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REGULARIZATION OF PORT-HAMILTONIAN DESCRIPTOR SYSTEMS*

DELIN CHU' AND VOLKER MEHRMANN/*

Abstract. We study the regularization problem for port-Hamiltonian descriptor systems by proportional and/or
derivative output feedback. Necessary and sufficient conditions are given which guarantee that there exist output
feedbacks such that the closed-loop system is regular, has index at most one, and is still port-Hamiltonian with desired
rank properties. All results are derived based on condensed forms that may be computed numerically reliably using
orthogonal transformations.
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1. Introduction. Port-Hamiltonian systems (see [22, 24, 26]) provide an ideal model
class for the automated modeling, control, and simulation of real-world physical systems.
Physical properties are encoded in the structure of the mathematical model; see [22, 26].
These physical properties of the systems include balance and conservation laws, the shaping
of energy storage and energy dissipation, as well as the interpretation of controller systems
as virtual system components. When algebraic constraints are present in the physical system,
it is more appropriate to use the class of port-Hamiltonian descriptor systems; see [19] for
the most general definition in the linear time-invariant case, [3] for linear time-invariant
systems, [17, 25] for nonlinear systems, and [18] for a survey. Due to automated modeling
procedures that include redundant equations, the resulting port-Hamiltonian descriptor systems
may not be regular, i.e., for a given input, the solutions to initial-value problems may not exist
or are not unique. Furthermore, the system may be of index higher than one, i.e., the solution
depends on derivatives of the input function. Then, impulses may arise in the response of the
system if the control is not sufficiently smooth.

How to deal with non-regular or high-index problems is well understood for general
descriptor systems. If possible, feedback is used to make the system regular and of index at
most one. This topic has been studied extensively in many different versions. For general linear
time-invariant systems, the existence of regularizing state or output feedbacks is discussed
in [21, 23]. The construction of these feedbacks with orthogonal transformations is discussed
in [5, 6,7, 9, 10, 20], and a survey is given in [4]. For linear time-varying descriptor systems,
a summary is presented in [15] and for general nonlinear descriptor systems in [8, 15]. Various
applications (see, e.g., [1, 2, 24]) strongly motivate us to study the regularization problem for
port-Hamiltonian descriptor systems since existing regularization procedures in general do not
preserve the port-Hamiltonian structure. Hence, it is important from a theoretical and practical
point of view to develop a theory and numerically reliable methods for the regularization
and index reduction preserving the port-Hamiltonian structure. For a special class of linear
time-invariant port-Hamiltonian descriptor systems and when only proportional feedback is
used, this research topic has recently been studied in [12]. In this paper, we discuss this topic
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for general linear time-invariant port-Hamiltonian descriptor systems, and we also include
derivative output feedback.

The paper is organized as follows. The regularization problem via output feedback for
port-Hamiltonian descriptor systems is introduced in Section 2 as well as some preliminaries.
The main results are presented in Section 3, and concluding remarks are given in Section 4.

2. Preliminaries and problem statement. We study port-Hamiltonian descriptor sys-
tems of the form

2.1) Ei = Ax + Bu,
2.2) y=Cz,

on a time interval I C R, where £, A € R™"™, B € R™»,and C € R™", z : I — R" is
the state, y : I — R™ is the output, v : I — R™ is the input or control of the system. For a
system of the form (2.1)—(2.2) to be port-Hamiltonian, the coefficient matrices have to satisfy

& {é jOB] - [(g] s %0

with J,R,Q € R™" G, P € R™»™, .J = —JT, and the further relations
2.4) Q"E=E"Q>0, Q'RQ=Q'R'Q>0, Q'P=0;

see [18].
The quadratic function H(z) = 27 ETQu is called the Hamiltonian, which can be
interpreted as the energy stored in the system. It satisfies the power balance equation (see [17,

18])

d T rAT T
o= 48 )

along any solution z and for any input u. Here, the first term on the right-hand side is the
dissipated energy, and the second term is the supplied energy.

REMARK 2.1. It is well-known that port-Hamiltonian descriptor systems satisfy the
dissipation inequality

%H(x) <yTu,

which is referred to as passivity in control. For this to hold in the case of systems without
feedthrough term, it is necessary that

T T
[QP i QOP} S0

which implies that Q7' P = 0 and QT RQ > 0. This implies in particular that the uncontrolled
system (with v = 0) is semidissipative.

Note that E and () are allowed to be singular. Further note that the present methods are
also directly applicable for problems with a feedthrough term, which can always be formulated
as (2.1); see [18]. However, we consider only problems without a feedthrough term.


http://etna.ricam.oeaw.ac.at
http://www.kent.edu
http://www.ricam.oeaw.ac.at

ETNA

Kent State University and
Johann Radon Institute (RICAM)

256 D. CHU AND V. MEHRMANN

The response of the descriptor system (2.1) can be described in terms of the eigenstructure
of the matrix pencil «E — BA , which we abbreviate by (E, A). The system is called regular
if the pencil (E, A) is regular, i.e.,

det(aE — BA) #0  for some (o, §) € C2.

The generalized eigenvalues of a regular matrix pencil (E, A) are defined as the pairs
(aj,B;) € C?\{0,0} such that

det(o; B — B;A) =0, j=12,...,n.

If B; # 0, then the eigenvalue pairs are said to be finite with values given by \; = «;/6;,
and otherwise, if 8; = 0, then the pair is said to be an infinite eigenvalue. The maximum
number of finite eigenvalues that a pencil (E, A) can have is less than or equal to the rank of
E.

In this paper, we denote a full column rank matrix with its columns spanning the right
nullspace of the matrix M by S (M) and with its columns spanning the left nullspace of M
by Too (M), respectively.

If the system (2.1) is regular, then for given consistent initial values, i.e., initial values
that satisfy the algebraic equations present in the system, the existence and uniqueness of
classical solutions to the dynamical equations are guaranteed; see [15]. In the regular case,
the solutions can be characterized in terms of the Kronecker Canonical Form (KCF), which
states that there exist nonsingular matrices X and Y (representing left and right generalized
eigenvectors and generalized eigenvectors of the system pencil, respectively) such that

sI—J 0

(2.5) X(sEA)Y[ 0 sN—I}’

with s € C, where the eigenvalues of .J coincide with the finite eigenvalues of the pencil
and N is a nilpotent matrix such that for i > 0 it holds that N* = 0, N*~! = 0. The matrix
N corresponds to the infinite eigenvalues. The index of a descriptor system, denoted by
ind(E, A), is defined as the degree ¢ of nilpotency of the matrix N, i.e., the index of the
system is the dimension of the largest block associated with an infinite eigenvalue in the
KCF (2.5). Note that the system (2.1) is regular and has index at most one if and only if it has
exactly rank(F) finite eigenvalues.

Due to the port-Hamiltonian structure, the index of a regular port-Hamiltonian descriptor
system of the form (2.1) is at most 2 [16, 18, 19], but its index may indeed be 2.

As a special case for port-Hamiltonian descriptor systems with () = I the identity, the
regularization problem by proportional output feedback has been studied recently in [12]. In
this paper, we extend these results to the more general form of port-Hamiltonian descriptor
systems given in (2.1).

We consider proportional and derivative output feedbacks of the form

u=Fy— Ky+wv,
where F, K € R™™ are feedback matrices so that the resulting system has the form

(E+ BKC)i = (A+ BFC)z + Bu,
y = Cu,

with desired properties. Here, proportional feedback control is achieved with K = 0, and
derivative feedback control corresponds to the case F' = 0. Proportional feedback changes the
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system matrix A, while derivative feedback alters the matrix E. Therefore, different properties
of the system can be achieved using different feedback combinations.

We study the following problems:

a) Regularization problem for the descriptor system (2.1) by proportional output feedback:
Determine a matrix F' such that the pencil (E, A+ BFC) is regular, ind(E, A+ BFC) < 1,
and the resulting system

2.6) Ei(t) = (A+ BFC)x(t) + Bu(t),
y(t) = Cu(t),

is still port-Hamiltonian, i.e., satisfies (2.3) with the properties (2.4).

b) Regularization problem for the descriptor system (2.1) by derivative output feedback:
Determine a matrix K such that the pencil (E + BKC, A) is regular, ind(E+ BKC, A) < 1,
and the resulting system

2.7 (E+ BKC)i(t) = Az(t) + Bu(t),
y(t) = Cx(t),

is still port-Hamiltonian, i.e., satisfies (2.3) with the properties (2.4).

¢) Regularization problem for the descriptor system (2.1) by derivative and proportional
output feedback: Determine matrices F' and K such that the pencil (E + BKC, A+ BF(C)
is regular, ind(F + BKC, A+ BFC) < 1, and the resulting system

(2.8) (E + BKC)i(t) = (A + BFC)x(t) + Bu(t),
y(t) = Ca(t),

is still port-Hamiltonian, i.e., satisfies (2.3) with the properties (2.4).

3. Main results. One of the main difficulties for solving the regularization problem
of port-Hamiltonian descriptor systems is to preserve the port-Hamiltonian structure by
feedbacks.

The following results present necessary and sufficient solvability conditions for the
regularization of the port-Hamiltonian descriptor system (2.1) by proportional output feedback
and derivative output feedback, respectively. The following result presents the answer to
Problem a).

THEOREM 3.1. Let the system (2.1) be port-Hamiltonian. Then there exists a matrix F'
such that the pencil (E, A+ BFC) is regular, ind(E, A + BFC) < 1, and the closed-loop
system (2.6) is port-Hamiltonian if and only if

E AS(E
3.1 rank {O CSOOEEg:| =n.

Proof. Condition (3.1) follows from the necessary conditions for the regularization
problem of a general descriptor system (2.1) by output feedback without the port-Hamiltonian
requirement; see [9, Theorem 3.3]. Hence, the necessity follows.

To show the sufficiency, we give a constructive proof, which can be implemented as
numerical method, to show that under the condition (3.1) there exists a matrix F' € R™™
such that (E, A + BFC) is regular and of index at most one and the closed-loop system (2.6)
is port-Hamiltonian.
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We first compute orthogonal matrices U and V' such that

ni n2 ns niy no ns
ni| EFy1 0 0 1 All A12 A13
UEV=mn| 0 0 0], UAV = n2| Ay A 0 |,
ns 0 0 0 n3 A31 0 0

with ny + no + ng = n, where F1; and Ass are nonsingular. It is well-known (see, e.g., [12])
that for a port-Hamiltonian descriptor system of the form (2.1), the matrix ) in (2.4) satisfies

(3.2) ETQ=QTE>0, -ATQ-QTA>0, C-BTQ=o.

If @ is partitioned analogously, then the first inequality in (3.2) implies that Q1o = 0
and Q13 = 0 since F4; is nonsingular. Then, from the second inequality it follows that
Ag2Q23 = 0 and hence Q23 = 0 since Ao is nonsingular, so that we have

ni no ns

nf Q0 0
UQV = m2{Qa Qxn O
ns| Q31 Q32 @33

Partition the matrices

ni | By ni n2 n3
UB = n2 BQ s CV = [Cl CQ C3]
n3 | Bs

accordingly. Using condition (3.1) it follows that C'5 is of full column rank, so we can compute
an orthogonal matrix W € R ™ such that

m-ng [C1; Cia 0
WT [Cl 02 Cg} = ns |:021 022 CV23:|7

where Coag is nonsingular because rank(Cs3) = rank(C's). This follows from condition (3.1)
since multiplication with S, (E) projects onto the last two block columns.

Partition
m—ns ns
B, ni| By Big
B2 W = n2 B21 B22
Bs ns | B3y DBaa

Then the condition C' = BT'Q implies that
BiyQs3 = Cas, B31Qs3 =0,

which, together with the nonsingularity of Cs3, gives that B3y and (033 are nonsingular and
B31 =0.
Then, for

oo 0]
AL
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with
Fyy € RM3XN3 Fyy = F, >0,
a direct calculation yields that (E', A+ BFC) is regular and of index at most one. Furthermore,
A+ BFC = (J—-R)Q+ BFB'Q=1[J - (R—- BFB"))Q,
and
QT (R—-BFB")Q =Q"(R- BFB")TQ =Q"RQ - Q"BFB*Q > 0.

Hence, the closed-loop system (2.6) is port-Hamiltonian. a

For derivative feedback we have an analogous result which presents the answer to Prob-
lem b).

THEOREM 3.2. Let the system (2.1) be port-Hamiltonian. Then there exists a matrix K
such that the pencil (E + BKC, A) is regular, ind(E + BKC, A) <1,

rank(E + BKC) = max rank(E + BKC),
KeRrm:m

and the closed-loop system (2.7) is port-Hamiltonian if and only if

Y s () B N () e

Proof. Condition (3.3) follows from the necessary conditions for the regularization
problem of a general descriptor systems (2.1) by derivative output feedback without a port-
Hamiltonian requirement; see [9, Theorem 3.1]. Hence, the necessity follows.

For the port-Hamiltonian descriptor system (2.1), it holds that

rank [g

} < rank [E B] .
This follows since C = BTQ and ETQ = QT E > 0. Thus,

‘max rank(E + BKC) = rank {g} .
KeRm.m

To show the sufficiency, we present a construction of such a regularizing feedback that can

be implemented as a numerical method. For this, we first separate the part of the system that

cannot be influenced by derivative output feedback and that is already of index at most one by

determining orthogonal matrices U and V' such that

ni n2 ni n2
ni na

| B 0 | A 0
UEV = " |1 UAV = u cv=1[C 0
o |:E21 E22 :| ’ g |:A21 A22 ’ [ ! ]7

with ny + ne = Ny + Nig = n, where
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and with the index-at-most-one system
rank(sEgg — Agg) = fig, forall s € C.

This can be achieved by first forming a full column-rank decomposition of C' and then using
the staircase algorithm in the kernel to separate the infinite Jordan blocks of size one; see [13].
Partition the matrix

o B1
UB = 2 |:B2:|

accordingly. Then condition (3.3) is equivalent to
Ng = ’ﬁg, E22 == 07 I‘ank(Agg) = N2, rank [En Bl} =ni.

Thus, condition (3.3) implies that

rank {g] =nq.

Because rank CH = rank [E11  Bi] = ny, it is easy to determine a matrix K (for
1

example, by taking a scaled identity of size n;) such that
K=K">o, rank(E1; + B1KC1) = ny.

Obviously, the matrix pencil (F + BKC, A) is regular, ind(E + BKC, A) < 1, and it holds

that rank(E + BKC) = rank [E} . Moreover, with () as in (3.2), we have

C

(E+BKC)TQ=ET"Q+CTK"BTQ = E"Q+ Q"BKB*Q
=Q"(E+ BKC) > 0.

Hence, the closed-loop system (2.7) is port-Hamiltonian. 0

The necessary and sufficient conditions in Theorems 3.1 and 3.2 are easily verified, and
the desired feedback matrices F' and K can be smoothly computed by applying orthogonal
transformations that can be implemented numerically stable.

Note that the necessary and sufficient conditions for the regularization of the descriptor
system (2.1) by proportional output feedback, presented in [9] without the port-Hamiltonian
requirement, are the condition (3.1) and

(3.4) rank [E ASw(F) B] =n.

Because of the port-Hamiltonian structure, condition (3.1) implies condition (3.4), such that
condition (3.4) is not needed for the port-Hamiltonian descriptor system (2.1).

In the following construction, we assume without loss of generality that C'in (2.1) is of
full row rank, i.e., rank(C') = m.

In order to derive solvability conditions for the regularization of the port-Hamiltonian
descriptor system (2.1) by derivative and proportional output feedback, we need the following
two lemmas:
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LEMMA 3.3. Let the system (2.1) be port-Hamiltonian and rank [C’

E} = n. Then there

exist orthogonal matrices U, V, and W such that

N—ry TetTpb—N N—T¢

n—ry E11 E12 0
UEV = retry—n| Ey Ess 0 1,
n—re 0 0 0

Te+Tp—m N—7Te

n—rp 0 Bis
(35) UBW = retry—n Bgl B22 s
nN—"Te O B32

n—rgy Tet+Tp—N N—Te
TetTy—n [0 012 0

;
n—re Co1 Caa Cas

wTov =

where Boi, Cia, Bss, Cas, and Eq1 are nonsingular.
The proof is given in the Appendix A.1.
Now consider orthogonal matrices ¢/ and V' with the partitioning

Nn—ry TetTp—"n n—"ry TetTp—n
U — n—ry ull ulg Y — n—ry Vll V12
retro—n | Us Uy |’ retry—n | Vo Voo |’
which satisfy
Eunl & -
U |:E21:| = [ S rank(&11) = n — 1y, and

[Ell Elz] V= [511 0] , rank(gn) =N—"Tp.

Set
By = (U1 Erg + Uzz Ea2) Voo, Bay = Usy Bay, Bay = Uz Bia + Uz Bao,
Cra = CiaVay, Chy = CVig + Caa Voo,

and

n—ry Te+Tpb—n N—Te

I I Vi n—ry Any Aqo Az
UQl u22 UAV VQQ = Tetrp—m Agl A22 A23
I I n—re Az Aso Ass

Then determine orthogonal matrices Z and Z such that

1 Ty —H
Ay Agz| , v Az 0
z |:A32 A33 Z= To—H 0 0 ’

where Ao is nonsingular.
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LEMMA 3.4. Consider a port-Hamiltonian system of the form (2.1), and suppose that

E .
rank { ] =n. Let U, V, and W be orthogonal matrices that transform the system to the

C
condensed form (3.5), and let VV be orthogonal such that

. R b Te—p
O L |
where Bo1, B3o are nonsingular. Then,
X T
C 0 I C 0
W {CAZ 023} 2= {C;; Cas }

where C12 and Co3 are nonsingular.

The proof is given in the Appendix A.2.

We are now ready to present the necessary and sufficient solvability conditions for the
regularization of port-Hamiltonian descriptor systems by derivative output feedback and
derivative and proportional output feedback (with a given rank of £ + BK(C'). The following
result presents the answer to Problem c).

THEOREM 3.5. Suppose that the port-Hamiltonian system (2.1) is completely observable,

i.e., rank [aE g, BA] = n for any (o, B) € C?\{0,0}. Then the following assertions hold:

(i) There exists a matrix K such that (E + BKC, A) is regular,
ind(F+ BKC,A) <1, rank(FE + BKC) =,
and the closed-loop system (2.7) is port-Hamiltonian if and only if
(3.6) n — rank[TL (ES+ (C)) ASso (TL(B)E) < r < n

and n — r is even when rank[TL (ES+ (C))ASw (TL(B)E)] > 0 is even and

(T2 (BSw(C)B) ™ [TE(ESw(C)) ASw (TZ(B)E)] (CSw(TL(B)E)) "

is skew-symmetric.
(ii) There exist matrices F and K such that (E + BKC, A + BFC) is regular,

ind(E+ BKC,A+ BFC) <1, rank(F + BKC) =r,
and the system (2.8) is port-Hamiltonian if and only if
n—ry<r<n.

Proof. Since (2.1) is completely observable, we have rank {g] = n. Using (A.1) we
have that

rank[7] (S () AS (T (B)E)) = rank [A” Aﬂ

A32 A33
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and

1

(TZ(ESw(C)B) " [TZ(ESw(C)) ASa(TL(B)E)] (CS-(TZ(B)E))
L g fe mll &)

0 B32 A32 A33 022 023
W {BgﬁAggcl—; 0} WT
0 0 '

Since —ATQ — QT A >0, using (A.2) we have that

Big A2aCryt + (B AxCih)T <.
Hence, there exists an orthogonal matrix P such that
(3.7) P (B AxaC YPT = Asy

is in real Schur form (see [14]) and /lzg + AZTQ < 0. Set

I 1711 ! ;
X = P Ba1  Bao [ Z} X,
I] 0 Bs
I (1 I
Y=Y { Z} Cia 0 pT
Cao Ca3 I
Then
o Qn
XQV = I,
I

and, for K, F' € R™*™_ form the matrices

T K1 0 sy [ K1 Ko S\T
= [ 0 covm [0 5] e
WTFW = (W) |51 12| gypyT,

Fyy Iy

where Klla 1(117 Fi1 € R(n—rb)x(n—rb)’ B51K11C12 = Ea5, Then we have

R R [Eyi 0 0 o An -412 Az
X(E+BKC)Y = 0 Kll K12 5 XAY = A21 A22 )
| 0 Ko Koo A1 0 0

A K _/}11 R Ao Az
X(A+BFC)Y = |Aa Age + Fi1 Fio
Az Fy Iy
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(i) Then (E 4+ BKC, A) is regular, ind(E + BKC, A) < 1, and rank(F + BKC) =r

if and only if
Kii K| [Ay 0
Ko Ko|’| 0 O

is regular, of index at most one, and

K1 K

=r—m-—ry)=r+r,—n.
Ko Kzz] ( b) b

To show the other parts, observe first that if (E+ BKC, A) is regular, ind(F+ BKC, A) < 1,
and the closed-loop system (2.7) is port-Hamiltonian, then it follows that

{Ku Ko
Ky Ko

|20

hence the following assertions hold:

rank(Koo) = rank [Kgl Kgg] =7y — [,
K11 Ko
Ko Ko

=N—=TpFTy— =N — N,
Ko = K1, K — KiK' Kiy >0,

r:n—rb—&—rank{ ] > n —rp + rank(Kao)

and furthermore, Soo (K11 — K12K2_21K1T2)TA22500 (Kyp — K12K2_21 KT,) is nonsingular.
Since any real skew-symmetric matrix with odd dimension is singular, it follows that
when 2 > 0 and Az + AZL, = 0, then we have that  is even and

rank(Soo (K11 — K12 Koy KI5)T AgaSoo (K11 — K19 K5y K)

is also even, i.e., n — r is even.
Next, let r be any integer satisfying (3.6), i.e., n — u < r < n. We have that Ay, is in
real Schur form

T = * %
/lggz L% % ,

T *

D

where D is in real Schur form, D + DT # 0, and

0

ﬂ{4io

}, t; 40, i=1,...,k

Choose K12 =0, K91 = 0, K95 = I, and let K be constructed as follows:
If 2k = pu > 0, then Ao + AL, = 0,7 + o — n is even, and if 7 + p — n = 2s, then set

I,
KH:[2 J.
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Otherwise, if 2k < u, then we choose K7, as in the following cases:

K = Lo ol when 7+ p—n = 2s < 2k;
—123
K = 0 , when r+pu—n=2s+1, s<k;
i 1
[ Loy,
K1 = Iy p—n—ok , when r+ p > 2k.
0

Then the pair (K1, /lgz) is regular, ind (K71, /lgg) < 1, and rank(K71) = r + p — n, and
thus (E+BKC, A) isregular, ind(E+ BKC, A) < 1, and rank(E + BKC') = r. Moreover,

T
Eyy O On By

(3.8) Ky I = 1 Ky >0,

or equivalently,
(E+ BKC)'Q=Q"(E+ BKC) >0,

and thus the closed-loop system (2.7) is port-Hamiltonian.

(ii) Obviously, rank(F + BKC) > n — ry forany K € R™*™. Let r be an integer with
n—ry, <7 <mn,and choose K15 =0, Koy =0, Koo = I, F15 =0, Fy; =0, Fy; = —1,
F22 = —I, and

Fll _ |:Ir+u—n 0:| .

It then follows that (Kiq, Ags + Fy1) is regular, ind(Kjq, Aoy + F;;) < 1, and
rank(Ky1) = r + ¢ — n. Hence, rank(E + BKC) = r, (E + BKC, A+ BFC) is regular,
and ind(E + BKC, A+ BF(C) < 1. In addition, (3.8) holds, and thus (E + BKC)TQ > 0.
Moreover,

A4 BFC = (J - R)Q+ BFBYQ =[J - (R— BFB"))Q,
and
QT(R—-BFBT)Q = QTRQ — QTBFBTQ > 0.
Therefore, the closed-loop system (2.8) is port-Hamiltonian. 0
The condensed form (3.5) is computed using only orthogonal transformations, and so

it can be implemented as a numerically reliable algorithm. The Schur form (3.7) can be
computed as follows:
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Algorithm.
i) Compute the QR factorization

{Cm] _ {Ln L12} {R]
Aso Loy Loo| |0

where Ell ém] is orthogonal and R is nonsingular. Then L;; and Ly, are
21 22
nonsingular (see, e.g., [11]), and
AosCry = LoiLyy = —Lay Ly, Byl AnCiy' = =By (L) ™' Li,.

ii) Compute the QR factorization

L L
—LLBy LT =[R o] |7 2,
gt 1G] = (R o) [f g
L11 L2 . . . . . .
where r Lo is orthogonal and R is nonsingular. Then again £1; is nonsingu-
21

lar (see [11]), and
B  AaCryt = L7 L1

Compute Efllﬁlg using the Cosine-Sine decomposition (see [14]) of £1; and L5
and then compute the real Schur form (3.7).

All computations, and hence the numerical construction of the matrices K and F' in Theo-
rem 3.2, can be implemented in a numerically reliable way.

REMARK 3.6. An important feature of Theorems 3.1, 3.2, 3.5, and the construction of
the feedback matrices is that the computation of the matrix @ in (2.4) is not directly involved
because this would be computationally difficult.

4. Concluding remarks. We have presented necessary and sufficient conditions for the
regularization of port-Hamiltonian descriptor systems by derivative and/or proportional output
feedback. All results are derived based on condensed forms that can be implemented using
only orthogonal transformations and hence as numerically reliable algorithms.

Appendix A. Proofs of the Lemmas.
A.1. Proof of Lemma 3.3.
Proof. We again give a constructive proof that can be directly implemented as a numerical
method. First, observe that
m = r. = rank(C) = rank(BT Q) < rank(B) = r, < m,
so that
re = rank(C) = rank(B) = rp = m.

The construction of U, V', and W proceeds as follows: Determine orthogonal matrices U
and V7 such that

ED o
0 0

E(l) = UIE‘/I = :: |:
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Partition the matrices analogously as

v B(l) Te n—re
BV =UB= [B%n ] cO=cvi= [V ).
2

n—re

Note that by rank [E} =n,C =BTQ,and ETQ = QTE > 0, it follows that

C

rank(Cz(l)) =n-—r.

and
o Q(l) 0
QY =tQvi= [Q%b |-
e 21 292

Compute an orthogonal matrix W such that

To+Te—N N—T¢

1 W 2
and partition the matrix

Tob+re—m MN—Te

2 2

B® — B}" wo Biy B}
B{M nr.| 0 B

2 e 22

accordingly. Then by C' = BTQ it follows that

Te n—re
(2)
re+re—n | C 0
IR A
e Gy Cp

2 2 1
Cz(z) = (Béz))TQéz)-

Since rank(Cél)) =n — r, it follows that rank(CQ(g)) = rank(Cél)) =n — r,, and conse-
quently, rank(Bg)) =n —r.and lez) is nonsingular. Note that rank(C') = rank(B) = m,

SO we obtain
rank(C’g)) = rank(Bﬁ)) =re+ry — M.

Compute orthogonal matrices U, and V5 such that

@_|0 @y, _
UQBH - |:le] ) 011 V2 - [0 Cl?] )
where By, Chg € R(retm—n)x(re+76—n) are nonsingular.

Partition the matrices

n—rp Te+Tp—n
n—ry [ Eyy I 5P

— (1)
By En }‘UZEHV%

Tet+Tp—n
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B n—ry Te+Tp—n
2 n—rgy 2
U2B§2) = TetTp—n |:B;z :|7 Oél)‘/Q = [ 021 022 ]’
and
U \%
332235?7 0232053)7 U= [ 2 1—] Ui, V=W [ 2 I}
accordingly.
Using E7Q > 0 and C = BT Q, it follows that
n—rp Te+Tpb—N N—Te
n—ry Q11 Q12 0
UQV = retm—n| 0 Q22 0 1,
n—re Q31 Q32 Q33
as well as

Cia = B3 Qa2, Ca3 = B1,Qs3,

which together with the nonsingularity of C'12, Ca3, Be1, and B3, implies that (Q95 and Q33
are nonsingular. In the following, we show that F/; is nonsingular by employing that

[Qu Qu]T{En Eqo
0 Q2 Ey1  Eap

We may assume, without loss of generality, that

E

Q2 =1, Qu = [é 8} , Q12 = {2] ;

and
El, E? E!
ma-lgh ] me-[E] -l m
Then,
T El, E? FEi
Q11 Q12 By B A T T2
0 0 P 0 0 0| >0,
22 21 B - - -
En E} Ex
and thus,
rank(Ey,) = rank [E}; E}, El], F1, is nonsingular,
and
E} =0, B3 = ZT B} + Z3 B, + B3, = Z3 B}, + E3, =0,
ie.,
E4
E} =0, F3 =-ZIE},, rank(E})) = rank [Eél} , and EY, is nonsingular.
12

Hence, F1; is nonsingular. O
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A.2. Proof of Lemma 3.4.

Proof. Set
I 0 —BpBy' (1 |
X=1|0 1T 0 U1 Uao U,
00 I I
I Vo I 0 0]
Y=V Vaa 0 I 0
I| [-C3'Cor 0 1]
Then
[En 0 0 1‘:111 A A
XEY = 0 E22 0 5 XAY = 421 A22 A23 )
L0 0 0 As1 Aszy Ass
[0 0 A
(A.1) XBW = By, Bl . WTCY:{O Ciz 0 ]
0 B 0 Co Cos
L 32

Note that F1; is nonsingular, so Uss and Vo are nonsingular; see [11]. Hence, Bgl and C’lg
are nonsingular. It follows from E7Q > 0 and C = BTQ that

n—rp Te+Tp—n n—re

n—ry Q11 0 0
X TQY = retro—n| 0 Qoo 0o |,
n—re 0 Q32 D933

where Qo and Q33 are nonsingular, and
Ef 011 >0, EL Q99 > 0.
From C = BTQ and ATQ + QT A < 0, it follows that

(A2) Fl? 0 ] - {321 Bzzr [922 0 }
' Caa  Cos 0 Bz Q30 Qss|’
{Am A23]T {sz 0 } + {Qm 0 ]T [Azz A23] <0
Aszy  Ass Q32 Os3 Q30 Q3| |Aszx Asz| — 7
This implies that
o s
Qo 0 Iz Qo 0
A z— 2 0]
{Qsz 933} To—H [ Q32 Q33 ]

Then it follows that
N R . T - A
Cia O } ( [321 322} ) {922 0 } [612 0 }
wT |2 Z2=\Zz w 2| = ,
{022 Ca3 0 Bs Qg2 a3 Cao Ca3

where C19 = BQTI ng and Co3 = ng Q33 are nonsingular and furthermore, QQQ and Qgg are
also nonsingular. a
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