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MONOLITHIC AND BLOCK OVERLAPPING SCHWARZ PRECONDITIONERS
FOR THE INCOMPRESSIBLE NAVIER–STOKES EQUATIONS∗

ALEXANDER HEINLEIN†, AXEL KLAWONN‡§, JASCHA KNEPPER‡§, AND LEA SAßMANNSHAUSEN‡§

Abstract. Monolithic preconditioners applied to the linear systems arising during the solution of the discretized
incompressible Navier–Stokes equations are typically more robust than preconditioners based on incomplete block
factorizations. A lower number of iterations and a reduced sensitivity to parameters such as velocity and viscosity
can significantly outweigh the additional cost for their setup. Different monolithic preconditioning techniques are
introduced and compared to a selection of block preconditioners. In particular, two-level additive overlapping Schwarz
methods (OSM) are used to set up monolithic preconditioners and to approximate the inverses arising in the block
preconditioners. GDSW-type (Generalized Dryja–Smith–Widlund) coarse spaces are used for the second level.
These highly scalable, parallel preconditioners have been implemented in the solver framework FROSch (Fast and
Robust Overlapping Schwarz), which is part of the software library Trilinos. The new GDSW-type coarse space
GDSW? is introduced; combining it with other techniques results in a robust algorithm. The block preconditioners
PCD (Pressure Convection-Diffusion), SIMPLE (Semi-Implicit Method for Pressure Linked Equations), and LSC
(Least-Squares Commutator) are considered to varying degrees. The OSM for the monolithic as well as the block
approach allows for the optimized combination of different coarse spaces for the velocity and pressure components,
enabling the use of tailored coarse spaces. The numerical and parallel performance of the different preconditioning
methods for finite element discretizations of stationary as well as time-dependent incompressible fluid flow problems
is investigated and compared. Their robustness is analyzed for a range of Reynolds and Courant–Friedrichs–Lewy
(CFL) numbers with respect to a realistic problem setting.

Key words. Navier–Stokes, monolithic preconditioner, block preconditioner, overlapping Schwarz, domain
decomposition methods, GDSW-type coarse spaces, PCD, SIMPLE, LSC, Trilinos, FROSch, Teko
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1. Introduction. Mixed finite element discretizations of the incompressible Navier–
Stokes equations lead to systems of saddle-point structure with the unknowns consisting of
velocity and pressure variables. We introduce several monolithic preconditioning techniques
and present comparisons with a selection of block preconditioners, where one of the key
ingredients is finding a suitable approximation of the Schur complement arising from a block
factorization. In particular, two-level additive overlapping Schwarz methods are used to
set up monolithic preconditioners and to approximate the inverses that appear in the block
preconditioners. For the first time, this work combines different types of coarse spaces for
the velocity and pressure components of the two-level overlapping Schwarz methods, which
improves the robustness for the monolithic preconditioner. By varying Reynolds and CFL
numbers in a well-known benchmark problem as well as in a realistic setting, the robustness
of the monolithic and block overlapping Schwarz approaches is studied and compared.

We consider the transient and stationary cases of the Navier–Stokes equations. Newton’s
method is used for linearization, and the finite element method is used to obtain a discrete
saddle-point system. The discretization with respect to the velocity and pressure space is
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based on P2-P1, Q2-Q1, Q2-P1-disc., or stabilized P1-P1 or Q1-Q1 elements. We solve the
linearized saddle-point system using the Generalized Minimal Residual (GMRES) Krylov
subspace method [73]. The resulting linear system is ill-conditioned, which motivates the use
of suitable preconditioners.

To compare the preconditioners, we show weak scalability results, vary the choice of
coarse spaces for the second level of the Schwarz method, and offer recycling strategies for
coarse-problem components (for example, the reuse of symbolic factorizations). Furthermore,
we show results for a range of Reynolds and CFL numbers for different finite element
discretizations and for structured and unstructured geometries and domain decompositions.
Finally, we give strong scalability results for one problem.

Various approaches to build efficient discretizations and solvers for the incompressible
Navier–Stokes equations exist; see, for example, [5, 6, 7, 13, 26, 35, 36, 38, 39, 56, 63]. Due
to the vast number of different possibilities, we limit ourselves to a selection of discretizations,
solution processes, and preconditioners. Compared to monolithic preconditioning approaches,
there exists extensive research on block preconditioners; see, for example, [9, 14, 26, 28, 29,
30, 53, 54, 55, 58, 59, 75] for a variety of block-preconditioning approaches in the literature.

Since the assembly of the exact Schur complement is usually too expensive, finding a
suitable approximation of the Schur complement for the construction of block preconditioners
is an integral task; see Section 3. In this work, we consider different Schur complement
approximations. For the application of the resulting block preconditioners, the action of
the inverses of block matrices is required. These inverses are further approximated with a
two-level additive overlapping Schwarz method [76, 77].

The definition of a suitable approximation is highly problem-dependent. For a Stokes
problem, a different preconditioner can be used than for a Navier–Stokes problem; in particular,
the nonlinearity—influenced by the Reynolds number—plays a vital role. The preconditioning
approach can vary if the problem is stationary or time-dependent, if Newton’s method is used
for linearization or a Picard iteration, if the flow is compressible or incompressible, Newtonian
or non-Newtonian, and also the choice of the time and space discretization matters.

When dealing with a steady-state Stokes problem and a stable discretization, the Schur
complement can be replaced with a spectrally equivalent scaled pressure mass matrix; see [28,
59]. Consequently, for low Reynolds numbers, we may expect that the pressure mass matrix
achieves sufficiently good results. For higher Reynolds numbers, the pressure mass matrix
cannot account for the dominating advective forces. Therefore, for larger advective forces, a
different approximation of the Schur complement should be used.

The considered block methods are the Pressure Convection-Diffusion (PCD) [14, 29, 31,
51, 53, 74, 75] and Least-Squares Commutator (LSC) [25, 29, 30, 31, 74] triangular block
preconditioners and the SIMPLE (Semi-Implicit Method for Pressure Linked Equations) [14,
26, 67, 69, 74] preconditioner. In this work, we restrict ourselves to the SIMPLE variant
SIMPLEC and note that variations such as SIMPLER exist; see, for example, [21, 64, 74].
These methods each pursue a different approach to finding a suitable approximation of the
Schur complement. In the Trilinos package Teko, the desired block preconditioners are
predefined and can also be combined with other techniques (e.g., algebraic multigrid) for
individual blocks [12, 13].

In a monolithic approach, the preconditioner is built for the entire saddle-point sys-
tem [40, 41, 50, 57, 58]. Consequently, a Schur complement approximation, as for block
preconditioners, is not required. Both preconditioning techniques can be extended to handle
related problems, such as fluid-structure interaction.

An area of application is the simulation of realistic hemodynamics. This can entail
varying viscosities and high velocities leading to Reynolds numbers up to a few thousand; see
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also [14] for parallel preconditioners in the context of hemodynamics. A preconditioner that is
robust to changes in the velocity and Reynolds number—for example due to heartbeats—is
advantageous. An additional emphasis is placed on achieving parallel scalability.

The remainder of the paper is organized as follows. In Section 2 we introduce the
Navier–Stokes equations along with the boundary conditions used in this work, describe
the discretization in space and time, and describe the Newton–Krylov method used to solve
the nonlinear problem. In Section 3 we derive the block preconditioners that are used later
to obtain numerical results. The inverse of the monolithic system and inverses that arise
during the construction of block preconditioners are approximated with additive overlapping
Schwarz preconditioners; a detailed description is given in Section 4. Different coarse spaces
that can be used for the coarse level of the overlapping Schwarz method are specified in
Section 4.1. Specifically, we make use of the coarse spaces GDSW [17, 18], RGDSW [20, 41],
and we introduce the new variant GDSW?. A description of the parallel implementation is
given in Section 5. It consists of the FEDDLib [34], which is used for the assembly and
as a simulation tool that interfaces Trilinos, and the Trilinos packages for block and
monolithic preconditioning: Teko is used for block preconditioners and FROSch contains
overlapping Schwarz preconditioners used to approximate the inverse of the monolithic system
and the inverses arising in the block preconditioners. Section 6 contains results for different
problem settings. We consider a backward-facing step geometry for stationary and transient
fluid flow and a realistic artery. In both test cases, we consider Reynolds numbers between 200
and 3 200 and a range of CFL numbers to test the robustness of the solvers. The results indicate
that, using a combination of the new coarse space GDSW? for the velocity with RGDSW
for the pressure, our monolithic preconditioner is more robust than the considered block
preconditioners PCD, LSC, and SIMPLEC. In a realistic setting, varying the hemodynamic
properties via the viscosity or Reynolds number, the monolithic approach performs best.
Specifically, the total number of linear iterations is lower. Despite a higher cost to set up the
monolithic preconditioner, the total computation time is usually lower; particularly for high
CFL numbers, the difference is significant.

2. The Navier–Stokes equations. We consider the transient, incompressible Navier–
Stokes equations to model a Newtonian fluid given by

ρ
(∂u
∂t

+ (u · ∇)u
)
− µ∆u +∇p = ρf ,

div(u) = 0,
(2.1)

with velocity u, pressure p, density ρ, dynamic viscosity µ, and volume force f . The kinematic
viscosity is given by ν = µ

ρ . If the set of equations (2.1) reaches a steady state for t → ∞,
then we have ∂tu = 0 and obtain the stationary Navier–Stokes equations

ρ(u · ∇)u− µ∆u +∇p = ρf ,

div(u) = 0.
(2.2)

We denote the fluid domain by Ω ⊂ R3 and its boundary by ∂Ω. We assume that there are
subsets ∂Ωin, ∂Ωout ⊂ ∂Ω, which denote the inflow and outflow parts of the boundary. We
assume that ∂Ωin and ∂Ωout have a positive surface measure. On ∂Ωin a velocity field is
prescribed for u; on ∂Ωout the Neumann boundary condition

ν∇u · n− pn = 0 on ∂Ω out

is prescribed. The other boundaries of the fluid domain are walls, ∂Ωwall ⊂ ∂Ω, which prevent
fluid from leaving the computational domain. We use a no-slip condition, such that u = 0 on
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∂Ωwall. We have

∂Ω = ∂Ωin ∪ ∂Ωout ∪ ∂Ωwall

and

∂Ωin ∩ ∂Ωwall = ∅, ∂Ωout ∩ ∂Ωwall = ∅, ∂Ωin ∩ ∂Ωout = ∅.
2.1. Finite element and time discretization. For the spatial discretization of the incom-

pressible fluid flow problem, we use different pairs of mixed finite elements. We partition the
domain with characteristic mesh size h into tetrahedra or hexahedra. Let τh := τh(Ω) denote
the triangulation, Pk(T ) the polynomial space of order k, and Qk(T ) the polynomial space of
order up to k in each coordinate direction. For the partition into tetrahedral elements, we use
continuous and either piecewise linear or quadratic functions for the velocity space,

Vh
Pk(Ω) =

{
vh ∈

(
C(Ω)

)3 ∩ (H1(Ω)
)3

: vh|T ∈
(
Pk(T )

)3 ∀T ∈ τh}, k ∈ {1, 2}.

Similarly, we can define the velocity space for hexahedral elements,

Vh
Qk(Ω) =

{
vh ∈

(
C(Ω)

)3 ∩ (H1(Ω)
)3

: vh|T ∈
(
Qk(T )

)3 ∀T ∈ τh}, k ∈ {1, 2}.

The continuous and piecewise linear pressure spaces for the different partitions are defined as

QhP1(Ω) =
{
qh ∈ C(Ω) ∩ L2(Ω) : qh|T ∈ P1(T ) ∀T ∈ τh

}
,

QhQ1(Ω) =
{
qh ∈ C(Ω) ∩ L2(Ω) : qh|T ∈ Q1(T ) ∀T ∈ τh

}
.

Additionally, we consider the combination of Q2-P1-disc., where the pressure space consists
of discontinuous piecewise linear functions:

QhP1-disc.(Ω) =
{
qh ∈ L2(Ω) : qh|T ∈ P1(T ) ∀T ∈ τh

}
.

If the type of element is unspecified, then we write Vh and Qh for the velocity and pressure
space, respectively. Let uh ∈ Vh and ph ∈ Qh be the approximations of the solutions u
and p. Then the resulting variational formulation for the stationary case (2.2) is as follows:

Find uh ∈ Vh and ph ∈ Qh such that

ν

∫
Ω

∇uh :∇vh dx+

∫
Ω

((uh · ∇)uh) · vh dx−
∫

Ω

ph(∇ · vh) dx =

∫
Ω

f · vh dx ∀vh ∈ Vh,∫
Ω

qh(∇ · uh) dx = 0 ∀qh ∈ Qh.

We denote by ϕ1, . . . ,ϕNu
the finite element basis of Vh and by ψ1, . . . , ψNp

the basis of
Qh. Then, we can write

uh(x) =

Nu∑
i=1

uiϕi(x) and ph(x) =

Np∑
i=1

piψi(x).

We will also refer to the corresponding coefficient vectors of uh(x) and ph(x) as uh and ph,
respectively. We define the following matrix operators corresponding to the weak formulation,

A = [aij ], B = [bij ], N(uh) = [nij(uh)],

aij =

∫
Ω

∇ϕi : ∇ϕj dx, bij = −
∫

Ω

ψi(∇ ·ϕj) dx, nij(uh) =

∫
Ω

((uh · ∇)ϕj) ·ϕi dx
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and obtain with the discretization fu of f the system of linear equations for the stationary
Navier–Stokes equations,

(2.3)
[
FO(uh) BT

B 0

] [
uh
ph

]
=

[
fu
0

]
,

with FO(uh) = νA + N(uh). The resulting Picard iteration with the iterates ukh and pkh
reads [29, p. 346] [

FO(ukh) BT

B 0

] [
uk+1
h

pk+1
h

]
=

[
fu
0

]
,

defining the discretized Oseen problem. We apply the Newton method to solve the nonlinear
problem:

Solve: J (Xk)δXk = −R(Xk),

Update: Xk+1 = Xk + δXk,

where the δ-notation is defined as δXk := Xk+1 − Xk. The Newton residual R for the
stationary case is defined as

Rstat
(
ukh, p

k
h

)
=

[
FO(ukh) BT

B 0

] [
ukh
pkh

]
−
[
fu
0

]
.

We need to linearize (2.3) by adding an additional term W (ukh) to FO(ukh) from the derivative
of the convection term,

W (ukh) = [wij(u
k
h)], wij(u

k
h) =

∫
Ω

((ϕj · ∇)ukh) ·ϕi dx,

with the velocity solution from the previous kth Newton step ukh. This leads to

J
(
ukh
) [δukh
δpkh

]
=

[
FN (ukh) BT

B 0

] [
δukh
δpkh

]
= −Rstat

(
ukh, p

k
h

)
,

with FN (ukh) = FO(ukh) + W (ukh). For transient problems we include the BDF-2 time
discretization [37] and expand the system to

(2.4) J
(
uk,n+1
h

)[δuk,n+1
h

δpk,n+1
h

]
= −Rstat

(
uk,n+1
h , pk,n+1

h

)
+

[
2

∆tMuu
n
h − 1

2∆tMuu
n−1
h

0

]
,

where Mu is the velocity mass matrix, unh and un−1
h are the solutions of the last two time

steps, and

J
(
uk,n+1
h

)
=

[
3

2∆tn
Mu + FN (uk,n+1

h ) BT

B 0

]
.

The resulting saddle-point problem for the different discretizations has the generic form

(2.5) F :=

[
F BT

B −C

]
,
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where the fluid component F depends on the underlying problem setting and C 6= 0 in case of
a discretization that is not inf-sup stable.

We focus on three-dimensional problems for which the P2-P1, Q2-Q1, and Q2-P1-
disc. finite element pairs satisfy the inf-sup condition; cf. [8]. In case of the non inf-sup stable
finite elements P1-P1 and Q1-Q1, the Bochev–Dohrmann stabilization [16] is used, which
penalizes nonphysical pressure variations by inserting a pressure term into the conservation of
mass equation (see [16, Section 2] and [50, Section 5.6.1]). Its bilinear form reads

C(p, q) =
1

ν

∫
Ω

(p− ρ0p)(q − ρ0q) dx ∀q ∈ L2(Ω),

where ρ0 is an L2-orthogonal projection onto the space P0(τh) of discontinuous, piecewise
constant functions; the projection is given by

(ρ0q)|T =

(∫
T

1 dx

)−1 ∫
T

q dx ∀T ∈ τh(Ω),

which can be computed efficiently due to its independent definition on each element T ∈τh(Ω).
As a measure that indicates how much information travels through a computational grid

cell per unit time, that is, a relation of the velocity of transport, time step, and mesh resolution,
we define a Courant(–Friedrichs–Lewy)-type number (CFL) for structured meshes as

cCFL(t) =
uh∞(t)∆t

h
, uh∞(t) = max

xh∈τh(Ω)
‖uh(xh, t)‖2,

where xh is a finite element node. For an unstructured mesh, we take varying element sizes
and shapes into account and use

cCFL(t) = max
T∈τh(Ω)

cCFL,T (t),

cCFL,T (t) =
uh∞(T, t)∆t

dI(T )
with uh∞(T, t) = max

xh∈T
‖uh(xh, t)‖2,

where T ∈ τh(Ω) is a finite element and dI(T ) is the diameter of the largest incircle of T .
We will also use the average of cCFL,T (t) over all elements T ∈ τh(Ω), denoted by

cCFL,avg(t). By cCFL and cCFL,avg, we refer to the corresponding maximum CFL numbers
over time. In case the CFL number is too large, instability or unphysical behavior may be
encountered. Generally, implicit time-stepping schemes are more stable with respect to the
CFL number. High CFL numbers tend to be more demanding for preconditioners; see, for
example, [12, Figure 9] and Figures 6.13 and 6.14.

2.2. The inexact Newton method: Newton–Krylov. We apply an inexact Newton
method [23] by solving the linearized system with a Krylov subspace method up to a certain
tolerance; specifically, we employ the generalized minimal residual (GMRES) method [73].
With an initial guess for δXk, we use GMRES to solve

‖J (Xk)δXk +R(Xk)‖2 ≤ ηk‖R(Xk)‖2, ηk ∈ [0, 1),

and update the Newton iterate via Xk+1 = Xk + δXk. The linear solver tolerance ηk can
be constant throughout the Newton iterations or change between consecutive iterations. In
the second case, ηk is referred to as forcing term [24], which can change depending on the
underlying strategy. We use the Choice 2 forcing term from [70],

ηk = γ

(
‖R(Xk)‖2
‖R(Xk−1)‖2

)α
,
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with γ ∈ [0, 1] and α ∈ (1, 2]. To make use of this strategy, we select an η0 ∈ [0, 1) for the
first iteration. We impose a lower and upper bound for the forcing term by

(2.6) max
{
γηαk−1, ηmin

}
≤ ηk ≤ ηmax,

with prescribed bounds ηmin and ηmax.

3. Block preconditioners. We introduce a block LDU decomposition of the Navier–
Stokes saddle-point problem (2.5),

(3.1) F =

[
F BT

B −C

]
=

[
I 0

BF−1 I

] [
F 0

0 S

] [
I F−1BT

0 I

]
,

where S = −C −BF−1BT is the Schur complement. Generally, we seek to replace F and
the Schur complement S by suitable approximations F̂ and Ŝ that facilitate the computation
of F̂−1 and Ŝ−1. Suitable approximations depend on the problem setting. The approximation
of F−1 will be based on a Schwarz preconditioner (see Section 4) and the approximation of
S−1 on the approaches LSC, PCD, SIMPLE, and SIMPLEC. These preconditioners contain
inverses of matrices that will be further approximated with a Schwarz method. A resulting
upper block-triangular preconditioner reads

(3.2) B−1
Tri =

[
F̂ BT

0 Ŝ

]−1

=

[
F̂−1 −F̂−1BT Ŝ−1

0 Ŝ−1

]
,

which encapsulates the process of block Gaussian elimination.
For a Navier–Stokes problem with kinematic viscosity ν, velocity v, and a characteristic

length L (for example, the diameter of a vessel), the Reynolds number is defined as

(3.3) Re =
vL

ν
.

For steady-state Stokes problems and a stable discretization, the Schur complement can be
replaced with the spectrally equivalent, scaled pressure mass matrix − 1

νMp [28, 59]. We
may thus expect that this approach also works well for small Reynolds numbers. For higher
Reynolds numbers, the pressure mass matrix cannot account for the dominating advective
forces in F . Therefore, for larger advective forces, a different approximation of the Schur
complement should be used. We present the PCD (Pressure Convection-Diffusion) and
LSC (Least-Squares Commutator) block-triangular preconditioners and the SIMPLE method
(Semi-Implicit Method for Pressure Linked Equations) in the following sections.

The PCD and LSC Schur complement approximations are motivated by finding a suitable
approximation of F−1, which is used to construct the Schur complement. Here and in the
following, for the construction of approximations of F−1, we assume that F = FO, the
discrete Oseen operator. In an implementation, however, we will use the general F in (2.5)
that includes an additional term from the Newton linearization. For the time discretization,
see (3.9).

The discrete Oseen operator is the discretization of a convection-diffusion differential
operator for the velocity,

L := −ν∆ + wh · ∇,
where wh is the approximation to the velocity solution from the previous nonlinear iteration.
The discretization of L corresponds to F (wh) = νA+N(wh). We denote the corresponding
differential operator on the pressure space by

Lp := (−ν∆ + wh · ∇)p.
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TABLE 3.1
Operators appearing in the different preconditioning strategies. These operators are usually further approxi-

mated; for example, F−1 can be approximated with a Schwarz method. Often the inverse of a mass matrix M is
replaced by HD

M = diag(M)−1, the inverse of the diagonal entries of M . Then, an elaborate strategy (e.g., a
Schwarz method) for the approximation of M−1 is not necessary.

Operator Monolithic PCD SIMPLE/SIMPLEC LSC LSCAp
LSCstab,Ap

F−1 X

F−1 X X X X X

A−1
p X X X

M−1
p X

M−1
u X X X

ρ−1
eig D

−1 X

(BM−1
u BT )−1 X

(−C −BHFB
T )−1 X

Its discretization is given by Fp(wh) = νAp +Np(wh) = [fp,ij(wh)], with

fp,ij(wh) = ν

∫
Ω

∇ψj · ∇ψi dx+

∫
Ω

(wh · ∇ψj)ψi dx.

Using the convection-diffusion operators, we can define a commutator [29, (9.13)]

(3.4) E := ∇ · (−ν∆ + wh · ∇)− (−ν∆ + wh · ∇)p∇ ·

to find an approximation Ŝ of the Schur complement S. Note that it is assumed that the
differential operators are applied to functions that are sufficiently regular; they are not well
defined for the finite element spaces used.

We suppose that the commutator (3.4) is small in some sense in order to define the PCD
and LSC preconditioners. The PCD Schur complement approximation is derived from a
discretization of the commutator. In turn, to define LSC, the matrix Fp is replaced with a new
matrix that makes (3.4) small in a least-squares sense.

Table 3.1 lists the matrices that are required to set up the different preconditioners that are
introduced in the following sections; these matrices are usually further approximated via, for
example, lumping or a Schwarz method.

3.1. PCD (Pressure Convection-Diffusion). We present a derivation following [74]
and [29, Chapter 9] of the pressure convection-diffusion preconditioner, which was introduced
in [53, 75].

In the velocity space with zero boundary conditions, the matrix representation of the
discrete divergence operator is −M−1

p B, and M−1
u BT is the representation of the discrete

gradient operator [29, p. 409]. Mu is the velocity mass matrix and Mp the pressure mass
matrix:

Mu = [mu
ij ], mu

ij =

∫
Ω

ϕi ·ϕj dx, Mp = [mp
ij ], mp

ij =

∫
Ω

ψiψj dx.

With these representations, we can define a discrete version of the commutator (3.4):

(3.5) Eh = (M−1
p B)(M−1

u F )− (M−1
p Fp)(M

−1
p B).
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Suppose that the commutators E and Eh are small in some operator norm (cf. [29, Remark 9.5]
and Section 3.2). Pre-multiplication of (3.5) with MpF

−1
p Mp, post-multiplication with

F−1BT , and assuming that the commutator is small leads to the Schur complement ap-
proximation

(3.6) −BF−1BT ≈ −MpF
−1
p BM−1

u BT .

Note that F is not symmetric and that, in this work, the approximation sign is not meant
to denote spectral equivalence but that the difference is approximately zero in some matrix
norm. We require the application of the inverse of the Schur complement, that is, also of its
approximation BM−1

u BT . This expensive part is replaced with the pressure-Laplace operator
Ap, which is spectrally equivalent for an enclosed-flow problem (cf. [29, p. 366] and [74]):

qThApph = 〈∇ph,∇qh〉L2
≈ 〈M−1

u BT ph,M
−1
u BT qh〉Mu

= 〈BT ph,M−1
u BT qh〉l2

= qThBM
−1
u BT ph.

This gives us

(3.7) S = −BF−1BT ≈ −MpF
−1
p Ap =: SPCD.

Then, we can define the PCD block-triangular preconditioner

B−1
PCD =

[
F BT

0 SPCD

]−1

.

As in [75] we can extend the operator Fp to also reflect the contribution of the BDF-2
time discretization for a transient Navier–Stokes problem:

(3.8) Fp(wh) =
3

2∆t
Mp +Np(wh) + νAp.

The motivation is similar to before; the commutator is extended to

(3.9) E = ∇ ·
( ∂
∂t
− ν∆ + wh · ∇

)
−
( ∂
∂t
− ν∆ + wh · ∇

)
p
∇ ·

to include a time derivative.
Note that the definition of SPCD is based on the assumption of a small error between the

operators L and Lp. This is only directly applicable to the fixed-point method as Newton’s
method introduces an additional term for the linearization. Consequently for Newton’s method,
we cannot necessarily assume the error as defined above to be small. Nonetheless, it is
observed that Newton’s method combined with PCD preconditioning yields good results; see,
for example, [29, Chapters 9.3, 9.4].

3.1.1. Stabilized discretizations. For elements that are not inf-sup stable, the PCD
preconditioner also extends to stabilized approximations (e.g., P1-P1); see [29, Chapter 9]. A
small commutator E (see (3.4)) implies

(3.10) ∇ · (−ν∆ + wh · ∇)−1∇ ≈ (−ν∆ + wh · ∇)−1
p ∇ · ∇ .

Similarly to before, the left-hand side of (3.10) can be expressed discretely as

(−M−1
p B)(M−1

u F )−1(M−1
u BT ) = M−1

p (−BF−1BT ).
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This is the scaled Schur complement matrix in the case of unstabilized mixed finite element
approximations. If our discretization is stabilized, then the Schur complement expands to
S = −BF−1BT − C so that we obtain

M−1
p (−BF−1BT − C)

for the left-hand side of (3.10). For the right-hand side we get

(M−1
p Fp)

−1(−M−1
p B)(M−1

u BT ) = F−1
p (−BM−1

u BT ).

Thus, for stabilized elements, we have

M−1
p (−BF−1BT − C) ≈ F−1

p (−BM−1
u BT ).

The matrix −BM−1
u BT stems from the discretization of ∇ · ∇, but it is not a good repre-

sentation of a discrete Laplacian in cases where the underlying mixed approximation is not
uniformly stable [29, Chapter 9, p. 369]. Furthermore, for inherently unstable discretizations,
highly oscillating components are in the null space of BT , and, consequently, BM−1

u BT

is singular. However, we can fix this by using −Ap as a more direct discretization of ∆ as
described in the previous section. As a result, in the stabilized case, we obtain the Schur
complement approximation S ≈ −MpF

−1
p Ap = SPCD, which is the same as in the stable

case; cf. [12, p. 351].

3.1.2. Boundary conditions. The assembly of the original Schur complement S contains
information about the boundary conditions. Similarly, we need to account for this information
in the components of SPCD. For a detailed discussion on this topic, we refer to [29, 31], where
different boundary conditions are considered. Originally in [53], Fp and Ap were constructed
with Neumann, i.e., do-nothing boundary conditions. Then, based on the analysis of a one-
and two-dimensional problem, other boundary conditions were derived; see [29, 31].

The derivation of the preconditioner using homogeneous Neumann boundary conditions
is based on enclosed-flow problems (e.g., lid-driven cavity). Consequently, we should expect
it to perform better in these types of problems compared to non-enclosed-flow problems. In
inflow and outflow problems, Ap and Fp can be treated using different boundary conditions
to improve performance. Note that Ap is not only used in the PCD Schur complement
approximation −MpF

−1
p Ap but also for the assembly of Fp = 3

2∆tMp + Np + νAp. The
setup of the two instances is based on the same Neumann matrix corresponding to Ap, but,
subsequently, boundary conditions are set separately for Ap in SPCD and for Fp. We review a
few results from [29, 31, 51]. The main idea is to construct Fp (3.8) and Ap as though they
come from the corresponding boundary value problem. For the discrete Laplace operator Ap,
forcing the discrete pressure ph to satisfy a homogeneous Dirichlet boundary condition along
the outflow boundary of ∂ΩN is recommended; see [29]. For the ∂ΩD = ∂Ω \ ∂ΩN -part of
the boundary of the domain, a Neumann condition ∂ph

∂n = 0 should be applied in Ap. For the
discrete convection-diffusion operator Fp, it is suggested that the Robin condition

−ν ∂ph
∂n

+ (wh · n)ph = 0

for all boundary edges is appropriate; see, for example, [29, 31]. Note that this includes edges
where Dirichlet velocity boundary conditions are applied, such as the inflow boundary or
the walls. The use of Dirichlet conditions for Fp along the outlet ∂ΩN can be beneficial.
In [31, Section 7] different boundary conditions for Fp were discussed, and the use of a Robin
boundary condition along the inlet and Dirichlet boundary conditions along the outlet showed
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TABLE 3.2
Boundary conditions used in the PCD preconditioner. Different strategies for setting homogeneous boundary

conditions in Ap and Fp denoted as D: Dirichlet, N: Neumann, and R: Robin. The default strategy (BC-3) is
highlighted.

Ap Fp

∂Ωout ∂Ωin ∂Ωwall ∂Ωout ∂Ωin ∂Ωwall

(BC-1) D N N D N N
(BC-2) D N N D R N
(BC-3) D N N N R N

good results for Reynolds numbers between 10 and 100. For higher Reynolds numbers in the
range of 200 to 400, results for Robin on the inlet and Neumann boundary conditions on the
outlet proved best. In [13], using a similar implementation to ours, the use of scaled Dirichlet
conditions was motivated. Other scaling options are mentioned in [31].

Since it is widely emphasized [13, 29, 31, 51] that the boundary conditions applied to
PCD can have a substantial effect on the convergence (see also Table 6.7), we will consider
the options in Table 3.2 for simulations but keep the recommended one (BC-3) as a default,
where Ap has a Dirichlet condition on the outlet and Fp a Robin condition on the inlet.

3.2. LSC (Least-Squares Commutator). The construction of the LSC preconditioner
follows [25, 30] and [29, Section 9.2.3]. Similarly to before, we try to define a suitable
approximation of the Schur complement by reducing the error of a commutator. Unlike in
Section 3, however, we do not use the corresponding discrete commutator directly to define a
Schur complement approximation with the help of a newly assembled matrix Fp. Instead, Fp
is replaced by a matrix that does not require the assembly of an additional matrix (we want to
avoid having to assemble the discrete convection-diffusion operator for the pressure), and this
results in the commutator being small with respect to some norm.

The commutator ε = ∇ · (−ν∆ + wh · ∇)− (−ν∆ + wh · ∇)p∇ · from Section 3 can
be regarded as the adjoint commutator to (cf. [29, Remark 9.3])

ε∗ := (−ν∆−wh · ∇)∇−∇(−ν∆−wh · ∇)p.

This time we base the approximation on the minimization of the commutator in the least-
squares sense. Specifically, we seek to minimize the operator norm

sup
ph 6=0

‖ε∗ph‖L2(Ω)

‖ph‖L2(Ω)
.

Similar to before, we can formulate this in a discrete sense and minimize

(3.11) sup
ph 6=0

‖ε∗hph‖Mu

‖ph‖Mp

, ε∗h = (M−1
u F )(M−1

u BT )− (M−1
u BT )(M−1

p Fp),

where in this context ph corresponds to its coefficient vector, ‖v‖Mu
= 〈Muv,v〉

1
2 , and

‖ph‖Mp = 〈Mpph, ph〉
1
2 . Instead of using Fp as the discrete convection-diffusion operator

for the pressure, we replace it with a matrix that yields a small (not necessarily minimal)
value for (3.11). One way to achieve this is to minimize the individual vector norms of the
columns of the discrete commutator, that is, by defining the jth column [Fp]j of Fp to solve
the weighted least-squares problem

min
[Fp]j

∥∥∥[M−1
u FM−1

u BT
]
j
−M−1

u BTM−1
p [Fp]j

∥∥∥
Mu

.
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The associated normal equations are

M−1
p BM−1

u BTM−1
p [Fp]j =

[
M−1
p BM−1

u FM−1
u BT

]
j
,

which leads to the following definition of Fp:

(3.12) Fp = Mp(BM
−1
u BT )−1(BM−1

u FM−1
u BT ).

Similarly to how we have derived the Schur complement approximation (3.6), we can pre-
multiply ε∗h with BF−1Mu and post-multiply it with F−1

p Mp. Under the assumption that the
commutator is small, we obtain

−BF−1BT ≈ −BM−1
u BTF−1

p Mp.

Substituting Fp from (3.12) into this Schur complement approximation gives

−BF−1BT ≈ −
(
BM−1

u BT
) (
BM−1

u FM−1
u BT

)−1 (
BM−1

u BT
)
.

The approximate inverse of the Schur complement for the LSC block preconditioner for a
stable discretization reads

(3.13) S−1
LSC := −(BM−1

u BT )−1(BM−1
u FM−1

u BT )(BM−1
u BT )−1.

We define the LSC block-triangular preconditioner

B−1
LSC =

[
F BT

0 SLSC

]−1

.

If the mass matrixMu is replaced with the identity matrix, then the resulting Schur complement
approximation,

(3.14) S−1
BFBt = −(BBT )−1(BFBT )(BBT )−1,

is the classical BFBt preconditioner [30], as opposed to the LSC preconditioner being a scaled
BFBt method.

As for the construction of the PCD preconditioner, BM−1
u BT can be replaced with the

pressure-Laplace matrix:

(3.15) S−1
LSCAp

= −A−1
p (BM−1

u FM−1
u BT )A−1

p .

We have chosen to use this replacement strategy in our simulations; cf. Section 5.3.2. As
before, Ap can be assembled using different boundary conditions [29, Section 9.2.2]; see
also [31]. In this work, we will only use (BC-2) for the LSC variants, that is, a Dirichlet
condition at the outflow of the domain.

Stabilization. In non inf-sup stable discretizations, the LSC approach requires some modi-
fication. As mentioned in Section 3.1.1, the approximationBM−1

u BT of the discrete Laplacian
is singular due to the nontrivial null space of BT . In [27, Section 4.2] (see also [12, Sec-
tion 3.3.3] and [26, Section 3.2.2]), a modification was proposed by adding scaled stabilization
operators,

S−1
LSCstab

= −(BM−1
u BT + γC)−1(BM−1

u FM−1
u BT )(BM−1

u BT + γC)−1 − αD−1,
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where, using diag(·) for the diagonal part and ρeig(·) for the spectral radius of a matrix,

γ :=
ρeig

(
M−1
u F

)
3

,

D := diag
(
Ŝdiag

)
, Ŝdiag := −B diag(F )−1BT − C,

α :=
−1

ρeig

(
Ŝdiag,C=0D−1

) , Ŝdiag,C=0 := −B diag(F )−1BT .

As in [12, Section 3.3.3], we replace BM−1
u BT + γC with Ap with no special consideration

for the stabilization matrix C:

S−1
LSCstab,Ap

= −A−1
p (BM−1

u FM−1
u BT )A−1

p − αD−1.

Inverse of the velocity mass matrix. Similar to a strategy applied in the construction of
the SIMPLE preconditioner (see Section 3.3), we approximate the inverse of Mu with one of
the following two matrices: Let δij denote the Kronecker delta. Then

HD
Mu

:= diag(Mu)−1, HΣ
Mu

:= δij
( Nu∑
k=1

|(Mu)i,k|
)−1

.

3.3. SIMPLE. The SIMPLE (Semi-Implicit Method for Pressure-Linked Equations)
preconditioner was originally introduced by Patankar and Spalding in [67] to solve the Navier–
Stokes equations, and the SIMPLE block preconditioner is based on it; see also [26, 71].

First, the lower-triangular and the block-diagonal component of the LDU decomposi-
tion (3.1) are grouped together in an LU decomposition:[

F 0

B S

] [
I F−1BT

0 I

]
.

Then, the inverse of F in the upper-right block is replaced by an approximation HF , which
differs depending on whether SIMPLE or SIMPLEC is used; a SIMPLE variant that is not
covered in this work is SIMPLER [21, 64]. The Schur complement S is approximated with
the matrix SSIMPLE = −C −BHFB

T . The introduction of an under-relaxation parameter α
completes the construction of the preconditioner B−1

SIMPLE:

BSIMPLE =

[
F 0

B SSIMPLE

] [
I 1

αHFB
T

0 1
αI

]
.

HF is a diagonal matrix and depends on the specific SIMPLE variant. We denote the
matrix of the default variant SIMPLE as HD

F and the one of SIMPLEC as HΣ
F :

HD
F = diag(F )−1,(SIMPLE)

HΣ
F = δij

( Nu∑
k=1

|Fi,k|
)−1

.(SIMPLEC)

If we expand F into its parts

F =
3

2∆t
Mu + νA+N +W,

with the velocity mass matrix Mu, the discrete Laplacian−A, and the advective terms N +W ,
then the well-conditioned mass matrix dominates F for small time steps ∆t. Since Mu is
spectrally equivalent to the lumped mass matrix diag(Mu), approximating F via its diagonal
is sufficient for small ∆t. The performance of SIMPLE and SIMPLEC can deteriorate for
stationary flow problems if ∆t is large or if advective forces dominate.
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4. The additive overlapping Schwarz preconditioners. As discussed in Sections 2.1
and 2.2, we solve the Navier–Stokes equations using a Newton–Krylov approach, that is, by
solving the linearized systems arising from Newton’s method using a Krylov method. Since
the tangent matrix (2.5) is not positive definite and generally unsymmetric, we employ the
preconditioned GMRES method [73] as the Krylov method. In Section 3, we have discussed
several options to block-precondition the system matrix (2.5), where each application of a
block-preconditioner requires the separate solution of velocity and pressure systems. For
large-scale problems, it is often unfeasible to use direct solvers for the solution of these subsys-
tems. In this paper, we approximate the involved inverses with overlapping Schwarz domain
decomposition methods. Specifically, we use block Schwarz preconditioners and monolithic
Schwarz preconditioners, the latter of which are constructed by directly employing Schwarz
preconditioners on the system matrix; see Sections 4.2 and 4.3 for details on the block and
monolithic approaches, respectively. For the implementation of both techniques, we employ
the Trilinos package FROSch; cf. Section 5.2. We introduce Schwarz preconditioners
under simplified assumptions, that is, for a linear system

Kx = b,

resulting from the discretization of a Laplacian model problem on the computational domain Ω
using, for example, piecewise linear finite elements with the finite element space V h = V h(Ω).
In this case, the matrixK is symmetric positive definite, and theoretical results for convergence
are available. We refer to [77] for a more detailed introduction. The following construction is
essentially the same for general problems but is not based on a robust theoretical background.

Let Ω be decomposed into nonoverlapping subdomains {Ωi}Ni=1 that are conforming with
the finite element discretization; that is, the closure of every subdomain is the union of its
finite elements. We extend the subdomains by k layers of finite elements, resulting in an
overlapping domain decomposition {Ω′i}Ni=1 with overlap δ = kh. Note that extending the
subdomains by layers of elements is a geometric operation based on the mesh. To only use
information available via the matrix K, the subdomains can be algebraically extended by
iteratively adding those degrees of freedom that are in the neighborhood of the (overlapping)
subdomain, defining neighborhood via the sparsity pattern of K; cf. [42, 44]. For example, if
Ωi is extended by one layer, then, to obtain Ω′i, for all degrees of freedom l in Ωi, degrees of
freedom j for which Kl,j 6= 0 are added to Ωi. This algebraic overlap construction is used
in our implementation. We denote the size of the algebraically determined overlap by δ̂ = k
for k iterations of the overlap-constructing algorithm. Note that in the context of conforming
Lagrange finite elements, δ̂ = k amounts to a geometric overlap of δ = (k + 1)h.

Based on the overlapping domain decomposition, we define a restriction operator
Ri : V h → V hi , i = 1, . . . , N , to map from the global finite element space V h to the lo-
cal finite element space V hi := V h(Ω′i) on the overlapping subdomains Ω′i. Moreover, we
define the corresponding prolongation operator RTi : V hi → V h, which is the transpose of
the restriction operator and extends a local function on Ω′i by zero outside of Ω′i. We define a
second prolongation R̃Ti : The standard additive Schwarz method is given by R̃Ti = RTi . The
restricted additive Schwarz method [10] uses RTi but sets values to zero such that

∑N
i=1 R̃

T
i Ri

is the identity operator. In this work, we define R̃Ti to satisfy the identity-operator property
via an inverse multiplicity: A row of RTi corresponding to the finite element node xh is scaled
with the inverse of |{j ∈ {1, . . . , N} : xh ∈ Ω′j \ ∂Ω′j}|, where | · | is the cardinality of the
set; cf. [10, Remark 2.7] and [41, Section 4.1].

Using the aforementioned operators Ri, RTi , and R̃Ti and defining local overlapping
stiffness matrices Ki := RiKR

T
i , i = 1, . . . , N , the (scaled) additive one-level overlapping
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Schwarz preconditioner is given by

(4.1) M−1
OS-1 =

N∑
i=1

R̃Ti K
−1
i Ri.

Even for a scalar elliptic Laplacian model problem, the one-level Schwarz precondi-
tioner (4.1) is generally not numerically scalable: The number of Krylov iterations will
increase with an increasing number of subdomains. In order to define a numerically scalable
overlapping Schwarz preconditioner that yields a convergence rate independent of the num-
ber of subdomains, a coarse level can be introduced. With a coarse interpolation operator
Φ : V0 → V h, which is still to be specified, the additive two-level overlapping Schwarz
preconditioner reads

(4.2) M−1
OS-2 = ΦK−1

0 ΦT +

N∑
i=1

R̃Ti K
−1
i Ri︸ ︷︷ ︸

=M−1
OS-1

,

where K0 = ΦTKΦ. The columns of Φ form the basis of the coarse space V0, and K0 is a
Galerkin projection of K into the coarse space. A natural choice for coarse basis functions is
to use Lagrangian basis functions defined on a coarse triangulation, which yields a scalable
preconditioner. However, the definition of a coarse triangulation heavily depends on geometric
information and cannot be easily done in a conforming way for complex domain geometries.
In the next section, we will discuss alternatives.

4.1. GDSW-type coarse spaces. For this work, we choose a very flexible approach for
the construction of a coarse space that was introduced with the Generalized Dryja–Smith–
Widlund (GDSW) preconditioner in [17, 18]. It is inspired by nonoverlapping domain decom-
position methods such as those from FETI-DP [32, 33] and BDDC [11, 15]. The approach
allows one to define many different variants, three of which (GDSW, RGDSW, GDSW?) we
will introduce and use for simulations. They require little to no additional information to the
system matrix. In this approach, the nonoverlapping subdomains {Ωi}Ni=1 are chosen as the
elements of the coarse triangulation, and the coarse basis functions are defined via extensions
of trace functions defined on the interface

Γ =
{
x ∈

(
Ωi ∩ Ωj

)
\ ∂ΩD : i 6= j, 1 ≤ i, j ≤ N

}
,

where ∂ΩD is the global Dirichlet boundary; note the comment in Section 4.1.3 for discon-
tinuous finite elements, in which case the interface does not contain any degrees of freedom.
More precisely, first, a partition of unity is defined on Γ. The different variants of the coarse
spaces differ only in the choice of the partition of unity on the interface. Then the functions
are extended into the interior of the subdomains. The extension is defined algebraically using
submatrices of K and corresponds to a discrete harmonic extension in the case of a Laplace
problem. In this specific case, the extension of a partition of unity on the interface gives a
partition of unity on the whole domain Ω. Given interface values ΦΓ, the full matrix Φ is
obtained by solving for all degrees of freedom I that do not correspond to the interface Γ:

(4.3) Φ =

[
ΦI
ΦΓ

]
=

[
−K−1

II KIΓΦΓ

ΦΓ

]
.

The blocks KII and KIΓ are obtained by a reordering and partitioning of K as

K =

[
KII KIΓ

KΓI KΓΓ

]
.
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FIG. 4.1. Visualization of three types of (overlapping) interface decompositions in a 2 × 2 × 2 domain
decomposition. Left: GDSW interface components: 6 edges, 1 vertex, and 12 faces. Center: GDSW? interface
components: 1 vertex-based component (union of vertex and 6 edges), 12 faces. Right: RGDSW interface component:
1 vertex-based component (union of vertex, 6 edges, 12 faces).

Note that KII is block-diagonal, and hence the solver required for K−1
II can be dealt with

independently for each subdomain. Moreover, as only submatrices of K are required, the
construction of the coarse space is algebraic. For other problems, like elasticity, additional
geometric information may be required; cf., e.g., [19, Section 4]. In this work, for the
fluid problems, we do not make use of geometric information and obtain an algebraically
constructed coarse space. The description above outlines the construction for a scalar problem;
the extension to vector-valued problems is given in Section 4.1.2. The coarse spaces used in
this work are all based on GDSW-type preconditioners and on extending the interface values
into the interior via (4.3); they only differ in the definition of the interface partition of unity ΦΓ.
We review the different approaches implemented in FROSch in Section 6. We consider
three coarse-space variants: GDSW [17, 18] and reduced-dimension GDSW (RGDSW) [20]
(“Option 1”)—due to its significantly reduced dimension, the RGDSW coarse space improves
parallel scalability; cf. [46]—and we will introduce an intermediate approach that we denote
as GDSW?. It yields smaller coarse spaces than the classical GDSW approach but larger
coarse spaces than the RGDSW approach; in two dimensions, GDSW? and RGDSW are
identical. Preliminary results for GDSW? based on its implementation in FROSch can be
found in [50, p. 160], there under the working title GDSW-Star. A related approach was taken
in [60] in the context of adaptive coarse spaces, there under the name R-WB-GDSW.

4.1.1. Interface partition of unity of GDSW, GDSW?, and RGDSW coarse spaces.
The classical GDSW coarse space defines the interface partition of unity based on a nonover-
lapping decomposition of the interface degrees of freedom into interface components of faces,
edges, and vertices; cf. Figure 4.1. By contrast, the RGDSW coarse spaces from [20] employ
overlapping interface components, combining each vertex with all its adjacent faces and edges;
the resulting decomposition overlaps in the faces and edges. Combining vertices with edges
and faces reduces the number of interface components from the number of faces, edges, and
vertices to only the number of vertices. In [43], a variant of the RGDSW coarse space is
introduced in which the RGDSW interface decomposition is made nonoverlapping without
increasing the number of interface components. The new GDSW? coarse space employs a
partition of unity of intermediate size, where each vertex is only combined with the adjacent
edges and the faces are kept separate.

The interface partition of unity is obtained by defining one function for each interface
component. As a result, the number of coarse basis functions, which is equal to the coarse-
space dimension, is reduced for GDSW? and even further reduced for RGDSW; cf. Table 4.1.
See also [60, Figure 5.4] for a comparison of the number of interface components for four
different types of meshes and domain decompositions; note that, although the precise definition
of the interface components differs in [60], their quantity is the same. There, the analogue of
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TABLE 4.1
Coarse-space dimensions for the scalar Laplace problem and the different GDSW-type coarse spaces used in

this work. Vertices, edges, and faces refer to the respective interface components of the domain decomposition.

Coarse Space Coarse Space Dimension

GDSW number of vertices + faces + edges
GDSW? number of vertices + faces
RGDSW number of vertices

GDSW? is denoted as R-WB-GDSW.
To define the interface partition of unity of the GDSW, GDSW?, and RGDSW coarse

spaces, we decompose the interface Γ into components γk ⊂ Γ such that

Γ =
⋃
k

γk.

This union can be disjoint or overlapping. Then, we define functions ΦΓ,k on Γ, with
supp(ΦΓ,k) ⊂ γk, such that ∑

k

ΦΓ,k ≡ 1 on Γ.

Then, we gather the functions ΦΓ,k (that is, their respective coefficient vectors) as columns of
a matrix

ΦΓ =
[
ΦΓ,1 ΦΓ,2 . . .

]
,

which is subsequently extended using (4.3).
It remains to define the partition-of-unity functions ΦΓ,k for GDSW, GDSW?, and

RGDSW. We introduce the following formal definitions of faces, edges, and vertices. In
three dimensions:

• A face is a set of nodes that belongs to the same two subdomains. Let F be the set of all
faces.

• An edge is a set of at least two nodes that belongs to the same (more than two) subdomains.
Let E be the set of all edges.

• A vertex is a single node that belongs to the same (more than two) subdomains. Let V be
the set of all vertices.

These interface components are exemplarily shown in Figure 4.1 (left); all of them are
used to construct GDSW coarse spaces. In two dimensions, the definition of an edge is
the same as that of a face in 3D, and the definition of the vertex remains the same. In the
following, we introduce the different partitions of unity considered in this work, focusing on
the three-dimensional case.

GDSW. For the construction of the coarse space, the γk are given by faces, edges, and
vertices. We define the discrete partition-of-unity functions via

χf , f ∈ F , χe, e ∈ E , χv, v ∈ V;

χs is the discrete characteristic function that takes the value one in the finite elements nodes
contained in s and zero elsewhere. Then, we have that∑

f∈F

χf +
∑
e∈E

χe +
∑
v∈V

χv ≡ 1 on Γ,

since the vertices, edges, and faces form a nonoverlapping decomposition of Γ.
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RGDSW. Let V = {v1, . . . , vNV}. An interface component γk is the union of vk ∈ V
and its adjacent faces and edges. Note that, as discussed in [20], the definition is slightly more
involved for general domain decompositions, where not every edge and face may have an
adjacent vertex; for simplicity, we do not discuss these cases.

In [20, 43] various options for defining the corresponding partition-of-unity functions are
given. Here, we employ and describe the algebraic variant “Option 1” from [20], which is
based on a simple multiplicity scaling (cf. [20, Equation (1)]). In particular, we first define a
component multiplicityM(n) of an interface node n as the number of (RGDSW) interface
components γk that contain n:

M(n) := |{k : n ∈ γk}|.

For example, for an edge with two adjacent vertices, we haveM(n) = 2 for all nodes n on
the edge. We can then define a function ΦΓ,k associated with γk by using the inverse of the
multiplicity:

(4.4) ΦΓ,k(n) :=

{
1

M(n) n ∈ γk,
0 else.

As the partition-of-unity property is satisfied in every interface node n ∈ Γ, we have∑
k

ΦΓ,k(n) = 1.

GDSW?. Finally, we introduce the partition of unity of the new GDSW? coarse space.
The definition is based directly on those of GDSW and RGDSW. In particular, we define two
types of interface components:

1. A vertex vk ∈ V and its adjacent edges. These components overlap.
2. A face fk ∈ F . Faces do not overlap with the vertex-based interface components or

other faces.

We define the partition of unity using the inverse multiplicity scaling (4.4), this time defined
via the set of GDSW? interface components. Note that, because the faces do not overlap with
other interface components, the resulting functions coincide with the discrete characteristic
functions χf of the faces v ∈ F .

As faces do not exist in two dimensions, the partition of unity of GDSW? and RGDSW
are the same in this case.

4.1.2. Extension to vector-valued problems. The approaches discussed before are
directly applicable to scalar problems such as problems related to the pressure block. However,
the application to vector-valued problems, such as problems related to the velocity block,
requires a small modification.

In the case of, for example, a multidimensional Laplace operator ∆u or a linearized
elasticity problem, the partition-of-unity functions γk are multiplied with a basis of the
null space of the corresponding partial differential equation with homogeneous Neumann
conditions on the boundary. This ensures that the null space can be represented by the coarse
space, which is required for numerical scalability in case of symmetric positive semidefinite
problems; cf. [76, p. 132]. In our case, we use translations for the velocity block, which is
motivated by ∆u appearing in the diagonal velocity block of the discrete Stokes matrix. For
the pressure, we use constant functions; note that these are in the null space of BT for an
enclosed-flow problem.
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Specifically, for the two-dimensional case of a velocity coarse function, the partition-of-
unity functions are multiplied with

r1 :=

[
1

0

]
, r2 :=

[
0

1

]
,

and in three dimensions with

r1 :=

1

0

0

 , r2 :=

0

1

0

 , r3 :=

0

0

1

 ,
for each interface node. As a result, the number of coarse space functions associated with
the velocity or pressure is the space dimension multiplied with the number of partition-of-
unity functions. This discussion is compatible with the scalar elliptic case. In particular, for
the construction of pressure functions, the nodewise multiplication of the partition-of-unity
functions with the scalar constant function, i.e.,

r :=
[
1
]
,

simply yields the partition-of-unity functions.

4.1.3. Discontinuous finite elements. For discontinuous finite element spaces, as em-
ployed in discontinuous, piecewise linear (P1-disc.) pressure spaces, there are no interface
nodes that are shared between adjacent subdomains. Therefore, the discrete interface is empty
in this case, and the construction of GDSW, GDSW?, and RGDSW cannot be applied directly.
As motivated in Section 4.1.2, we want to use constant functions for the pressure. Therefore,
on each subdomain Ωi, we employ the single discrete characteristic function χΩi (i.e., a
function that is constant on Ωi and zero elsewhere) as the coarse basis function, yielding a total
of N coarse basis functions. If this occurs, the coarse space will be abbreviated as “Vol.” since
the characteristic function is prescribed on the entire volume and not just on the interface.

4.2. The block Schwarz preconditioner. For the presented block preconditioners in Sec-
tion 3, we can use the two-level overlapping Schwarz domain decomposition method from the
previous section for the approximation of the blocks F−1 and S−1. The inverse of the Schur
complement is not approximated directly; for example, in the case of S−1

PCD = −A−1
p FpM

−1
p ,

we may approximate A−1
p and M−1

p with a Schwarz method. Nevertheless, to avoid new nota-
tion, we assume in the following that S−1 shall be approximated. We define the overlapping
subdomain problems separately for the velocity and pressure. The velocity and pressure space
Vh and Qh, respectively, are decomposed into the local spaces

Vh
i = Vh ∩ (H1

0 (Ω′i))
3 and Qhi = Qh ∩H1

0 (Ω′i),

for i = 1, . . . , N , on the overlapping subdomains Ω′i. Note that here we restrict ourselves to
conforming finite element spaces; the precise definition for Q2-P1-disc. is different for the
discontinuous pressure space since H1 cannot be used and since functions of the local finite
element spaces with a zero boundary are not only zero at the boundary nodes of Ω′i but also
on the element layer next to the boundary of Ω′i. The operators restricting to the overlapping
subdomains belonging to the velocity and pressure degrees of freedom are defined as

Ru,i : Vh −→ Vh
i and Rp,i : Qh −→ Qhi ,

respectively. Based on this, the local overlapping problems are defined as

Fi = Ru,iFR
T
u,i and Si = Rp,iSR

T
p,i,
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where S, or an approximation of S, depends on the underlying strategy. The coarse matrix is
constructed similarly to before via a Galerkin product as

F0 = ΦTuFΦu and S0 = ΦTp SΦp.

Let R̃Tu,i and R̃Tp,i be the scaled prolongation operators (cf. Section 4). To approximate the
inverses of F and S, we use the additive two-level overlapping Schwarz preconditioners

F̂−1 = ΦuF
−1
0 ΦTu +

N∑
i=1

R̃Tu,iF
−1
i Ru,i and Ŝ−1 = ΦpS

−1
0 ΦTp +

N∑
i=1

R̃Tp,iS
−1
i Rp,i.

4.3. The monolithic Schwarz preconditioner. For the saddle-point system with system
matrix F defined in (2.5), we compare the block Schwarz preconditioners with monolithic
Schwarz preconditioners. This technique has been introduced in [57, 58] with Lagrangian
coarse spaces and extended to GDSW-type coarse spaces in [40, 41]. In monolithic Schwarz
preconditioners, we construct a single Schwarz domain decomposition preconditioner for the
full system F at once. The monolithic additive two-level Schwarz preconditioner reads

(4.5) M−1
OS-2 = φF−1

0 φT +

N∑
i=1

R̃Ti F−1
i Ri.

Different from (4.2), we denote all matrices with calligraphic letters to indicate that they are
block matrices with the same block structure as F . The local subdomain matrices for (4.5) are
given by Fi = RiFRTi with the restriction operators

Ri =

[
Ru,i 0

0 Rp,i

]
,

where Ru,i and Rp,i correspond to the restriction operators for the velocity u and pressure p
degrees of freedom for Ω′i. R̃Ti is the scaled prolongation operator; cf. Section 4. Then, also
the coarse matrix F0 = φTFφ has a block structure given by the matrix

(4.6) φ =

[
φu,u0 φu,p0
φp,u0 φp,p0

]
,

which has the coarse basis functions as its columns. u0 and p0 indicate the velocity and
pressure functions in the coarse space. The interface values of the coarse functions are
constructed as for the block matrices; the remaining interface values are always set to zero.
Hence, we obtain the structure

φΓ =

[
φΓ,u,u0 0

0 φΓ,p,p0

]
.

For a block Schwarz preconditioner, the same φΓ,u,u0 and φΓ,p,p0 are used. Only the subse-
quent extension operator from the interface to the subdomains differs. The extension from
the interface to the subdomains is computed monolithically, analogously to (4.3) but with
submatrices of F . As a result, the coarse basis φ also contains components reflecting the
coupling between u and p; cf. (4.6).

Since the local saddle-point subdomain matrices Fi are extracted from F , they possess
homogeneous Dirichlet boundary conditions for both velocity and pressure in the case of
conforming finite elements. Additionally, we enforce a zero-mean pressure value on the
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local overlapping subdomains as in Version 2 in [57, Section 4.1], which is beneficial in
some cases, even though the pressure is uniquely determined by the problem setting; see
also [40, Section 5.1]. To this end, we introduce a pressure projection in the first level of the
two-level overlapping Schwarz preconditioner

(4.7) M−1
OS-2 = φF−1

0 φT +

N∑
i=1

R̃Ti PiF−1
i Ri

with local projection operators Pi corresponding to the overlapping subdomain Ωi. Here, the
projection operators are of the form

Pi =

[
Iu,i 0

0 P p,i

]
, P p,i = Ip,i − ai(aTi ai)−1aTi .

The vector ai is defined as ai = Rp,iap via integrals of the pressure basis functions ψj :

a =

[
0

ap

]
, ap =

[∫
Ω
ψ1 dx . . .

∫
Ω
ψNp dx

]T
.

Results in [40, 57] show that this approach, similar to introducing a Lagrange multiplier, can
improve the convergence of the iterative linear solver.

5. Implementation. The software framework of this paper is based on the Trilinos
library; in particular, we employ its domain decomposition package FROSch (Fast and Robust
Overlapping Schwarz) [44] and its block-preconditioning package Teko [12, 13] to con-
struct the preconditioners under investigation. Moreover, for the implementation of the model
problems and the corresponding finite element discretizations, we use the FEDDLib (Finite El-
ement and Domain Decomposition Library) [34], which strongly relies on several Trilinos
packages and assembles input directly in a format to make use of the full capabilities of
FROSch and Teko.

We have carried out some minor modifications to Teko in Trilinos1 for the use of
PCD and LSC in the FEDDLib. Furthermore, the implementation of the pressure projection
is not yet contained in the official FROSch repository.

5.1. Trilinos and FEDDLib. The Trilinos library [78] is a collection of interoperable
software packages for high-performance scientific computing. Since the list of packages is
extensive, we will focus on those of relevance to our paper. The main building block for the
preconditioners investigated in this paper is the parallel linear algebra package Tpetra, which
provides parallel vector and matrix classes as well as functions that allow communication of
those objects. It entails a software stack of packages that operate on Tpetra objects such as
direct and iterative solvers and preconditioners. Tpetra automatically incorporates access to
the Kokkos performance portability framework [22, 80] and the corresponding kernel library
Kokkos Kernels [72]. As a result, functions of Tpetra objects allow for node-level
parallelization on CPUs and GPUs via Kokkos’ node-type template parameter; here, we only
focus on distributed memory parallelization, and hence, we will not consider the effects of
node-level parallelization via Kokkos. The older Epetra linear algebra package is currently
being deprecated together with the whole Epetra-only stack of packages. Therefore, even
though our software framework supports the Epetra stack, we employ only the Tpetra
stack.

1Our implementation and results in this paper are based on Trilinos in the version with commit ID 23ccc58
(master branch); see the GitHub repository [78].
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The model problems are implemented and assembled using the FEDDLib [34]. Currently,
it is split into three main packages, amr, core, and problems. The amr package is for
adaptive mesh refinement, which is not employed in this work. The core package includes the
general implementation of the finite element assembly, IO tools, the interface to the Tpetra
parallel linear algebra, mesh classes, and further smaller utility functions. The problem
package provides implementations of different physics problems supported by FEDDLib, in-
cluding the computational fluid dynamics problems considered in this work. Further problems
can be added easily using the interface to the Mathematica code generation package Ace-
Gen [61]; the interface is discussed in more detail in [3]. Furthermore, FEDDLib’s problem
package includes interfaces to the nonlinear solver package NOX, which will also be used for
solving the nonlinear problems in this work, and the unified solver interface Stratimikos.

Stratimikos enables the use of iterative solvers implemented in Belos and of inter-
faces for direct solvers, which are accessible via the Amesos2 package. In order to accelerate
the convergence of iterative solvers, Trilinos provides various preconditioners, including:

• Ifpack2: one-level Schwarz preconditioners, supporting incomplete factorizations on
the subdomains;

• Teko: block preconditioners;
• FROSch: multi-level Schwarz preconditioners;
• MueLu: algebraic multigrid, as a solver or preconditioner.

As mentioned before, we focus on Teko and FROSch preconditioners; see Sections 3 and 4,
respectively, for details on the preconditioners employed in this work. Details on Teko are
given in Section 5.3 and on FROSch in Section 5.2.

5.2. Fast and Robust Overlapping Schwarz (FROSch). FROSch (Fast and Robust
Overlapping Schwarz) [44, 45] is a parallel domain decomposition preconditioning package
within the Trilinos software library [49, 65]. It builds on the Schwarz framework [77]
to construct preconditioners by combining elementary Schwarz operators, for instance, im-
plementing the two-level Schwarz preconditioner by combining the first- and second-level
operators; cf. (4.1) and (4.2).

A key feature of FROSch is its use of extension-based coarse spaces that avoid explicit
geometric information for the problems of this paper (cf. Section 4.1) and, in particular, the
need for coarse triangulations; see Section 4 for a detailed discussion of the methodology.
The coarse spaces are based on the GDSW preconditioner [17, 18] and have been adapted for
block systems [40]. Moreover, FROSch also implements the reduced-dimension RGDSW
variants [46]. Multilevel extensions [47] further enhance scalability, enabling FROSch to
scale to over 220 000 cores [48].

FROSch integrates with Trilinos’ unified solver interface Stratimikos and sup-
ports both parallel linear algebra frameworks, Epetra and Tpetra, via the lightweight
Xpetra interface; due to the recent deprecation of Epetra, its support is merely a legacy
feature. The overlapping domain decomposition is constructed algebraically using the sparsity
pattern of the parallel distributed input matrix. With Tpetra, FROSch leverages the perfor-
mance portability of Kokkos and Kokkos Kernels for efficient parallelization on CPUs
and GPUs [82].

FROSch preconditioners are compatible with iterative Krylov solvers from the Belos
package [4], either directly or through Stratimikos. For more details, see [40, 44, 45].

5.3. The block preconditioners in Teko. Teko is a Trilinos package for block-
preconditioning multiphysics problems. It can be used to build generic preconditioning
strategies for arbitrary problems, the simplest of which is a diagonal preconditioner. Specif-
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LISTING 1
Pressure Convection-Diffusion (PCD): parameter XML file for Teko (Trilinos).

1 <ParameterList name="PCD">
2 <Parameter name="Type" type="string" value="Block LU2x2"/>
3 <!-- Using LDU decomposition for preconditioning structure (true) or upper

block-triangular (false) -->
4 <Parameter name="Use LDU" type="bool" value="false"/>
5 <Parameter name="Strategy Name" type="string" value="NS PCD Strategy"/>
6 <ParameterList name="Strategy Settings">
7 <Parameter name="PCD Operator" type="bool" value="true"/>
8 <Parameter name="Pressure Laplace Operator" type="bool" value="true"/>
9 <Parameter name="Pressure Mass Operator" type="bool" value="true"/>

10 <!--FROSch preconditioner for approximation of inverses -->
11 <Parameter name="Inverse F Type" type="string" value="FROSchVelocity"/>
12 <Parameter name="Inverse Laplace Type" type="string"

value="FROSchPressure"/>
13 <!-- Approximation of inverse of pressure mass matrix: FROSch

preconditioner (FROSchPressure) or diagonal approximation (Diagonal,
AbsRowSum) -->

14 <Parameter name="Inverse Mass Type" type="string"
value="FROSchPressure"/>

15 <Parameter name="Flip Schur Complement Ordering" type="bool"
value="true"/>

16 </ParameterList>
17 </ParameterList>

ically, for the Navier–Stokes problem there exist a number of block preconditioners within
Teko. We consider the block preconditioners presented in Section 3 and different modifica-
tions that can be applied. The SIMPLE, SIMPLEC, LSC, and PCD preconditioners are part of
the NS (Navier–Stokes) namespace within Teko. For a detailed description of Teko and the
Navier–Stokes preconditioners within Teko, we refer to [12, 13].

The SIMPLE and SIMPLEC preconditioner can be constructed algebraically based on the
underlying system to be solved, without the assembly of additional matrices. For LSC and PCD,
to make components of the Schur complement that require additional construction available to
Teko, callback functions are defined, e.g., for Ap and Fp of the PCD preconditioner. These
operators are constructed outside of Teko, in our case in the FEDDLib. Only the callback
function for the velocity mass matrix is optional; if it is not provided, then a diagonal matrix
based on F is substituted as an approximation.

For the approximations F̂−1 and Ŝ−1 of the inverses of the fluid matrix and Schur
complement, respectively, the specification of inverse types is necessary. If no inverse type is
specified, then the default is to use a direct solver from the Amesos2 package. Ideally, a less
expensive approximation strategy is specified. For our simulations, we use different two-level
overlapping Schwarz preconditioners from the Trilinos package FROSch; see Table 5.2
for an overview of the used combinations of preconditioning strategies.

5.3.1. The PCD block preconditioner. The PCD preconditioner in Teko is derived
from the abstract class LU2x2Strategy. To use it, the parameter Type is set to Block
LU2x2 and the Strategy Name to NS PCD Strategy; see Listing 1. For the LSC and
SIMPLE preconditioners, the Type directly refers to the block preconditioner, e.g., it is set to
NS LSC instead of LU2x2Strategy; see the Listings 2 and 3 for the LSC and SIMPLE parameter
files.
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TABLE 5.1
Comparison of the block-triangular and the LDU approach for the PCD preconditioner. Stationary simulation

of backward-facing step (see Section 6.1.1) with P2-P1 discretization, H/h = 9, and 1 125 cores. PCD block
preconditioner with boundary condition type (BC-2) and RGDSW-RGDSW coarse space. Required number of
nonlinear steps in parentheses. See Section 6 for parameters of the nonlinear and linear solver. Total time consists of
setup and solve time.

Full LDU Block-triangular

# avg. iterations 78 (5) 103 (5)

Setup time 14.0 s 14.4 s

Solve time 77.1 s 56.9 s

Total 91.1 s 71.3 s

For PCD, the order of the factors within the Schur complement approximation can be
flipped by specifying the parameter Flip Schur Complement Ordering:

• S−1
PCD = −M−1

p FpA
−1
p , specified with false (“default”),

• S−1
PCD = −A−1

p FpM
−1
p , specified with true (“flipped”; cf. (3.7)).

The “default” Schur complement ordering corresponds to an earlier version of the Schur
complement approximation based on a commutator that uses a gradient operator for the
pressure instead of a divergence operator for the velocity; see in [31] the equations (2.8) for
the “default” and (2.2) for the “flipped” version; see also [29, Remark 9.3].

The Schur complement is constructed and defined as a linear operator. To provide all
required operators for the PCD preconditioner, callback functions are defined for Mp, Ap,
and Fp. Teko then creates approximations for M−1

p and A−1
p according to the parameter file.

The inverse of Ap is approximated by an overlapping Schwarz method via FROSch. This
is indicated by Inverse Laplace Type set to FROSchPressure, where this value
refers to another2 parameter list that contains the settings for FROSch. The inverse of Mp will
either be approximated via FROSch or by using the same approach as in LSC and SIMPLE
for Mu and F , respectively; that is, we can use a diagonal approximation of M−1

p ,

HD
Mp

= diag(Mp)
−1, HΣ

Mp
= δij

( Np∑
k=1

|(Mp)i,k|
)−1

,

referred to as Diagonal and AbsRowSum scaling, respectively. Note that the pressure convec-
tion-diffusion operator needs to be updated in each Newton or fixed-point iteration, while Ap
and Mp do not change.

The PCD preconditioner introduced in Section 3.1 is a block-triangular precondition-
er (3.2). In Teko, the PCD preconditioner can be applied as a full LDU block preconditioner
(based on (3.1)) or as a block-triangular preconditioner. The results in Table 5.1 show,
compared to the block-triangular preconditioner, how the LDU solve can improve the iteration
count, but the total time is larger as its application is more costly. Consequently, we use the
classic block-triangular approach:

1. p = Ŝ−1
PCDfp,

2. u = F̂−1(fu −BT p).

2See, for example, the parameter file feddlib/problems/examples/unsteadyNavierStokes/
parametersTeko.xml in FEDDLib’s GitHub repository [34] (commit ID 1246cdd), where a corresponding
entry exists in the sublist Inverse Factory Library.
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LISTING 2
Least-Squares Commutator (LSC): Pressure-Laplace Parameter XML file for Teko (Trilinos).

1 <ParameterList name="LSC-Pressure-Laplace">
2 <Parameter name="Type" type="string" value="NS LSC"/>
3 <Parameter name="Strategy Name" type="string" value="Pressure Laplace"/>
4 <ParameterList name="Strategy Settings">
5 <!-- FROSch preconditioner for approximation of inverses -->
6 <Parameter name="Inverse Velocity Type" type="string"

value="FROSchVelocity"/>
7 <Parameter name="Inverse Pressure Type" type="string"

value="FROSchPressure"/>
8 <!-- Diagonal approximation type of the inverse of the velocity mass

matrix -->
9 <Parameter name="Scaling Type" type="string" value="AbsRowSum"/>

10 <!-- Use of mass matrix (true) or F -->
11 <Parameter name="Use Mass Scaling" type="bool" value="true"/>
12 <!-- Assuming stable (true) or stabilized discretization (false) -->
13 <Parameter name="Assume Stable Discretization" type="bool" value="true"

/>
14 </ParameterList>
15 </ParameterList>

Here, F−1 and S−1
PCD have been replaced with their approximations based on a Schwarz method,

F̂−1 and Ŝ−1
PCD; see Table 5.2 for an overview of the approximations used in preconditioners.

As covered in Section 3.1.2, we need to additionally account for the boundary conditions
that would naturally arise from the original Schur complement S. The boundary information is
integrated into Ap and Fp by the FEDDLib. When we set the Dirichlet boundary conditions
in the different operators, we zero out the row and keep the diagonal entry; cf. [13, p. S325].
The use of Robin boundary conditions additionally requires the assembly of a matrix on the
surface elements of the respective boundary.

5.3.2. The LSC block preconditioner. To use the LSC preconditioner in Teko, the
parameter Type is set to NS LSC; see Listing 2. The LSC preconditioner, just like PCD, is an
upper block-triangular preconditioner that is applied in two steps:

1. p = Ŝ−1
LSCfp,

2. u = F̂−1(fu −BT p).

The Schur complement SLSC is defined in (3.13). Similarly to before, F−1 and S−1
LSC have

been replaced with their approximations F̂−1 and Ŝ−1
LSC based on a Schwarz method. We have

different options to treat the inverse of Mu: Mu can be passed along to Teko via a callback
function. Inverting Mu is expensive, but it can be well approximated with HD

Mu
or HΣ

Mu
(see

Section 3.2 for the definition). Via the parameter file, HD
Mu

can be selected with Diagonal and
HΣ
Mu

with AbsRowSum. If Mu is not provided via a callback function, then by default it is
replaced with diag(F ). If Mu is replaced with the identity matrix, then this leads to the BFBt
preconditioner in (3.14), presented in [30].

Similarly to the PCD preconditioner, we also have the option to replace BM−1
u BT for

continuous pressure elements with the pressure-Laplacian Ap, the resulting Schur complement
approximation we denote by SLSCAp

; see (3.15). In that case, we need to account for boundary
conditions; we use the same method as in Section 5.3.1 to implement the boundary conditions
in Ap and always prescribe a Dirichlet condition on the outlet, which corresponds to the
boundary condition strategy (BC-2) of PCD.
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LISTING 3
SIMPLEC: Parameter XML file for Teko (Trilinos).

1 <ParameterList name="SIMPLE">
2 <Parameter name="Type" type="string" value="NS SIMPLE"/>
3 <!--FROSch preconditioner for approximation of inverses -->
4 <Parameter name="Inverse Velocity Type" type="string"

value="FROSchVelocity"/>
5 <Parameter name="Inverse Pressure Type" type="string"

value="FROSchPressure"/>
6 <!-- Definition of diagonal approximation type for H_F: Diagonal (SIMPLE),

AbsRowSum (SIMPLEC), Lumped, BlkDiag-->
7 <Parameter name="Explicit Velocity Inverse Type" type="string"

value="AbsRowSum"/>
8 <!-- Under-relaxation parameter -->
9 <Parameter name="Alpha" type="double" value=".9"/>

10 </ParameterList>

The preconditioner is part of the NS (Navier–Stokes) subpackage of Teko as InvLSC-
Strategy or PresLaplaceLSCStrategy, where the Strategy Name specifies the strat-
egy (see Listing 2).

To compute the spectral radius of a matrix M in the stabilized variant, Teko uses
a block Krylov–Schur method with block size 5 and tolerance 0.05 for the convergence
criterion ‖Mx− λx‖2/‖λ‖2, where x is an approximation of an eigenvector and λ that of the
corresponding eigenvalue. This is carried out in each Newton iteration if the preconditioner is
rebuilt.

5.3.3. The SIMPLE block preconditioner. The SIMPLE preconditioner is also part
of the NS subpackage of Teko. It is selected by setting the parameter Type to NS SIMPLE;
see Listing 3. The type used to approximate the inverse of F determines whether it is
called SIMPLE or SIMPLEC: the type Diagonal corresponds to SIMPLE and AbsRowSum to
SIMPLEC. The inverses of F and the Schur complement are replaced with approximations
F̂−1 and Ŝ−1

SIMPLE based on a Schwarz method. The under-relaxation parameter is always set
to α = 0.9; cf. [12, p. 350]. Unlike in the case of PCD and LSC, the application of SIMPLE
and SIMPLEC requires three steps:

1. u∗ = F̂−1fu,
2. p = αŜ−1

SIMPLE(fp −Bu∗),
3. u = u∗ − 1

αHFB
T p.

5.4. Comparison methodology. In order to compare monolithic and block precondition-
ing for the Navier–Stokes equations, we evaluate the time to set up the preconditioners, the
time taken by the Krylov method (henceforth called “solve” time or cost), and the average
iteration count per Newton step. The solve time includes the application of the preconditioner.
The PCD and LSC preconditioners are block-triangular preconditioners and, thus, consist
of two steps. On the other hand, the SIMPLE preconditioner contains the application of a
backward and forward substitution and consists in total of three application steps. Independent
of this, the block preconditioners contain approximations of inverses based on a Schwarz
method. The monolithic preconditioner contains only the approximation of the inverse of
F based on a Schwarz method. For the monolithic preconditioner, the setup time consists
of the approximation of the inverse of F , and for the block preconditioner it consists of the
approximation of the inverses of F and the Schur complement (which includes approximations
of, e.g., A−1

p using a Schwarz method). Table 3.1 illustrates the different operators that need
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TABLE 5.2
Overview of approximations of inverses used for different preconditioning strategies. AS [·] denotes the

application of an additive Schwarz preconditioner. In the case of a monolithic preconditioner, the entire system F−1

is approximated with a Schwarz method. In all other cases, the matrices F−1 and S−1 are approximated, and then a
block preconditioner like (3.2) is applied.

Ŝ−1 F̂−1

PCD −AS

[
A−1
p

]
FpAS

[
M−1
p

]
AS

[
F−1

]
SIMPLEC AS

[(
− C −BHΣ

FB
T
)−1
]

AS

[
F−1

]
LSC −AS

[(
BHΣ

Mu
BT
)−1
](
BHΣ

Mu
FHΣ

Mu
BT
)
AS

[(
BHΣ

Mu
BT
)−1
]

AS

[
F−1

]
LSCAp

−AS

[
A−1
p

] (
BHΣ

Mu
FHΣ

Mu
BT
)
AS

[
A−1
p

]
AS

[
F−1

]
LSCstab,Ap

−AS

[
A−1
p

] (
BHΣ

Mu
FHΣ

Mu
BT
)
AS

[
A−1
p

]
− αD−1 AS

[
F−1

]
Monolithic AS

[
F−1

]
to be approximated for the different preconditioning strategies. Table 5.2 gives an overview of
the combinations of the different preconditioning strategies.

6. Numerical results. To examine the performance of the different preconditioners,
we consider two three-dimensional problem settings: the well-known backward-facing step
and a realistic geometry of an artery from [1]. We show results for stationary and transient
simulations with volume force f = 0. In Section 6.2, the monolithic preconditioner is tested for
variations of the coarse spaces and further modifications. Subsequently, in Section 6.3, results
of block preconditioners are shown, again for different coarse spaces. The preconditioners
are always applied as right preconditioners. Finally, in Section 6.4, for specific choices of
coarse spaces and modifications, the performance of monolithic and block preconditioners is
compared.

The parallel results were obtained on the Fritz supercomputer at Friedrich-Alexander-
Universität Erlangen-Nürnberg. Fritz has 992 compute nodes, each with two Intel Xeon
Platinum 8360Y Ice Lake processors and 256 GB of DDR4 RAM.

For the monolithic as well as the block preconditioners, different coarse spaces can be
applied to the velocity and pressure components. The coarse spaces GDSW, GDSW?, and
RGDSW (see Section 4.1) are used. This offers the possibility to combine different coarse-
space combinations to improve convergence. Similarly to the notation of a discretization, for
example, P2-P1, where the first term stands for the velocity and the second for the pressure
discretization, we refer to the coarse spaces as, for example, GDSW?-RGDSW. To shorten
the notation, sometimes the abbreviations G for GDSW, R for RGDSW, and G? for GDSW?

are used in the figures. Different strategies for the reuse of parts of the preconditioner exist;
they will be introduced based on the monolithic preconditioner but are equally used for block
preconditioners; see Section 6.2.1. Note that we employ a scaled additive Schwarz method in
the first level; see Section 4.

Newton’s method terminates when the relative residual ‖R(Xk+1)‖2/‖R(X0)‖2 or the
Newton update ‖Xk+1 − Xk‖2 reach a tolerance of 10−8. The initial guess for Newton’s
method is X0 = 0. For time-dependent problems this refers only to the first time step.
Newton’s method is used with GMRES along with an adaptive forcing term ηk as described
in Section 2.2. The initial forcing term is set to η0 = 10−3, the minimum forcing term to
ηmin = 10−8, the maximum forcing term to ηmax = 10−3, and the constants to α = 1.5 and
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FIG. 6.1. Test case 1: Backward-facing step (BFS) problem. Left: Backward-facing step geometry with
structured mesh partition into 9 subcubes, each with side length 1 cm. The subcubes correspond to the subdomains,
and in the case displayed, we have H/h = 3. For a higher number of processor cores, the subcubes are divided up
further. For example, for 243 processor cores, each subcube holds 3× 3× 3 subdomains. Right: Solution to transient
BFS problem at t = 10.0 s, using a time-step size ∆t = 0.05 s. The Reynolds number is 3 200 with kinematic
viscosity ν = 6.25× 10−4 cm2/s. P2-P1 discretization with H/h = 9, computed on 243 cores.

γ = 0.9; cf. (2.6). In each nonlinear iteration, the GMRES iteration is started with zero as the
initial guess.

For the Newton method in NOX, we employ a line search with backtracking as the
globalization strategy; see [50, Section 5.4] for more details and [23] for a full derivation
of the method and globalization techniques. The starting step length is set to 1. The other
required parameters are left at their respective default values; see the NOX documentation [79].

The initial mesh partition defining the nonoverlapping subdomains is either structured
and constructed manually, or it is constructed by METIS [52], which results in an unstructured
partition of the mesh. The subdomains are of similar diameter, which we denote by H; i.e.,
H ≈ diam(Ωi). We choose an algebraically determined overlap of δ̂ = 1 for the construction
of the local overlapping stiffness matrices; cf. Section 4. For the transient simulations we
apply the BDF-2 time stepping scheme; see (2.4) and [37].

Due to comprehensive legends and space restrictions, we occasionally show the legend
only in one subfigure if it is valid for all subfigures of the respective figure.

6.1. Test cases. We use two geometries to test the preconditioners: a backward-facing
step geometry with a structured mesh that is decomposed into cube-shaped subdomains and a
realistic artery with an unstructured mesh and an unstructured domain decomposition.

6.1.1. Test case 1: backward-facing step (BFS). The three-dimensional backward-
facing step (BFS) test case is used with a structured mesh and a structured mesh partition; see
Figure 6.1 (left) for the partition and Figure 6.1 (right) for the solution of a sample case. We
test the weak scaling properties of the monolithic and block preconditioners for stationary and
transient flow for this geometry. To this end, the characteristic subdomain size H/h is kept
constant, while the number of subdomains increases with the number of processor cores. For
the different finite element discretizations and subdomain resolutions, the number of degrees
of freedom varies; see Table 6.1. The corresponding coarse-space dimensions are presented in
Figure 6.2 for a selection of coarse-space combinations.

We prescribe a parabolic-like inflow profile on the inlet boundary of the domain ∂Ωin
with a maximum inflow velocity of vmax and an inflow height L = 1 cm:

u(0, y, z) =
[(

16vmaxyz(L− y)(L− z)
)/
L4, 0, 0

]
, (y, z) ∈ [0, L]2.
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TABLE 6.1
Subdomain resolution and number of degrees of freedom of the backward-facing step geometry for a structured

mesh partition. Subdomain resolution H/h and number of degrees of freedom for different discretizations and a
varying number of subdomains N (processor cores).

Number of degrees of freedom

Discretization H/h N = 243 N = 1 125 N = 4 608 N = 15 552

Q1-Q1 / P1-P1 17 4.9 · 106 22 · 106 92 · 106 308 · 106

Q2-Q1 / P2-P1 9 4.5 · 106 21 · 106 85 · 106 285 · 106

Q2-P1-disc. 9 5.1 · 106 23 · 106 95 · 106 320 · 106
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FIG. 6.2. Number of coarse functions for different numbers of processor cores (which equals the number of
subdomains) for the backward-facing step (BFS) problem. The first name corresponds to the interface partition of
unity for the velocity component and the second for the pressure component.

To define the Reynolds number of the BFS problem, we use the outlet height of 2 cm as the
characteristic length and the maximum inflow velocity vmax as v in (3.3):

(6.1) Re =
2vmax

ν
.

For vmax = 1 cm/s and a kinematic viscosity of ν = 0.01 cm2/s, the Reynolds number is 200.
If not stated otherwise, this is the default configuration for the BFS problem.

6.1.2. Test case 2: realistic artery. For the second test case, we consider a tetrahedral-
ized geometry of the realistic artery in Figure 6.3 (left) from [1] with 170 000 P1 nodes and
915 336 elements. The full fluid flow problem with a P2-P1 discretization has 4.1 million
degrees of freedom. The focus of this test case is on transient flow simulations where the flow
profile contains one heart beat; see Figure 6.3 (right).

The interior (lumen) diameter of the artery varies between 0.2 cm and 0.34 cm. The full
geometry from [1] also contains layers of plaque, media, and adventitia (not shown here).
The (outer) diameter of this artery is relatively even and approximately between 0.44 cm and
0.47 cm. This is in the range of mean diameters of renal arteries as stated in [62, Table 2];
see also [68, Section 3.1], where a catheter with an interior diameter of 0.2 cm was used to
emulate a renal artery. Motivated by this correlation, we prescribe a flow rate and a range for
the Reynolds number that is realistic for this kind of artery. The inflow profile at the inlet
∂Ωin of the domain is constructed by solving a Poisson problem on the inlet. Since the inlet is
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FIG. 6.3. Test case 2: realistic artery problem. Geometry taken from [1]. Left: Magnitude of the solution uh

at t = 0.8 s with initial maximum inflow velocity vmax = 40 cm/s. Right: Inflow profile over time of the realistic
artery problem. Ramp phase until t = 0.1 s and subsequent initial maximum inflow velocity vmax = 40 cm/s. The
maximum Reynolds number is calculated based on the maximum velocity and on an approximate maximum diameter
of artery; see (6.2). The heartbeat and the corresponding flow rate were constructed in [2] based on inflow pressure
data from [66].

TABLE 6.2
Detailed configuration for the realistic artery problem (Test case 2). Configurations for the maximum initial

inflow velocity, the time-step size, and approximate maximum Reynolds number. The maximum Reynolds number for
this test is defined as Reart,max in (6.2).

vmax 10 cm/s 20 cm/s 30 cm/s 40 cm/s

∆t 0.005 s 0.0025 s 0.001875 s 0.00125 s

Reart,max 345 665 970 1 270

fairly round, this approximately yields a parabolic flow profile. The proposed blood flow rates
in [68, Section 3.3] range between 0.1 cm3/s and 4.0 cm3/s and are constant over time. For
the (not perfectly round) inlet of our geometry, these flow rate values translate to a maximum
inflow velocity ranging from 3.0 to 120.0 cm/s.

The kinematic viscosity is set to ν = 0.03 cm2/s. Since the proposed artery has no
fixed diameter and the velocity field throughout the artery varies, we estimate the maximum
Reynolds number by

(6.2) Reart(t) =
Dmax · umax

ν
, Reart,max = max

t
Reart(t),

where Dmax is the maximum diameter and umax is the maximum velocity magnitude |u|
attained in a finite element node. Consequently, with the maximum measured diameter of
0.34 cm and umax = 112 cm/s for a maximum initial inflow velocity of vmax = 40 cm/s
(after an initial ramp phase until 0.1 s), we have Reart,max = 1 270; see Figure 6.3 (left) for a
solution plot.

In Table 6.2, based on a selection of initial flow velocities, the corresponding maximum
Reynolds numbers and time steps are given. This corresponds to measurements taken from the
renal artery of 10 patients in [81, Table 2]. The peak Reynolds number of the patients ranges
between 870 and 1 320, with an average value of 1 145.

Using the realistic artery and flow problem, we can further analyze the solvers’ abilities to
adapt to a large range of Reynolds numbers and to complex flows. Furthermore, strong scaling
is tested.

6.2. The monolithic preconditioner and coarse-problem recycling strategies. The
monolithic overlapping two-level Schwarz preconditioner is used for the saddle-point prob-

http://etna.ricam.oeaw.ac.at
http://www.kent.edu
http://www.ricam.oeaw.ac.at


ETNA
Kent State University and

Johann Radon Institute (RICAM)

186 A. HEINLEIN, A. KLAWONN, J. KNEPPER, AND L. SASSMANNSHAUSEN

TABLE 6.3
Number of cores assigned to solve the coarse problem for the results shown in Figure 6.7 for the stationary

BFS problem. Specifically, this corresponds to the P2-P1 discretization with the GDSW?-RGDSW coarse-space
combination. For RGDSW-RGDSW fewer cores are used due to the lower number of coarse functions; compare with
Figure 6.2.

# cores 243 576 1 125 1 944 3 087 4 608 9 000 15 552

# cores for coarse solve 4 4 6 6 8 12 16 16

TABLE 6.4
Comparison of setup and solve times of the monolithic preconditioner if recomputing it the first k Newton

iterations. Reuse of symbolic factorization (SF) and coarse basis (CB). Recompute preconditioner (except for (SF)
and (CB)) up to k Newton iterations, reuse entire preconditioner based on the kth iteration afterwards. Stationary
BFS problem with P2-P1 discretization with H/h = 9. Average GMRES iteration count per Newton step. Total
number of Newton iterations required to reach convergence is 5. RGDSW-RGDSW coarse-space combination for the
velocity (first component) and pressure (second component).

k 5 4 3 2

RGDSW-RGDSW

# avg. iter. 52.8 52.8 54.0 78.4
Setup cost 29.4 s 24.3 s 19.4 s 14.8 s

Solve cost 35.9 s 34.9 s 35.9 s 56.1 s

Total 65.3 s 59.2 s 55.3 s 70.9 s

lem (2.5) as described in Section 4.3. In [41] the GDSW and RGDSW coarse spaces were
evaluated and compared for three-dimensional Navier–Stokes problems. We will take into ac-
count the authors’ findings about strategies for reusing parts of the preconditioner (cf. [41, Sec-
tion 5.4]). In particular, we employ the strategy of reusing the coarse basis functions, which
produced the lowest total time—consisting of solve and setup time—in [41]. The problems of
the first level and the coarse problem of the Schwarz preconditioner are solved sequentially;
for example, the N subdomain problems of the first level are solved on N processor cores,
and subsequently a subset of these cores are used to solve the coarse problem in parallel. We
do not employ a hybrid Schwarz approach but use a fully additive one; see Section 4. Further
improvements with respect to the computation time can be achieved by using additional cores
to solve the coarse problem; cf. [41, Section 4.4]. The number of processor cores assigned
to the coarse solve depends on the coarse-space dimension (shown in Figure 6.2 for the
backward-facing step problem) and ranges between 2 and 16; see Table 6.3 for details in case
of the BFS problem.

6.2.1. Recycling strategies. Figure 6.2 displays the dependence of the number of coarse
functions on the used coarse spaces. Generally, the higher the number of coarse functions
is, the higher the setup costs are. The reuse strategies described in [41] and included in the
software package FROSch are the reuse of the symbolic factorization of F0 (SF), of the coarse
basis functions φ (CB), and of the coarse matrix F0 (CM).

The more extensive the reuse strategy is, the more it affects the linear iteration count. The
reuse of the symbolic factorization (SF) is always applied. In general, the preconditioner is
rebuilt or updated in each Newton iteration. If the coarse basis is reused (CB), then only the
coarse matrix is recomputed in each Newton iteration.

Additionally to the previously described reuse strategies, the setup cost can be further
reduced by only rebuilding or updating the preconditioner in the first k Newton iterations
(of each time step or of the stationary simulation) and then reusing it. This is crucial for the
monolithic preconditioner, where the setup cost is higher compared to block-preconditioning
strategies.
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Based on the results in Table 6.4 for the stationary BFS case, we can save computing
time by reusing the complete preconditioner after three Newton steps. For k = 3 we achieve
the best total time since the linear iteration count is only slightly increased while the setup
time is small. The reuse of the coarse basis is not always the best choice, for example, for the
GDSW-GDSW coarse-space combination, since it increases the solve time to the point where
it outweighs the time savings in the setup part. As it is preferable to use the RGDSW coarse
space due to its smaller dimension, for the stationary tests we employ the CB reuse strategy and
reuse the preconditioner in the Newton method after iteration k = 3. In transient simulations
it is sufficient to update the preconditioner only in the first (k = 1) Newton step of each time
step, probably since the required average number of Newton iterations per time step is only
approximately three. Furthermore, the CB reuse strategy is applied in transient simulations
over all time steps; that is, the coarse basis is only computed once for the entire simulation, but
due to the changing system matrix, the coarse matrix, and thus the preconditioner, is updated
once in each time step. A justification for the reuse of the coarse basis is also given later in
Figure 6.13, which displays a direct comparison of reusing and not reusing the coarse basis
for building the preconditioner. It reveals only a slight difference with respect to the average
iteration count.

The stated recycling strategies are also applied to the block preconditioners. Additionally,
for the LSC and PCD block preconditioners, we reuse the approximations of A−1

p and M−1
p

that are used for the construction of the Schur complement approximation since they are
independent of the solution and only need to be built once.

Regarding the construction of the coarse matrix for the monolithic two-level overlapping
Schwarz preconditioner, we can additionally choose between using the unaltered coarse
basis (4.6) (full φ) or excluding the off-diagonal blocks:

φ←
[
φu,u0 0

0 φp,p0

]
.

This can have an effect on the scaling behavior of the preconditioner and will be further
discussed in the following sections.

6.2.2. The stationary Navier–Stokes problem. Different finite element discretizations
are considered for the stationary BFS problem. First, we consider the P1-P1 discretization
with the Bochev–Dohrmann stabilization and the inf-sup stable P2-P1 discretization for a
comparison of different coarse-space combinations and to show results of the new GDSW?

coarse space. For the inf-sup stable discretizations, formulation (4.7) with the pressure
projection is used. For results omitting the pressure projection in case of stable discretizations,
see Figure A.2 in the appendix.

In Figure 6.4 we observe that P1-P1 elements yield similar results for all coarse-space
combinations, independent of using the full φ or excluding the off-diagonal blocks to construct
the coarse matrix. Weak scaling can be observed for up to 15 552 cores; see also Figures 6.6
and 6.7 for results of RGDSW-RGDSW up to 15 552 cores. For the stable P2-P1 element, in
contrast, we observe a substantial influence in Figure 6.5 for some combinations of coarse
spaces and using the full or decoupled φ.

We first focus on the results in Figure 6.5 (left), where the off-diagonal blocks of φ are
excluded. It stands out that, if RGDSW for the pressure is combined with a larger coarse
space like GDSW or GDSW? for the velocity, then we achieve the lowest average GMRES
iteration count. If a smaller coarse space for the velocity is used than for the pressure, then the
algorithm does not reach the GMRES convergence criterion (results are not shown here). The
comparison to an inf-sup condition of a finite element discretization seems natural. On the
other hand, the “equal-order” approach RGDSW-RGDSW is scalable with a low number of
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FIG. 6.4. Comparison of different coarse-space combinations for the velocity (first component) and pressure
(second component) for a P1-P1 discretization and the monolithic preconditioner. Average GMRES iteration count
per Newton step. Total number of Newton iterations required to reach convergence is 5. Weak scaling test. Stationary
BFS problem with H/h = 17. Re = 200. Pressure projection is not used. Left: Excluding off-diagonal blocks in φ
to build the coarse matrix. Right: Using full φ to build the coarse matrix.
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FIG. 6.5. Comparison of different coarse-space combinations for the velocity (first component) and pressure
(second component) for a P2-P1 discretization and the monolithic preconditioner. Average GMRES iteration count per
Newton step. Total number of Newton iterations required to reach convergence is 5. Weak scaling test. Stationary BFS
problem with H/h = 9. Re = 200. Pressure projection included in the first level; see Figure A.2 in the appendix for
results if the pressure projection is not used. See Figure A.1 in the appendix for results of a lid-driven cavity problem.
Left: Excluding off-diagonal blocks in φ to build the coarse matrix. Right: Using full φ to build the coarse matrix.

iterations, albeit not the lowest one. The cause for the correlation of the iteration count and the
relative size of the velocity and pressure coarse spaces may also be independent of an inf-sup
condition; further research is required.

For the results using the full φ in Figure 6.5 (right), we observe similar good scaling results
but for all coarse-space combinations. If the full φ is used to construct the coarse matrix, then
it seems imperative that the pressure projection is also applied in the first level; if the pressure
projection is omitted, then we lose scalability for all combinations in Figure A.2 (right). On
the other hand, the analogue to Figure 6.5 (left) is Figure A.2 (left), which shows the same
general scaling behavior; that is, the pressure projection does not seem to affect the case in
which φ is decoupled. Independent of the use of the decoupled or full φ, GDSW?-RGDSW is
the best-performing configuration for the P2-P1 finite element discretization if the pressure
projection is used. It remains to be thoroughly investigated, however, to determine how the
various settings and coarse spaces impact each other. Figure A.1 in Appendix A qualitatively
shows the same results as Figure 6.5 for a lid-driven cavity, indicating that the results are not
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TABLE 6.5
Comparison of setup and solve time of the three best coarse-space combinations for P1-P1 and P2-P1 discretiza-

tion on 4 608 cores. Stationary BFS problem with configurations according to Table 6.1. Total number of Newton
iterations required to reach convergence is 5. Use of Bochev–Dohrmann stabilization for P1-P1 elements. Use of full
φ. Use of pressure projection for P2-P1. Re = 200.

GDSW-RGDSW GDSW?-RGDSW RGDSW-RGDSW

# avg. iterations 34.6 35.4 43.2

P1-P1
Setup time 26.7 s 17.5 s 12.8 s

Solve time 21.3 s 18.4 s 22.3 s

Total 48.0 s 35.9 s 35.1 s

# avg. iterations 34.4 34.6 51.4

P2-P1
Setup time 47.6 s 23.7 s 20.2 s

Solve time 27.3 s 22.5 s 32.8 s

Total 74.9 s 46.2 s 53.0 s

576 4608 9000 15552
0

10

20

30

40

50

60

# cores

#
av
g.

it
er
at
io
n
s

P1–P1: R –R Q1–Q1: R –R

P2–P1: G⋆–R Q2–Q1: G⋆–R

Q2–P1-disc.
G⋆ – Vol.

576 4608 9000 15552
0

10

20

30

40

50

60

# cores

#
av
g.

it
er
at
io
n
s

FIG. 6.6. Comparison of different finite element discretizations for the monolithic preconditioner. Combinations
of different coarse spaces for the velocity (first component) and pressure (second component). G: GDSW. G?: GDSW?.
R: RGDSW. Average GMRES iteration count per Newton step. Total number of Newton iterations required to reach
convergence is 5. Weak scaling test. Stationary BFS problem with configurations according to Table 6.1. Re = 200.
Use of Bochev–Dohrmann stabilization for P1-P1 and Q1-Q1 elements. Pressure projection included in the first
level for P2-P1 and Q2-Q1 discretization. Left: Excluding off-diagonal blocks in φ to build the coarse matrix. Right:
Using full φ to build the coarse matrix.

specific to the backward-facing step problem.
Table 6.5 provides details corresponding to Figure 6.4 (right) (P1-P1 discretization) and

Figure 6.5 (right) (P2-P1 discretization) for a selection of coarse-space combinations. Even
though the average iteration count for the RGDSW-RGDSW combination is highest for P1-P1,
it offers the lowest total cost due to its low setup cost. Notably, the setup cost for GDSW is
higher than for GDSW?. The lowest setup cost offers the RGDSW coarse space. In Table 6.5
we observe that GDSW?-RGDSW performs best with respect to the total time (setup+solve)
for the P2-P1 discretization.

For a comparison of all the different discretizations, P1-P1, Q1-Q1, P2-P1, Q2-Q1, and
Q2-P1-disc., we focus on GDSW?-RGDSW and RGDSW-RGDSW (see Figure 6.6), based on
the previous findings of which combination gave the best results.

Due to the discontinuous pressure in Q2-P1-disc., there is no interface for the pressure
component. As a result, all coarse spaces define the same space on the pressure: the span
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FIG. 6.7. Comparison of total time (setup + solve time) for different finite element discretizations for the
monolithic preconditioner. Combinations of different coarse spaces for the velocity (first component) and pressure
(second component). Average GMRES iteration count per Newton step. Total number of Newton iterations required to
reach convergence is 5. Weak scaling test; see Table 6.3 for the number of cores used to solve the coarse problem
based on GDSW?-RGDSW. Stationary BFS problem with configurations according to Table 6.1. Re = 200. Use of
Bochev–Dohrmann stabilization for P1-P1 and Q1-Q1 elements. Pressure projection included in the first level for
P2-P1 and Q2-Q1 discretization. Use of full φ.

of constant functions on each subdomain; see Section 4.1.3. As mentioned at the beginning
of this section, if the pressure coarse space is too large in comparison to the velocity coarse
space, then the algorithm does not converge. We observe the same for Q2-P1-disc. if RGDSW
is used for the velocity. The explanation may be the same as before since, for example, in
the case of 243 subdomains, the RGDSW pressure coarse space for a continuous P1 pressure
space has 124 coarse functions (vertices of the domain decomposition), but any GDSW-type
coarse space for P1-discontinuous pressure functions has 243 coarse functions. Thus, RGDSW-
RGDSW for Q2-P1 has a smaller pressure coarse space than for Q2-P1-disc. Consequently,
the Q2-P1-disc. test results are based on the GDSW? coarse space for the velocity.

The different configurations all yield similar good weak scaling results for up to 15 552
processor cores. The stabilized P1-P1 and Q1-Q1 discretizations produce slightly higher
average GMRES iteration counts than their stable counterparts. Excluding the off-diagonal
blocks in φ or using it fully has only a minor impact on the results (compare Figure 6.6 (left)
and (right)). Corresponding to Figure 6.6 (left), Figure 6.7 displays the total time, consisting
of setup and solve time. Again, all the different configurations yield similar good weak scaling
results with respect to the total time for up to 15 552 processor cores. Included are timings for
P2-P1 and RGDSW-RGDSW, a combination that was not included in Figure 6.6 but displayed
previously in Figure 6.5; the results show that for a smaller number of subdomains, the number
of iterations and the total time using GDSW? for the velocity is smaller than if RGDSW is
used. However, the timings show that this changes for a larger number of subdomains.

6.2.3. The transient Navier–Stokes problem. For the transient backward-facing step
problem, we simulate up to t = 10.0 s. We choose a time-step size of ∆t = 0.05 s, giving
200 time steps in total (after which an almost stationary solution is reached). We omit the
pressure projection in the transient case, as it only slightly influences linear convergence but
increases the computation time. We use the coarse-space combinations that performed best in
the stationary case. Furthermore, we focus on the construction of the coarse matrix where the
off-diagonal blocks of φ are omitted.

In Figure 6.8 we investigate how the average iteration count of the linear solver (over
all Newton and time steps) depends on the Reynolds number; see Table B.1 for details.
See (6.1) for the Reynolds number definition of the BFS problem. The Reynolds number
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FIG. 6.8. Comparison of different finite element discretizations for the monolithic preconditioner for an
increasing Reynolds number. For the definition of the Reynolds number, see (6.1). Average GMRES iteration count
per Newton step. Transient BFS problem with configurations according to Table 6.1. Time step size is constant,
∆t = 0.05 s, simulation until t = 10 s, which amounts to 200 time steps in total. Use of Bochev–Dohrmann
stabilization for P1-P1 and Q1-Q1 elements. 243 processor cores. Combinations of different coarse spaces for the
velocity (first component) and pressure (second component). G: GDSW. G?: GDSW?. R: RGDSW. No use of pressure
projection. Exclude off-diagonal blocks in φ except for one case (see legend). For detailed results, see Table B.1.
Left: Increasing Reynolds number with constant vmax = 1 cm/s. The viscosity ν is decreased from 0.01 cm2/s
for Re = 200 to ν = 6.25× 10−4 cm2/s for Re = 3 200. The CFL number is 1.4. Average number of Newton
iterations is between 3.0 and 3.1. Right: Increasing Reynolds number with constant ν = 0.01 cm2/s. The velocity
vmax is increased from 1 cm/s for Re = 200 to 16 cm/s for Re = 3 200. The CFL number increases with higher
velocity. Average number of Newton iterations is between 3.0 and 4.1.

can be increased in two ways: either by decreasing the viscosity ν (see Figure 6.8 (left)) or
by increasing the maximum velocity (see Figure 6.8 (right)). The solver and preconditioner
combination is very robust with respect to the Reynolds number.

Both approaches of adjusting the Reynolds number yield similar results for the monolithic
preconditioner if the off-diagonal blocks of φ are omitted; this is not the case if the full φ is
used or for the block preconditioners PCD and SIMPLEC, as we will see in Section 6.4. When
the CFL number increases (Figure 6.8 (right)), the approach using the full φ is not robust.
However, rebuilding the coarse basis instead of reusing it will improve these results such
that the number of iterations is comparable to the other coarse-space variants. Nonetheless,
since reusing the coarse basis is computationally more efficient and omitting the off-diagonal
blocks proved to be more robust, we continue to use that strategy. It may be, however, that in
different circumstances rebuilding the coarse basis φ in each Newton step and not discarding
the off-diagonal blocks is advantageous; this needs to be further investigated.

The insight that the CFL number is the relevant metric in the considered case of varying
the Reynolds number in different ways is also reflected by considering the dimensionless
form of the Navier–Stokes equations. There, u is transformed to u∗ = u/uref via a reference
velocity (for example, the maximum velocity at the inlet). The relevant influence on the
solver by means of changing the Reynolds number via the velocity or the viscosity is then
found in the transformed time step ∆s = uref∆t/L, where L is a characteristic length scale
(see [29, p. 334 and p. 412] for details). This is comparable to a CFL number of the type
uref∆t/∆x since L and ∆x are fixed.

We remark that using a high CFL number may be inadvisable, even for stable time
discretizations, depending on the desired accuracy of the numerical solution. It is, however,
not a focus of this work to address this but to analyze the robustness of the solvers with respect
to different parameters.
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TABLE 6.6
Comparison of block preconditioners for different Reynolds numbers for the stationary BFS problem. P2-P1

discretization with H/h = 9, 1 125 cores. (BC-2) is applied in PCD and LSCAp . RGDSW-RGDSW coarse spaces
for the velocity (first component) and pressure (second component). Average GMRES iteration count per Newton step
and number of Newton steps in parentheses.

Preconditioner Diagonal BFBt LSC LSCAp
PCD SIMPLEC

Re = 20 127 (4) 180 (4) 169 (4) 154 (4) 82 (4) 278 (4)
Re = 200 266 (5) 292 (5) 257 (5) 207 (5) 103 (5) 316 (5)

TABLE 6.7
Comparison of boundary conditions in the PCD block preconditioner for the stationary BFS problem. For

different boundary conditions applicable to PCD, see Table 3.2. P2-P1 discretization with H/h = 9, 243 cores, and
Re = 200. RGDSW-RGDSW coarse-space combination for the velocity and Schur complement components. Average
GMRES iteration count per Newton step.

Boundary condition strategy (BC-1) (BC-2) (BC-3)

# avg. iterations > 500 87.7 93.7

6.3. Block preconditioners. We conduct similar tests for the block preconditioners as
for the monolithic preconditioner. A description of the used recycling strategies for block
preconditioners is given in Section 6.2.1. First, the stationary BFS problem is used to analyze
the different block preconditioners with respect to weak scaling. Then, weak scaling and the
robustness with respect to an increasing Reynolds number is analyzed for the transient BFS
problem.

In the stationary case, we approximate the inverse ofMp arising in the PCD preconditioner
with the diagonal approximation that is denoted AbsRowSum; see Section 5.3.1. There it was
advantageous to approximate the inverse of Mp with a Schwarz method. For the transient
case though, approximating Mp with a two-level overlapping Schwarz method proved to be
best. The inverse of Mu arising in the LSC-type preconditioners is also approximated via the
AbsRowSum diagonal scaling; see Section 5.3.2.

6.3.1. The stationary Navier–Stokes problem. Similar to Section 6.2.2 we use the
Test case 1 with the backward-facing step in three dimensions. First we compare in Ta-
ble 6.6 the available block preconditioners from Teko and a diagonal block preconditioner
implemented in the FEDDLib. The diagonal block preconditioner approximates the Schur
complement with− 1

νMp; the inverse of the approximate Schur complement and the inverse of
F−1 are then approximated with the Schwarz method. The BFBt method is defined by (3.14),
as it is a variant of the LSC block preconditioner.

The SIMPLE preconditioner is known to not perform well in the stationary case; see,
for example, [12, Section 4.2], [25, Section 3], or [74, Section 8.3]. Only the PCD block
preconditioner delivers moderate results. The results for LSC may improve by using an
additional scaling, like the ones introduced in [9, 31]. However, we did not see an improvement
with the scaling in [9] for our setting, and an implementation of the scaling matrix from [31] is
not available to us—see [31] for a derivation of a scaling matrix in a two-dimensional setting.
Consequently, and particularly later when we compare monolithic with block preconditioners,
we focus mainly on the PCD preconditioner and at times show results based on the SIMPLEC
preconditioner for reference.

In Section 4.2 we have shown how the two-level overlapping Schwarz preconditioners are
applied to block systems. The arising inverses F̂−1 and Ŝ−1 of the block preconditioners in
Section 3 are approximated with different Schwarz preconditioners.
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FIG. 6.9. Comparison of different finite element discretizations for block-triangular preconditioners. Use of
RGDSW-RGDSW (R-R) coarse space for the velocity (first component) and for Schur complement components (second
component) for both PCD and LSC (except for one result using PCD; see legend). (BC-2) boundary condition strategy
used for PCD and LSC. Average GMRES iteration count per Newton step. Total number of Newton iterations required
to reach convergence is 5. Weak scaling test. Stationary BFS problem with configurations according to Table 6.1.
Re = 200. Use of Bochev–Dohrmann stabilization for P1-P1 and Q1-Q1 elements. No use of pressure projection.
Left: PCD block preconditioner. One-level Schwarz approximation for Ŝ−1 denoted as one-lvl Ŝ. Right: LSCAp

block preconditioner; see Section 3.2.

For the stationary case, using the boundary condition strategy (BC-2) for PCD proved to
be slightly better than the default (BC-3); see Table 6.7. Consequently (BC-2) will be used
for the PCD preconditioner for the stationary BFS problem, but we will revert to the default
(BC-3) for transient simulations.

We select the RGDSW-RGDSW coarse-space combination as the default strategy: Ta-
ble A.1 in the appendix shows that different coarse-space combinations deliver similar results
if the Reynolds number is varied by changing the viscosity. Furthermore, the setup and solve
times are comparable; mixing different coarse spaces for PCD, for example GDSW?-RGDSW,
does not improve the average iteration count as in the monolithic case. Note that RGDSW has
the lowest setup cost since it has the smallest coarse-space dimension. Especially for a higher
number of processor cores, this will become visible; cf. Figure 6.11 (right).

Due to the decoupling of the subproblems via the block-preconditioning approach, the
choice of the coarse space for the two-level overlapping Schwarz method is then secondary
as indicated by the results in Figure 6.10 and Table A.1. These results also show that the
PCD block preconditioner is robust once the boundary conditions are correctly specified
(cf. Section 3.1.2).

In Figure 6.9 weak scaling results up to 15 552 processor cores are displayed for the
block-triangular preconditioners PCD and LSC. Most results are based on the application of a
two-level Schwarz method to approximate F̂−1. For reference, we also show a combination
that uses a one-level Schwarz approximation for Ŝ−1. We test the inf-sup stable P2-P1
and Q2-Q1 and the stabilized P1-P1 and Q1-Q1 elements but omit the Q2-P1-disc. element
since the implementation of the discrete pressure Laplace operator Ap cannot be used for
discontinuous elements. In that case, a different type of operator is required for PCD and
LSCAp

; its implementation is not available to us, and its definition is not straightforward;
see [29, pp. 368–370].

For PCD we observe weak scalability for all discretizations in Figure 6.9 (left). Using
only a one-level overlapping Schwarz preconditioner for the Schur complement proves to be
inadequate; the average iteration count exceeds 400.
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FIG. 6.10. Comparison of different coarse-space combinations for the velocity (first component) and Schur
complement components (second component) for a P2-P1 discretization for block preconditioners. Weak scaling
test for different combinations of one- and two-level approaches. Average GMRES iteration count per Newton step
over all time steps. Average number of Newton iterations per time step required to reach convergence is 3. Transient
BFS problem with H/h = 9. Time step ∆t = 0.02 s, simulation until t = 1.0 s, which amounts to 50 time steps.
Re = 200. The CFL number varies due to the increasing mesh resolution and constant time-step size. The maximum
CFL number is 1.44 for 4 608 cores. Left: Pressure convection-diffusion (PCD) block preconditioner with (BC-3)
boundary condition strategy for the Schur complement setup. Right: SIMPLEC block preconditioner.

The results using LSC are less clear; see Figure 6.9 (right) and Figure A.3. LSCstab,Ap
,

LSCstab, and PCD show comparably good scaling results for the stabilized Q1-Q1 and P1-
P1 elements; see Figures 6.9 and A.3. However, unstabilized LSC and LSCAp for stable
discretizations do not scale well; for a P2-P1 discretization, both exceed 300 average GMRES
iterations. Using Q2-Q1 elements, the convergence for LSCAp

is significantly better than for
P2-P1 but still significantly worse than for equal-order elements. Both discretizations show
the h-sensitivity of the LSC preconditioner; compare, for example, with [9, Table 4]. Only the
stabilized LSC variants are close to reaching an asymptotically constant number of GMRES
iterations. See also [74] (e.g., Table 11) for some related results of the LSC preconditioner
and the stationary BFS problem or [9] for a comparison of PCD and LSC preconditioners for
a lid-driven cavity problem using Q2-Q1 elements.

6.3.2. The transient Navier–Stokes problem. As the PCD preconditioner gave con-
sistently good results in the previous section, we focus our analysis on it for the transient
backward-facing step problem but also show results for SIMPLEC as a reference. We iterate
for 50 time steps with the step size ∆t = 0.02 s.

As stated in Section 3.1.2, different boundary conditions applied to the Schur complement
components in the PCD preconditioner can affect the performance. Unlike for the stationary
case in Table 6.7, where strategy (BC-2) worked best and (BC-1) failed to converge in a
decent number of iterations, for the transient case, all three strategies perform equally well;
see Table B.2 in the appendix. Thus, we revert to the default setting of (BC-3) for transient
simulations.

We analyze the weak scaling properties of the PCD and SIMPLEC block preconditioners
with Figure 6.10. As for the stationary problem, using a one-level method for the pressure
component is infeasible due to very high iteration counts. The other shown variants of PCD
and SIMPLEC qualitatively perform similarly as in the stationary case; PCD is weakly scalable
and does significantly better than SIMPLEC.

6.4. Comparison of specific monolithic and block preconditioners. For the compari-
son of monolithic and block preconditioners, we only address the configurations that gave the
most robust results in the previous sections. Furthermore, we focus mostly on PCD as a block
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FIG. 6.11. Weak scaling comparison of block and monolithic preconditioners. Use of GDSW? (G?) and
RGDSW (R) coarse spaces for the velocity (first component) and pressure (second component). Stationary BFS
problem with configurations according to Table 6.1. Re = 200. Use of Bochev–Dohrmann stabilization for P1-P1
elements. Pressure projection included in the first level for monolithic preconditioner with P2-P1 discretization.
Exclude off-diagonal blocks in φ for monolithic preconditioner. Boundary condition strategy for PCD is (BC-3). Left:
Average GMRES iteration count per Newton step. Total number of Newton iterations required to reach convergence
is 5. Right: Total time in seconds consisting of setup and solve time.

preconditioner but show a number of SIMPLEC results for reference. We contrast the weak
scaling behavior for the backward-facing step and the strong scaling behavior for the realistic
artery. We also study the preconditioners’ robustness by increasing the Reynolds number.
This is especially relevant for physically realistic scenarios. In [14] similar aspects relevant
to hemodynamics simulations were analyzed; among other tests, the authors compared the
SIMPLE and PCD block preconditioners for varying viscosities and Reynolds numbers.

6.4.1. Test case 1: backward-facing step.
Stationary simulation. In Figure 6.11 the average iteration count and the total time for

the PCD and monolithic preconditioner are displayed. Since the average iteration count of the
monolithic preconditioner is significantly lower, the total time is much lower as well. Despite
a slightly lower number of iterations, the RGDSW-RGDSW combination for PCD performs
better in case of the P2-P1 discretization and a large number of processor cores compared to
the GDSW?-GDSW?coarse-space combination, which can be attributed to the smaller cost
associated with the coarse problem.

It stands out that stabilized P1-P1 elements lead to smaller computation times compared
to P2-P1, despite a larger iteration count and a slightly larger number of degrees of freedom
(cf. Table 6.1). This is probably due to a more favorable sparsity pattern. However, since a
P2-P1 discretization should give a better finite element approximation, one cannot infer from
the results that P1-P1 elements are preferable.

Transient simulation. The transient backward-facing step simulation consists of 200 time
steps with ∆t = 0.05 s until t = 10 s is reached. We restrict ourselves to a P2-P1 discretization
and the monolithic preconditioner with the GDSW?-RGDSW or RGDSW-RGDSW coarse-
space combination; PCD and SIMPLEC always use RGDSW-RGDSW. For the comparison
of monolithic and block preconditioners, we consider three aspects: firstly, we compare the
robustness with respect to an increasing Reynolds number. The Reynolds number is varied
by adjusting the viscosity. As we have seen before, changing the velocity instead is more
challenging, as this also changes the CFL number. In Figure 6.12 (left), the average linear
iteration count is displayed for an increasing Reynolds number. Detailed iteration counts and
timings are included in the appendix in Table C.1. The PCD and monolithic preconditioners
are robust with respect to the increase of the Reynolds number, but also SIMPLEC shows
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FIG. 6.12. Comparison of block and monolithic preconditioners for an increasing Reynolds number. Use of
GDSW? and RGDSW coarse spaces for the velocity (first component) and pressure (second component). Transient
BFS problem with P2-P1 discretization and H/h = 9. Increasing Reynolds number due to decreasing viscosity. No
pressure projection is used. Exclude off-diagonal blocks in φ for monolithic preconditioner. Computation of 200
time steps with time-step size ∆t = 0.05 s, simulation until t = 10 s. CFL number is constant and equal to 1.35.
Computations on 243 cores. Boundary condition strategy in PCD is (BC-3). See Table C.1 for detailed numbers
corresponding to the figure. Left: Average GMRES iteration count per Newton step per time step. Average number of
Newton iterations per time step required to reach convergence is 3. Right: Total time in seconds consisting of setup
and solve time.

only a small increase in the number of iterations. Despite using a larger coarse space for the
velocity component, the monolithic preconditioner requires the least amount of CPU time; see
Table C.1 and Figure 6.12 (right).

Secondly, we consider robustness with respect to an increasing CFL number. In Fig-
ure 6.12, the CFL number remained constant. In Figure 6.13, we raise the Reynolds number by
increasing the maximum inflow velocity, which increases the CFL number since the time-step
size remains constant. For the monolithic preconditioner, the average iteration count per
Newton step over all time steps is still almost constant over the range 1.35 to 21.6 of CFL
numbers. PCD and SIMPLEC, however, show a large increase of the average iteration count
with the increasing CFL number. A sensitivity of PCD and SIMPLEC with respect to the
CFL number was also observed in [12, Figure 9]. Not reusing the coarse basis, as stated in
Section 6.2.1, has almost no impact on the results; compare Figure 6.13 (left) with Figure 6.13
(right). This justifies the reuse of the coarse basis throughout the simulation process to save
setup time.

Thirdly, we test the weak scaling behavior; see Table 6.8. Due to the increasing number
of processor cores, the mesh resolution increases and in turn also the CFL number. For
4 608 processor cores, the CFL number is still moderate with cCFL = 3.6. Based on the
results in Figure 6.13, this should not impact the average iteration count substantially. All
preconditioners, except for SIMPLEC, perform well. The results for 4 608 cores and SIMPLEC
were not computed due to the high computational cost.

Due to the low number of iterations achieved with the monolithic preconditioner and
GDSW?-RGDSW, this combination delivers by far the lowest solve time. Consequently, with
respect to total time, it performed best.

6.4.2. Test case 2: realistic artery—transient problem. To test the preconditioners
for a range of inflow velocities, we adjust the time-step size accordingly to obtain a fairly
constant CFL number; see Table 6.2. In Figure 6.14 (left) we can observe the response of
the preconditioning strategies to the maximum Reynolds number defined in (6.2). The PCD
and monolithic preconditioner deliver robust results. If we take a closer look at the average
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FIG. 6.13. Comparison of block and monolithic preconditioners for an increasing Reynolds and CFL number.
Use of GDSW? and RGDSW coarse spaces for the velocity (first component) and pressure (second component).
Transient BFS problem with P2-P1 discretization and H/h = 9. Increasing Reynolds number due to increasing
velocity. No pressure projection is used. Exclude off-diagonal blocks in φ for monolithic preconditioner. Constant
time-step size ∆t = 0.05 s, simulation until t = 10 s. CFL condition increases with increasing velocity. Boundary
condition strategy of PCD is (BC-3). Average GMRES iteration count per Newton step per time step. Computations of
all methods with reuse of coarse basis (CB) (Left) and without reuse (Right); see Section 6.2.1. Note that the two plots
look identical since the reuse of the coarse basis (CB) has a very minor effect on the iteration count in this test setting.

TABLE 6.8
Comparison of weak scaling between block and monolithic preconditioners. Transient BFS problem with P2-P1

discretization and H/h = 9. Re = 3 200 with ν = 6.25× 10−4 cm2/s and inflow velocity vmax = 1 cm/s.
Average number of Newton iterations per time step required to reach convergence is 3. Due to the increasing number
of subdomains, the mesh resolution increases and in turn also the CFL number cCFL. No pressure projection is
used. PCD boundary condition strategy is (BC-3). SIMPLEC and PCD use the RGDSW-RGDSW coarse-space
combination. Exclude off-diagonal blocks in φ in monolithic preconditioner. Detailed results for 243 cores and
varying Reynolds numbers are given in Table C.1. The results for 4 608 cores and SIMPLEC were not computed due
to the high computational cost. In the case of 4 608 processor cores—to achieve the best results—8 cores are used
to solve the coarse problems for PCD, 12 for the monolithic preconditioner and RGDSW-RGDSW, and 16 for the
monolithic preconditioner and GDSW?-RGDSW.

Block preconditioner Monolithic preconditioner

# cores cCFL SIMPLEC PCD RGDSW-RGDSW GDSW?-RGDSW

243 1.4

# avg. iter. 52.7 31.7 35.0 21.7

Setup time 595 s 580 s 785 s 787 s

Solve time 2 901 s 1 761 s 2 008 s 1 268 s

Total 3 496 s 2 341 s 2 793 s 2 055 s

1 125 2.3

# avg. iter. 96.8 41.5 38.4 20.5

Setup time 709 s 684 s 904 s 935 s

Solve time 6 882 s 2 924 s 2 788 s 1 512 s

Total 7 591 s 3 608 s 3 692 s 2 447 s

4 608 3.6

# avg. iter. — 43.7 43.0 19.0

Setup time — 745 s 994 s 1 179 s

Solve time — 3 567 s 3 642 s 1 664 s

Total — 4 312 s 4 636 s 2 843 s
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FIG. 6.14. Comparison of block and monolithic preconditioners for the transient realistic artery problem
(Figure 6.3) by varying the Reynolds and CFL number. Transient problem with P2-P1 discretization and 4.1 million
degrees of freedom. Average number of Newton iterations per time step required to reach convergence is 3. Com-
putations on 416 processor cores. No pressure projection is used. Use of GDSW? and RGDSW coarse spaces for
the velocity (first component) and pressure (second component). Excluding off-diagonal blocks of φ in monolithic
preconditioner. Boundary condition strategy of PCD is (BC-3). Left: Increasing Reynolds number due to increasing
initial velocity vmax from 10 to 40 cm/s; see Table 6.2. Right: Configuration with Reart,max = 1 270; see Table 6.2.
Average GMRES iteration count per Newton step for each time step. Value is plotted every tenth time step. The
maximum elementwise CFL number cCFL(t) is shown (light gray); its maximum over all time steps is cCFL = 100.
The average of elementwise CFL numbers cCFL,avg(t) is depicted as well (dark gray); its average over time is 11.
Due to the high average GMRES iteration count, the SIMPLEC preconditioner is excluded from the figure.

number of iterations per Newton step for the different time steps, then the monolithic approach
is very robust to the velocity changes since the iteration count over time is almost constant in
Figure 6.14 (right). The graph of the PCD preconditioner is similar to the graph of the CFL
number; that is, it shows that its performance deteriorates with a larger CFL number.

Finally, we display strong scaling results for the artery test case in Figure 6.15; the mesh
has 4.1 million degrees of freedom. Between 52 and 416 processor cores are used, of which
2 to 8 are used to solve the coarse problem; see Table 6.9. The unstructured mesh partition
is constructed with METIS. We use an initial velocity of 40 cm/s but increase the time step
with respect to Table 6.2 to ∆t = 0.002 s to reach results for 52 processor cores within a
reasonable time frame. We test the monolithic preconditioner with GDSW?-RGDSW and the
PCD block preconditioner with RGDSW-RGDSW. The results show strong scaling of both
the PCD and the monolithic preconditioner. However, the monolithic preconditioner is more
robust and requires significantly fewer iterations to converge, which results in a substantially
lower computing time.

Based on the results in this work and the considered inflow-outflow problems, choosing
the monolithic two-level overlapping Schwarz preconditioner with the GDSW?-RGDSW
coarse-space combination provides a consistently robust performance with a low computation
time. The PCD block preconditioner can achieve similarly reliable results, provided the
boundary conditions of the preconditioner are chosen appropriately and the CFL number is
not too high; cf., e.g., Figure 6.14.

Acknowledgments. Financial funding from the Deutsche Forschungsgemeinschaft (DFG)
through the Priority Program 2311 “Robust coupling of continuum-biomechanical in silico
models to establish active biological system models for later use in clinical applications—Co-
design of modeling, numerics and usability”, project ID 465228106, is greatly appreciated.

http://etna.ricam.oeaw.ac.at
http://www.kent.edu
http://www.ricam.oeaw.ac.at


ETNA
Kent State University and

Johann Radon Institute (RICAM)

MONOLITHIC AND BLOCK OVERLAPPING SCHWARZ PRECONDITIONERS 199

52 104 208 416
0

20

40

60

80

# cores

#
av
g.

it
er
at
io
n
s

PCD: RGDSW–RGDSW

Monolithic:GDSW⋆ –RGDSW

102 103
103

104

105

# cores

to
ta
l
ti
m
e
in

s

PCD: RGDSW–RGDSW

Monolithic:GDSW⋆ –RGDSW

Optimal Scaling

6079 s–

– 3455 s

FIG. 6.15. Comparison of strong scaling of block and monolithic preconditioners for the transient realistic
artery problem (Figure 6.3). Use of GDSW? and RGDSW coarse spaces for the velocity (first component) and pressure
(second component). Transient problem with P2-P1 discretization and 4.1 million degrees of freedom. Average
number of Newton iterations per time step required to reach convergence is 3. Computations on 52 to 416 processor
cores; see Table 6.9 for the number of cores used to solve the coarse problem. Time step size ∆t = 0.002 s, initial
maximum velocity of 40 cm/s, resulting in Reart,max = 1 270. The maximum CFL number is cCFL = 160. For the
average elementwise CFL number, we have cCFL,avg(t) = 28. The average of cCFL,avg(t) over all time steps is 18.
No pressure projection is used. Excluding off-diagonal blocks in φ. Boundary condition strategy of PCD is (BC-3).
Left: Comparison of average GMRES iteration count per Newton step per time step for different numbers of processor
cores and different preconditioning techniques. Right: Total time consisting of setup and solve time.

TABLE 6.9
Number of processor cores assigned to the coarse problem for the results in Figure 6.15. Number of coarse

functions in parentheses. Coarse spaces: The monolithic preconditioner uses GDSW?-RGDSW and the PCD block
preconditioner RGDSW-RGDSW.

# cores 52 104 208 416

PCD 2 (404) 3 (1 084) 4 (2 771) 8 (6 057)
Monolithic 2 (1 013) 4 (2 518) 6 (5 912) 12 (12 975)

The authors gratefully acknowledge the scientific support and HPC resources provided by
the Erlangen National High Performance Computing Center (NHR@FAU) of the Friedrich-
Alexander-Universität Erlangen-Nürnberg (FAU) under the NHR project k105be. NHR
funding is provided by federal and Bavarian state authorities. NHR@FAU hardware is
partially funded by the German Research Foundation (DFG)-440719683.

Appendix A. The stationary Navier–Stokes problem. In Figure A.1, results for a
stationary, three-dimensional lid-driven cavity problem are displayed to ensure that the results
seen before in Figure 6.5 are not particularly problem specific: the results for the monolithic
preconditioner, different combinations of coarse spaces, and the use of the pressure projec-
tion (4.7) qualitatively show the same behavior as before for the stationary backward-facing
step problem.

The setup uses the classic formulation, where the entire top part of a unit cube is moved
at constant velocity in one direction; see, for example, [40, Section 2.1]. We use a structured
mesh of the unit cube [0, 1]3, decomposed into cubic subdomains. The subdomain resolution
is H/h = 9, giving for a P2-P1 discretization 4.1 million degrees of freedom if 63 = 216
subdomains are used and 286.7 million degrees of freedom if 253 = 15 625 subdomains are
used. The kinematic viscosity is ν = 0.005, giving Re = 200. The lid includes its boundary
points (classic lid-driven cavity formulation). The Dirichlet condition for the velocity at the
lid is (1, 0, 0) in each node and zero elsewhere.
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It was not necessary to ensure uniqueness of the pressure by fixing a pressure node
or introducing a projection into GMRES; note that prescribing a zero mean integral via a
Lagrange multiplier can be computationally inefficient in a parallel setting, as the associated
vector in the system matrix is dense and couples globally across all subdomains.
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FIG. A.1. Comparison of different coarse-space combinations for the velocity (first component) and pressure
(second component) for P2-P1 discretization for the monolithic preconditioner. Average GMRES iteration count per
Newton step. Weak scaling test. Stationary lid-driven cavity problem withH/h = 9; see Appendix A for a description.
Re = 200. Using pressure projection in first level of monolithic preconditioner. See Figure 6.5 for corresponding
BFS problem. Left: Excluding off-diagonal blocks in φ to build the coarse matrix. Right: Using full φ to build the
coarse matrix.
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FIG. A.2. Comparison of different coarse-space combinations for the velocity (first component) and pressure
(second component) for a P2-P1 discretization and the monolithic preconditioner. Average GMRES iteration count per
Newton step. Weak scaling test. Stationary BFS problem with H/h = 9. Re = 200. Omitting pressure projection;
see Figure 6.5 for the corresponding results if the pressure projection is used. Left: Excluding off-diagonal blocks in
φ to build the coarse matrix. Right: Using full φ to build the coarse matrix.

http://etna.ricam.oeaw.ac.at
http://www.kent.edu
http://www.ricam.oeaw.ac.at


ETNA
Kent State University and

Johann Radon Institute (RICAM)

MONOLITHIC AND BLOCK OVERLAPPING SCHWARZ PRECONDITIONERS 201

TABLE A.1
Comparison of different coarse spaces for the PCD block preconditioner with different Reynolds numbers for

P2-P1 discretization. Combinations of different coarse spaces for the velocity (first component) and Schur complement
components (second component). Stationary BFS problem with H/h = 9. (BC-2) is applied in PCD. 1 125 cores.
Reynolds number is increased by decreasing the viscosity. For the definition of the Reynolds number, see (6.1). Average
GMRES iteration count per Newton step and number of Newton steps in parentheses. Total time consists of setup and
solve time.

Coarse
space

Velocity GDSW GDSW? GDSW? RGDSW
Pressure GDSW GDSW? RGDSW RGDSW

Re = 20

# avg. iterations 76 (4) 79 (4) 76 (4) 82 (4)

Setup time 15.0 s 13.7 s 15.0 s 12.9 s

Solve time 35.3 s 35.1 s 33.8 s 35.2 s

Total 50.3 s 48.8 s 48.8 s 48.1 s

Re = 200

# avg. iterations 98 (5) 100 (5) 102 (5) 103 (5)

Setup time 15.5 s 14.2 s 13.9 s 12.9 s

Solve time 57.7 s 56.7 s 57.2 s 56.9 s

Total 73.2 s 70.9 s 70.1 s 69.8 s

Re = 400

# avg. iterations 163 (6) 167 (6) 174 (6) 173 (6)

Setup time 15.9 s 13.8 s 13.7 s 13.0 s

Solve time 122.3 s 120.2 s 125.0 s 119.8 s

Total 138.2 s 134.0 s 138.7 s 132.8 s
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FIG. A.3. Comparison of different finite element
discretizations for the LSC block-triangular precondi-
tioner. Use of RGDSW-RGDSW coarse space for the
velocity (first component) and for Schur complement
components (second component). Average GMRES iter-
ation count per Newton step. Total number of Newton
iterations required to reach convergence is 5. Weak
scaling test. Stationary BFS problem with configu-
rations according to Table 6.1. Re = 200. Use of
Bochev–Dohrmann stabilization for P1-P1 and Q1-Q1
elements. No use of pressure projection. LSC block
preconditioner; see Section 3.2.
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Appendix B. The transient Navier–Stokes problem.

TABLE B.1
Comparison of different finite element discretizations for the monolithic preconditioner for an increasing

Reynolds number. Average GMRES iteration count per Newton step per over all time steps. Transient BFS problem
with configurations according to Table 6.1. Time step size is constant, ∆t = 0.05 s, simulation until t = 10 s, which
amounts to 200 time steps in total. Use of Bochev–Dohrmann stabilization for P1-P1 and Q1-Q1 elements. 243
processor cores. Combinations of different coarse spaces for the velocity (first component) and pressure (second
component). No use of pressure projection. Exclude off-diagonal blocks in φ. Results corresponding to Figure 6.8.

Discretization P1-P1 P2-P1 Q1-Q1 Q2-Q1 Q2-P1-disc.

Coarse
space

Velocity RGDSW GDSW? RGDSW GDSW? GDSW?

Pressure RGDSW RGDSW RGDSW RGDSW GDSW?

Re ν vmax # avg. iter. per Newton step over all time steps

200 0.01 1 13.7 19.8 12.8 21.8 31.7
400 0.005 1 13.8 18.7 14.3 19.8 35.3
800 0.0025 1 14.9 19.5 14.9 20.7 37.3

1 600 0.00125 1 14.9 20.8 14.7 22.6 39.1
3 200 0.000625 1 15.5 21.7 13.4 20.3 40.7

200 0.01 1 13.7 19.8 12.8 21.8 31.7
400 0.01 2 12.8 18.7 12.3 20.0 30.7
800 0.01 4 13.1 20.3 13.6 22.0 31.7

1 600 0.01 8 14.5 22.7 14.5 23.6 33.6
3 200 0.01 16 24.9 24.4 24.3 27.5 39.9

TABLE B.2
Comparison of different boundary condition strategies for the PCD block preconditioner and a transient

simulation. Boundary conditions in PCD are defined according to Section 3.1.2. Transient BFS problem with P2-P1
discretization. Average iteration count per Newton step over all time steps, number of Newton steps in parentheses.
GDSW-GDSW coarse space for the velocity (first component) and pressure (second component). Number of processor
cores is 243. Time step ∆t = 0.02 s, simulation until t = 1.0 s, which amounts to 50 time steps. (*) Results
corresponding to Figure 6.10 (left).

Boundary condition strategy (BC-1) (BC-2) (BC-3) (*)

# avg. iterations 33.5 (3.1) 33.4 (3.1) 33.4 (3.1)
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Appendix C. Comparison of block and monolithic preconditioners for varying
Reynolds numbers.

TABLE C.1
Comparison of block and monolithic preconditioners for an increasing Reynolds number. Average GMRES

iteration count per Newton step per time step. Total time in seconds consisting of setup and solve time. Transient
BFS problem with P2-P1 discretization and H/h = 9. Increasing Reynolds number due to decreasing viscosity.
Computation of 200 time steps with time-step size ∆t = 0.05 s, simulation until t = 10 s. CFL number is constant
and equal to 1.35. Computations on 243 cores. Boundary condition strategy in PCD is (BC-3). Use of GDSW? and
RGDSW coarse spaces. Results corresponding to Figure 6.12.

Re 200 400 800 1 600 3 200

ν 1.0·10−2 5.0·10−3 2.5·10−3 1.3·10−3 6.25·10−4

SIMPLEC
RGDSW-
RGDSW

# avg. iter. 38.6 (3.0) 39.0 (3.0) 41.1 (3.0) 46.7 (3.0) 52.7 (3.0)

Setup time 596 s 594 s 598 s 599 s 595 s

Solve time 2 089 s 2 116 s 2 298 s 2 570 s 2 901 s

Total 2 685 s 2 710 s 2 896 s 3 169 s 3 496 s

PCD
RGDSW-
RGDSW

# avg. iter. 29.9 (2.8) 30.7 (3.0) 28.9 (3.0) 28.8 (3.0) 31.7 (3.0)

Setup time 584 s 578 s 577 s 581 s 580 s

Solve time 1 592 s 1 700 s 1 629 s 1 600 s 1 761 s

Total 2 176 s 2 278 s 2 206 s 2 181 s 2 341 s

Monolithic
RGDSW-
RGDSW

# avg. iter. 26.9 (2.8) 29.2 (3.0) 30.5 (3.0) 32.7 (3.0) 35.0 (3.0)

Setup time 795 s 789 s 789 s 785 s 785 s

Solve time 1 458 s 1 671 s 1 747 s 1 873 s 2 008 s

Total 2 253 s 2 460 s 2 536 s 2 658 s 2 793 s

Monolithic
GDSW?-
RGDSW

# avg. iter. 19.8 (2.8) 18.7 (2.8) 19.5 (2.9) 20.8 (3.0) 21.7 (3.1)

Setup time 790 s 783 s 786 s 782 s 787 s

Solve time 1 074 s 1 035 s 1 122 s 1 203 s 1 268 s

Total 1 864 s 1 818 s 1 908 s 1 984 s 2 055 s
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