1, and its computation can be divided into

P̂0 = Y2
0 −∆P0, Ŷ1 = P̂0

(
3

4
I +

1

4
Y0

)
−E1,

where ∆P0 and E1 represent the matrices of nearly zero elements that are dropped after
filtering Y2

0 and P̂0

(
3
4I + 1

4Y0

)
, respectively. The subsequent calculations are based on X̂1

and Ŷ1. Generally, the new iteration with filtering (denoted by SIFI_F) can be expressed as
follows:

(4.1)


X̄k+1 = X̂k

(
I +

1

2
Ŷk

)
, X̂k+1 = X̄k+1 − Fk+1,

Pk = Ŷ2
k, P̂k = Pk −∆Pk,

Ȳk+1 = P̂k

(
3

4
I +

1

4
Ŷk

)
, Ŷk+1 = Ȳk+1 −Ek+1.

Obviously, it can be expected that appropriate constraints for Fk+1, ∆Pk, and Ek+1 are
needed to improve the computational efficiency as much as possible and to ensure that the
error of the final result does not exceed a given tolerance bound. Let

(4.2) ∆Xk = X̂k −Xk, ∆Yk = Ŷk −Yk, k = 0, 1, 2, . . . ,

where Xk and Yk are the matrices computed without filtering. They both commute with A.
Substituting (4.2) into the first equation of (4.1) and ignoring small higher-order quantities,
we have

(4.3)
X̄k+1 = X̂k

(
I +

1

2
Ŷk

)
= (Xk + ∆Xk)

[
I +

1

2
(Yk + ∆Yk)

]
= Xk+1 + ∆Xk

(
I +

1

2
Yk

)
+

1

2
Xk∆Yk.

Because X̂k = X̄k − Fk, (4.3) can be written as

X̂k+1 = X̄k+1 − Fk+1 = Xk+1 + ∆Xk

(
I +

1

2
Yk

)
+

1

2
Xk∆Yk − Fk+1.

Combining the above equation with (4.2) yields

(4.4) ∆Xk+1 = ∆Xk

(
I +

1

2
Yk

)
+

1

2
Xk∆Yk − Fk+1.
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According to (4.1) and (4.2), P̂k can be expressed as

(4.5)
P̂k = Pk −∆Pk = Ŷ2

k −∆Pk = (Yk + ∆Yk)
2 −∆Pk

= Y2
k + Yk∆Yk + ∆YkYk −∆Pk + ∆Y2

k .

Based on P̂k, we compute Ȳk+1 by

Ȳk+1 = P̂k

(
3

4
I +

1

4
Ŷk

)
= P̂k

[
3

4
I +

1

4
(Yk + ∆Yk)

]
.

Substituting (4.5) into the above equation and ignoring small higher-order quantities, we
obtain

Ȳk+1 = Yk+1 +
1

4
Y2
k∆Yk + (Yk∆Yk + ∆YkYk −∆Pk)

(
3

4
I +

1

4
Yk

)
.

Because Ŷk = Ȳk −Ek, we have

Ŷk+1 = Ȳk+1 −Ek+1

= Yk+1 +
1

4
Y2
k∆Yk + (Yk∆Yk + ∆YkYk −∆Pk)

(
3

4
I +

1

4
Yk

)
−Ek+1.

Combining the above equation with (4.2) gives

(4.6) ∆Yk+1 =
1

4
Y2
k∆Yk + (Yk∆Yk + ∆YkYk −∆Pk)

(
3

4
I +

1

4
Yk

)
−Ek+1.

Due to X̂0 = X0, Ŷ0 = Y0, we have ∆X0 = 0, ∆Y0 = 0. Combining (4.4) and (4.6)
yields

∆Xk+1 = ∆Xk (I + 0.5Yk) + 0.5Xk∆Yk − Fk+1,

∆Yk+1 = 0.25Y2
k∆Yk + (Yk∆Yk + ∆YkYk −∆Pk) (0.75I + 0.25Yk)−Ek+1,

∆X0 = 0, ∆Y0 = 0.

From the above equation, we have

‖∆Xk‖ ≤
(
‖I‖+ 0.5

∥∥Yk−1

∥∥) ‖∆Xk−1‖+ 0.5 ‖Xk−1‖ ‖∆Yk−1‖+ ‖Fk‖ ,
‖∆Yk‖ ≤

(
1.5 ‖I‖+ 0.75

∥∥Yk−1

∥∥) ‖Yk−1‖ ‖∆Yk−1‖
+
(
0.75 ‖I‖+ 0.25

∥∥Yk−1

∥∥) ‖∆Pk−1‖+ ‖Ek‖ .
(4.7)

Rewrite (4.7) in matrix form,

(4.8) Uk ≤ Tk−1Uk−1 + Bk−1Vk−1, k = 1, 2, . . . ,

where the inequality is meant componentwise and

(4.9)

Uk =

[
‖∆Xk‖
‖∆Yk‖

]
,

Tk−1 =

[
‖I‖+ 0.5

∥∥Yk−1

∥∥ 0.5 ‖Xk−1‖
0

(
1.5 ‖I‖+ 0.75

∥∥Yk−1

∥∥) ∥∥Yk−1

∥∥] ,
Bk−1 =

[
0 0 1

0.75 ‖I‖+ 0.25
∥∥Yk−1

∥∥ 1 0

]
,

Vk−1 =

‖∆Pk−1‖
‖Ek‖
‖Fk‖

 .
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According to (4.8), if Uq is known, then the error vector Uk satisfies the following inequality:

(4.10) Uk ≤ Qk,qUq +

k∑
i=q+1

Qk,iBi−1Vi−1,

where

Qk,i =

{
Tk−1 · · ·Ti , i = 1, 2, . . . , k − 1,

I, i = k,

which provides a bound for the accumulated filtering errors.

4.2. How to select the adaptive filtering thresholds. The upper bounds for ‖∆Pk−1‖,
‖Ek‖, and ‖Fk‖ are discussed here to ensure the accuracy of the computational results. After
performing several iterations, the norm of the absolute error can be expressed as

(4.11)
∥∥∥A1/2 − X̂k

∥∥∥ =
∥∥∥A1/2 −Xk + Xk − X̂k

∥∥∥ ≤ ∥∥∥A1/2 −Xk

∥∥∥+ ‖∆Xk‖ .

Since Yk = I−A−1X2
k, we have

A1/2 = Xk(I−Yk)
−0.5

= Xk

(
I + 0.5Yk +O

(
Y2
k

))
.

Substituting the above equation into (4.11) yields∥∥∥A1/2 − X̂k

∥∥∥ ≤ ‖0.5XkYk‖+ ‖∆Xk‖+O
(
‖Yk‖2

)
.

Since we want the iterative residual to be below the tolerance error limit after M more
iterations, we also have

(4.12)
∥∥∥A1/2 − X̂k+M

∥∥∥ ≤ ‖0.5Xk+MYk+M‖+ ‖∆Xk+M‖+O
(∥∥Yk+M

∥∥2
)
.

Let e = [1, 0]T. According to (4.10), we have

‖∆Xk+M‖ ≤ eTUk+M = eT

(
Qk+M,kUk +

k+M∑
i=k+1

Qk+M,iBi−1Vi−1

)
.

Substituting the above equation into (4.12) gives∥∥∥A1/2 − X̂k+M

∥∥∥ ≤‖0.5Xk+MYk+M‖

+ eT

(
Qk+M,kUk+

k+M∑
i=k+1

Qk+M,iBi−1Vi−1

)
+O

(∥∥Yk+M

∥∥2
)
.

If the absolute error is required to be less than the given tolerance error εtol, then the following
inequality should hold:

‖0.5Xk+MYk+M‖+ eTQk+M,kUk

+

k+M∑
i=k+1

eTQk+M,iBi−1Vi−1 +O
(∥∥Yk+M

∥∥2
)
≤ εtol,

(4.13)
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where eTQk+M,iBi−1Vi−1 denotes the error accumulation due to the three filterings in each
iteration.

In order to avoid large errors in the final result due to an overly aggressive selection of the
filtering threshold and to avoid an increase in computational time due to an uneven selection
of the filtering threshold, we take an empirical approach and require the error accumulation to
be the same for each iteration. Then we have

(4.14) ci,1 ‖∆Pi−1‖+ ci,2 ‖Ei‖+ ci,3 ‖Fi‖ ≤
φk,M
M

,

with φk,M = εtol − 0.5 ‖Xk+MYk+M‖ − eTQk+M,kUk and

ci,1 = eTQk+M,iBi−1

[
1 0 0

]T
,

ci,2 = eTQk+M,iBi−1

[
0 1 0

]T
,

ci,3 = eTQk+M,iBi−1

[
0 0 1

]T
.

As can be seen from (4.14), φk,M should be positive; this can be achieved by choosing a
suitable M . We explain this in detail in the subsequent section.

If we also use the idea that the errors accumulate identically, then this requires

(4.15)

‖∆Pi−1‖ ≤
φk,M
Kci,1M

, ‖Ei‖ ≤
φk,M
Kci,2M

,

‖Fi‖ ≤
φk,M
Kci,3M

, K =

3∑
j=1

sign (ci,j),

which is actually the adaptive filtering threshold and can be determined by simply estimating
the required number of residual iterations from the current iteration to final convergence.

4.3. How to estimate the number of residual iterations. According to (4.15), M must
satisfy φk,M > 0, namely,

0.5 ‖Xk+MYk+M‖+ eTQk+M,kUk < εtol.

For notational convenience, we denote x0 = ‖Xk‖ and y0 = ‖Yk‖. Then, we perform the
following scalar iteration:

(4.16)

{
xm+1 = xm + 0.5xmym,

ym+1 = y2
m (0.75 + 0.25ym) ,

m = 0, 1, . . . ,M − 1.

In this study we use xMyM to estimate ‖Xk+MYk+M‖ as well as Q̃k+M,k to estimate
Qk+M,k, where

(4.17) Q̃k+M,k = T̃k+M−1 · · · T̃k, T̃k+m =

[
1 + 0.5ym 0.5xm

0 (1.5 + 0.75ym) ym

]
.

Thus, the number of residual iterations can be written as

(4.18) M(k) = min
{
m : m ∈ N and 0.5xmym + eTQ̃k+m,kUk ≤ εtol

}
.

In practical computations, due to the inclusion of filtering, the matrices obtained in our
iteration are actually X̂k, Ŷk. We obtain the exact Xk and Yk only without filtering. Thus,
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when we apply the filtering technique, the exact Xk and Yk are unknown. However, since
the filtering threshold is usually small, it can be expected that the difference between X̂k

and Xk, or between Ŷk and Yk, is very small. Therefore, we use X̂k and Ŷk instead, and
then estimate xm and ym based on (4.16). In theory, the total number of iterations required
for convergence is a constant, and hence k +M(k) must be a constant. With an increase of
k, M(k) will decrease. However, using xm and ym to estimate ‖Xk+MYk+M‖ and M(k)
is quite conservative, and it cannot guarantee that k + M(k) is a constant. In the first few
steps of the iteration, we use xm and ym to estimate ‖Xk+MYk+M‖, which necessarily leads
to a large difference between ‖Xk+MYk+M‖ and xmym. As the iteration proceeds, this
difference becomes smaller and smaller, and k + M(k) will be close to a constant. When
k +M(k) becomes a constant, we consider the current estimate of M to be accurate, and the
iteration will converge after M iterations.

According to Section 2.1, as long as ρ (Y0) < 1, the iteration converges, but sometimes
‖Y0‖ may be larger than 1, which leads to M having no solution in the estimate (4.18),
and the adaptive filtering thresholds (4.15) cannot be used. In this case, a fixed threshold is
recommended as a supplement, namely, when ‖Yk‖ > 0.96, it is required that

‖∆Pk−1‖ ≤ 0.01εtol, ‖Ek‖ ≤ 0.01εtol, ‖Fk‖ ≤ 0.01εtol.

4.4. Adaptive algorithm using a relative error bound. In the actual computation, a
relative error bound rather than an absolute error bound is often used as the tolerance error. In
the previous section, we employed an absolute error bound as the tolerance error and stated
the corresponding adaptive filtering threshold. If the relative error bound is selected as the
tolerance error εtol, then according to (4.13), this requires that

(4.19)

‖0.5Xk+MYk+M‖+ eTQk+M,kUk

+

k+M∑
i=k+1

eTQk+M,iBi−1Vi−1 +O
(∥∥Yk+M

∥∥2
)
≤
∥∥∥A1/2

∥∥∥ εtol,

where
∥∥A1/2

∥∥ can be evaluated in terms of the following lemma:
LEMMA 4.1. For the matrices Xk and Yk in the iterative scheme (2.9), if ‖Yk‖ ≤ 1,

then ∥∥∥A1/2
∥∥∥ ≥ ak := max

(√
‖A‖, ‖Xk‖

2−
√

1− ‖Yk‖

)
.

Proof. According to Yk = I−A−1X2
k, we have

Xk = A1/2 (I−Yk)
1/2

= A1/2

(
I− 1

2
Yk −

1

8
Y2
k − . . .

)
,

which means

‖Xk‖ ≤
∥∥∥A1/2

∥∥∥(1 +
1

2
‖Yk‖+

1

8
‖Yk‖2 + . . .

)
=
∥∥∥A1/2

∥∥∥(2−
√

1− ‖Yk‖
)
.

(4.20)

As ‖A‖ =
∥∥∥(A1/2

)2∥∥∥ ≤ ∥∥(A1/2
)∥∥2

, it follows that
∥∥A1/2

∥∥ ≥√‖A‖, and combining this
with (4.20) completes the proof.
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In the actual computation, ak is evaluated by using

ak = max

√‖A‖,
∥∥∥X̂k

∥∥∥
2−

√
1−

∥∥∥Ŷk

∥∥∥
 .

Using Lemma 4.1, (4.19) can be rewritten as

‖0.5Xk+MYk+M‖+ eTQk+M,kUk

+

k+M∑
i=k+1

eTQk+M,iBi−1Vi−1 +O
(∥∥Yk+M

∥∥2
)
≤ akεtol.

By the same derivation as in Section 4.2, the upper bounds used for the filtering are

‖∆Pi−1‖ ≤
φ̃k,M
Kci,1M

, ‖Ei‖ ≤
φ̃k,M
Kci,2M

,

‖Fi‖ ≤
φ̃k,M
Kci,3M

, K =

3∑
j=1

sign (ci,j),

where

φ̃k,M = akεtol − 0.5 ‖Xk+MYk+M‖ − eTQk+M,kUk.

4.5. Specific algorithm of the proposed method. The SIFI_F method is summarized
in Algorithm 1 and Algorithm 2. In lines 7, 9, and 11 of Algorithm 2, we utilize the filtering
algorithm proposed in [28] to filter the matrix and obtain a sparser matrix. If the absolute error
bound is used, then lines 16–18 in Algorithm 2 should be deleted.

5. Numerical experiments. To test the accuracy of the proposed algorithms, we define
the following relative error:

err =

∥∥X2 −A
∥∥

‖A‖
.

Due to the difficulty of evaluating the 2-norm of a large-scale matrix, the 1-norm is
applied here. We performed the experiments in MATLAB version R2021b, on a computer
with Microsoft Windows 10 21H1 and Intel(R) Core (TM)i7-10750H CPU @ 2.60GHz, and
31.6GB of RAM. In this section, we refer to the iteration (2.9) as SIFI and to Algorithm 2 as
SIFI_F. The code of SIFI_F, as well as the matrices used in the third experiment in Section 5.3
are available for download from the website https://www.rocewea.com/8.html for
interested readers.

5.1. Performance of the SIFI. In the first experiment, we compare the proposed SIFI
method with the original algorithm without filtering, i.e., the iterative scheme (2.3), in order to
test the effect of matrix inversion on the computational efficiency. When iteration (2.3) is used
to compute A−1, there are two ways to implement it:

(a) Yk = I−A−1X2
k, where A−1is computed at the beginning once and for all with

the MATLAB command inv (A);
(b) Set X0 =

√
α
‖A‖I, Y0 = I − α

‖A‖A, Yk = I − AX2
k. Then, at the end of the

iteration, the approximation of the square root is obtained by inverting Xk by means
of the command Xk = inv (Xk).
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Algorithm 1 Determination of the adaptive thresholds
[pk,ft, ek,ft, fk,ft] = adaptive_thre[‖X̂k−1‖, ‖Ŷk−1‖, Uk−1, Bk−1, C, εtol, ak−1].

1: if
∥∥∥Ŷk−1

∥∥∥ > 0.96 then
2: return pk,ft = Cεtol; ek,ft = Cεtol; fk,ft = Cεtol;
3: else
4: M = 0; Q̃k+M−1,k−1 = I2×2; x0 =

∥∥∥X̂k−1

∥∥∥; y0 =
∥∥∥Ŷk−1

∥∥∥;

5: φk−1,0 = ak−1εtol − 0.5x0y0 −
[
1 0

]
Uk−1;

6: while φk−1,M ≤ 0 do
7: M = M + 1;
8: Compute T̃k+M−1 according to (4.17);
9: Q̃k+M−1,k−1 = T̃k+M−1Q̃k+M−2,k−1;

10: if M = 1 then
11: Q̃k+M−1,k = I2×2;
12: else
13: Q̃k+M−1,k = T̃k+M−1,kQ̃k+M−1,k;
14: end if
15: xM = xM−1 + 0.5xM−1yM−1; yM = y2

M−1 (0.75 + 0.25yM−1);
16: φk−1,M = ak−1εtol − 0.5xMyM −

[
1 0

]
Q̃k+M−1,k−1Uk−1;

17: end while
18: Compute ck,1; ck,2; ck,3 according to (4.14);

19: return pk,ft =
φk−1,M

Kck,1M
; ek,ft =

φk−1,M

Kck,2M
; fk,ft =

φk−1,M

Kck,3M
; K =

3∑
j=1

sign (ck,j);

20: end if

In addition, the Newton-Schulz method, the DB method, the IN method, and the sqrtm
function [8, 11, 16] in MATLAB are also evaluated. Both DB and IN need matrix inversions.
All six methods are computed using the full matrix format. The algorithms are tested with the
following matrix A, which is related to the discretization of partial differential equations,

(5.1) A =


1− 2λ λ
λ 1− 2λ λ

. . . . . . . . .
λ 1− 2λ λ

λ 1− 2λ

 ,

where λ = −1, and n = 500, 1000, 1500, 2000. The computational time and errors of the
different methods are listed in Table 5.1.

As shown in Table 5.1, when the dimension reaches 2000, SIFI and the Newton-Schulz
iteration are more efficient than the original algorithm (iteration (2.3)), the DB method, and the
IN method, but the accuracy of these schemes is the same. The different ways of implementing
iteration (2.3) have a significant impact on the efficiency. Iteration (2.3) only performs one
matrix inversion, but its computation is the most time-consuming one. To explain this, we
compare the matrix density of A and A−1 in Figure 5.1, generated using the spy function
in MATLAB. As can be seen in the figure, although the matrix A is a very sparse banded
matrix, its inverse is quite dense. The high number of calculations caused by the occurrence
of a dense matrix in the matrix multiplication slows down the computational efficiency of
iteration (2.3). Therefore, for a banded matrix A, although the inverse of A is generally
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Algorithm 2 This algorithm computes A1/2 for the given matrix A. The (absolute/relative)
error of the result will be less than the given tolerance εtol.

1: Let X̂0 =
√

0.5/ ‖A‖A; Ŷ0 = I− 0.5A/ ‖A‖; Ŝ0 = 0.5X̂0Ŷ0;

2: y0 = 0; x0 = 0; U0 =
[
x0 y0

]T
; B0 =

[
0 0 1

0.75 +
∥∥∥Ŷ0

∥∥∥ 1 0

]
; C = 0.01;

3: k = 0; ak = 1 (absolute error bound) or ak =
√
‖A‖ (relative error bound);

4: while
∥∥∥Ŝk∥∥∥+ xk > akεtol do

5: k = k + 1;

6: [pk,ft,ek,ft,fk,ft] = adaptive_thre
[∥∥∥X̂k−1

∥∥∥ ,∥∥∥Ŷk−1

∥∥∥ ,Uk−1,Bk−1, C, εtol, ak−1

]
;

7: Filter out Pk−1 to get P̂k−1 which satisfies ‖∆Pk−1‖ =
∥∥∥P̂k−1 −Pk−1

∥∥∥ ≤ pk,ft;

8: Ȳk = P̂k−1

(
0.75I + 0.25Ŷk−1

)
;

9: Filter out Ȳk to get Ŷk which satisfies ‖Ek‖ =
∥∥∥Ŷk − Ȳk

∥∥∥ ≤ ek,ft;

10: X̄k = X̂k−1 + Ŝk−1;
11: Filter out X̄k to get X̂kwhich satisfies ‖Fk‖ =

∥∥∥X̂k − X̄k

∥∥∥ ≤ fk,ft;

12: Ŝk = 0.5X̂kŶk;
13: Compute Tk−1, Bk−1 and Vk−1 according to (4.9);
14: Uk = Tk−1Uk−1 + Bk−1Vk−1;
15: xk =

[
1 0

]
Uk;

16: if
∥∥∥Ŷk

∥∥∥ < 1 then

17: ak = max

(√
‖A‖,

∥∥∥X̂k

∥∥∥/(2−
√

1−
∥∥∥Ŷk

∥∥∥) );

18: end if
19: end while
20: return A1/2 ≈ X̂k;

numerically banded due to the decay properties, the inverse of A may be very dense, resulting
in a delay in subsequent calculations.

The computational efficiency of SIFI is about the same as the Newton-Schulz iteration, but
the computational time of SIFI is always lower. Theoretically, the convergence properties of
these two algorithms are the same, and the number of matrix multiplications required for each
iteration is also 3, so their computational efficiency should be equivalent. We think that the
reason for this phenomenon is that, as the iteration progresses, the sequence {Yk} generated
by SIFI converges to O. It tends to be much sparser than the sequence {Yk} generated by
the Newton-Schulz iteration, which converges to A−1/2. As the matrix dimension grows, the
efficiency gap widens. If the dimension n reaches 5000, then the gap in the computation time
becomes larger than 5 s.

Among the six methods, the sqrtm function has the best computational efficiency, but
its accuracy is also the worst. This is likely because sqrtm is based on LAPACK, which is
highly optimized. Obviously, SIFI is a better choice when high-precision computations are
needed. It must be pointed out that in this experiment, the maximum dimension is 2000, and
full matrices instead of sparse matrices are used. In the following experiments, we will further
study computational results involving sparse matrices.
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TABLE 5.1
Comparisons of different algorithms.

Method
n = 500 n = 1000 n = 1500 n = 2000

err time(s) err time(s) err time(s) err time(s)
SIFI 1.42E-15 0.149 1.42E-15 0.848 1.42E-15 2.172 1.42E-15 4.331

Iteration (2.3) (a) 9.84E-16 0.264 9.84E-16 2.918 1.29e-15 7.593 9.96E-16 13.697
Iteration (2.3) (b) 9.70E-16 0.124 8.73E-16 0.782 9.95E-15 2.195 8.89E-16 4.526
Newton-Schulz 1.37E-15 0.150 1.37E-15 0.896 1.37E-15 2.189 1.37E-15 4.358

DB 1.39E-15 0.136 1.39E-15 1.731 1.39E-15 3.209 1.39E-15 5.855
IN 5.52E-16 0.159 5.52E-16 1.983 5.52E-16 4.974 5.52E-16 9.225

sqrtm 4.41E-14 0.008 8.31E-14 0.037 1.13E-13 0.100 1.45E-13 0.207

FIG. 5.1. Comparison of the sparsity of matrix A and A−1, (a) A, (b) A−1.

5.2. Changes of the sparse matrix bandwidth in the iteration. The second experiment
focuses on the change of the bandwidths of the matrices involved in the proposed method by
using the same matrix defined in (5.1) with λ = −1 and n = 10000. The SIFI and SIFI_F
algorithms are applied to the computation of the square root of this matrix. The SIFI_F
method used here is the relative-error version of Algorithm 2 with a relative tolerance error
εtol = 10−13.

Both the SIFI and the SIFI_F require 7 iterations with the given tolerance. In Table 5.2,
the real bandwidths λ(Xk) and λ(X̂k) during the 7 iterations, corresponding to the matrices
involved in SIFI and SIFI_F, respectively, are listed. The upper bound for the real bandwidth of
Xk evaluated in terms of Theorem 3.5, 3k+1

2 λ(A), is also given in the last line of Table 5.2. It
can be seen from Table 5.2 that λ(Xk) and 3k+1

2 λ(A) agree in the first five iteration steps, and
λ(Xk) is smaller than 3k+1

2 λ(A) in the last two iteration steps. This is because many elements
in X6 and X7 are so close to zero that the algorithm treats them as zeros. Additionally, λ(X̂k)
is the same as λ(Xk) in the first two steps and is far smaller than λ(Xk) in the last five steps,
which means that the filtering method significantly improves the sparsity of matrices during the
iterative process. This numerical observation is consistent with the prediction of the theorems
in Section 3.
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TABLE 5.2
Comparisons of λ(X̂k), λ(Xk), and 3k+1

2
λ(A).

k 1 2 3 4 5 6 7

λ(X̂k) 2 4 8 10 10 10 8
λ(Xk) 2 4 10 28 82 206 232

3k+1
2 λ(A) 2 4 10 28 82 244 730

TABLE 5.3
Comparisons of SIFI_F, SIFI, and sqrtm.

SIFI_F SIFI sqrtm

err time (s) err time (s) err time (s)

7.62E-15 0.12 1.86E-15 75.44 9.94E-13 14.93

The computational times and the errors corresponding to the SIFI_F method, the SIFI
method, and the sqrtm function are listed in Table 5.3. It can be seen that SIFI_F performs
much better than SIFI and the sqrtm function in both computational efficiency and accuracy,
which reflects the potential of SIFI_F in the computation of matrix square roots with sparse
approximations.

5.3. Performance of SIFI_F. In this experiment, 45 sparse adjacency matrices1 are used
to test the performance of SIFI_F. The dimensions of these matrices range from 10000 to
343791. As it cannot be guaranteed that the adjacency matrix has a principal square root, we
actually use the matrix Ai = I− 0.5Bi/ρ (Bi) , where Bi is the original adjacency matrix.
The SIFI_F method with relative error tolerance εtol = 10−14 is used for the computation
of these matrices. To test the computational efficiency of SIFI_F, the sqrtm function is also
evaluated here. As these matrices are too large, the DB method, the IN method, the iterative
scheme (2.3), and SIFI are not suitable. The sqrtm function is only suitable for the first 14
matrices of the 45 matrices and fails for the last 31 matrices due to insufficient memory.

The computational time and error comparisons between SIFI_F and sqrtm are displayed
in Figure 5.2(a) and 5.2(b), respectively. It can be observed that SIFI_F performs better than
sqrtm in terms of both computational accuracy and efficiency.

In Table 5.4, the dimension and sparsity of the 31 matrices are listed in columns 2 and 3.
The relative errors of the principal matrix square roots obtained by SIFI_F and the time spent
in the computation are listed in columns 4 and 5. The sparsity of X̂k is listed in the last
column.

From Table 5.4 we find that SIFI_F can compute the square roots of large-scale sparse
matrices efficiently and accurately. Due to the use of adaptive filtering, the obtained principal
square root matrix is also sparse, indicating that SIFI_F is highly suitable for the computation
when the ε-bandwidth of A1/2 is much smaller than the real bandwidth.

6. Conclusion. In this study, a new stable iterative method that fully avoids matrix
inversions (denoted by SIFI) is proposed, based on the Newton iteration. The corresponding
proof of the numerical stability of the method is given. The selection of an appropriate initial
matrix for the iteration is also suggested, which broadens the applicable matrix range of the
original Newton iteration. The sparsity of the principal matrix square root is discussed by
using the real bandwidth and the ε-bandwidth. The analysis shows that there exists a sparser

1The matrices are obtained from https://networkrepository.com.
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TABLE 5.4
Experiment results of A15 ∼ A45.

No. Dimension Sparsity (A) err Time (s) Sparsity (X̂k)

A15 38000 1.22E-04 8.02e-15 3.20E+00 2.30E-03
A16 38120 8.35E-04 1.06e-14 7.90E+01 4.50E-03
A17 38744 1.20E-03 7.43e-15 1.40E+01 3.70E-03
A18 43471 1.09E-04 6.39e-15 2.70E+00 1.30E-03
A19 43644 1.40E-04 2.89e-15 3.00E+00 1.80E-03
A20 43747 1.09E-04 6.39e-15 2.60E+00 1.30E-03
A21 56468 9.68E-05 6.11e-15 1.30E+02 8.50E-03
A22 57735 9.98E-05 2.18e-15 5.50E-01 9.95E-05
A23 68121 5.14E-04 6.17e-15 1.50E+00 1.89E-04
A24 83995 7.19E-05 1.43e-15 1.50E+00 3.53E-04
A25 91813 2.58E-05 7.92e-15 5.60E-01 7.87E-05
A26 116670 2.60E-05 5.07e-15 1.50E+00 1.69E-04
A27 122494 2.58E-05 5.33e-15 2.40E+00 2.66E-04
A28 122750 2.30E-05 7.56e-15 1.70E+00 1.49E-04
A29 126483 2.40E-05 4.72e-15 1.80E+00 1.73E-04
A30 127998 2.37E-05 6.52e-15 1.80E+00 1.72E-04
A31 131488 2.30E-05 7.19e-15 2.70E+00 2.67E-04
A32 131490 1.98E-05 3.72e-15 2.10E+00 1.59E-04
A33 135276 2.25E-05 6.83e-15 2.00E+00 1.61E-04
A34 136239 2.23E-05 4.60e-15 1.80E+00 1.48E-04
A35 140999 2.15E-05 5.16e-15 2.10E+00 1.51E-04
A36 147772 2.06E-05 5.47e-15 2.30E+00 1.52E-04
A37 152773 1.99E-05 6.24e-15 2.40E+00 1.44E-04
A38 153563 1.98E-05 5.60e-15 2.30E+00 1.45E-04
A39 158058 1.93E-05 5.77e-15 2.40E+00 1.42E-04
A40 161070 7.82E-05 7.46e-15 1.20E+01 2.03E-04
A41 162650 1.45E-05 7.94e-15 1.50E+00 7.52E-05
A42 172175 1.77E-05 5.69e-15 2.60E+00 1.32E-04
A43 203954 2.33E-05 2.40e-15 2.50E+00 8.55E-05
A44 245874 5.51E-06 6.49e-15 6.00E-01 1.07E-05
A45 343791 7.29E-06 9.04e-15 1.40E+00 1.58E-05

matrix approximation with similar accuracy for each matrix involved in every iteration step of
SIFI. The filtering technique with an adaptive filtering threshold based on the error analysis is
proposed to obtain such a sparser matrix approximation. Combining the filtering technique
with SIFI yields the method SIFI_F. Numerical examples show that the SIFI method is more
efficient than the Newton iteration, the DB method, and the IN method. The SIFI_F method
can efficiently and accurately compute the principal square root of a matrix when it is nearly
sparse.

According to the analysis in Section 2, the efficiency of the proposed algorithm depends
on the ε-bandwidth of A1/2. If the ε-bandwidth of A1/2 is not significantly smaller than
the dimension of the input matrix, then the filtering technique provides only a very limited
improvement in the computational efficiency. However, we believe our approach is a valuable
attempt for the computation of the square roots of sparse matrices. In the future, we will try to
extend the algorithm to the computation of the matrix p-th root.
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(a) Computational error (b) Computational time

FIG. 5.2. Comparison of SIFI_F with sqrtm with respect to computational accuracy. The horizontal axes of
these two figures represent the matrix numbers A1 ∼ A14, the vertical axis of (a) is the computational error and
that of (b) is the computational time.
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