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A POSTERIORI ERROR ESTIMATES BASED ON MULTILEVEL
DECOMPOSITIONS WITH AN ITERATIVE SOLVER ON THE COARSEST LEVEL*
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Abstract. Multilevel methods represent a powerful approach to the numerical solution of partial differential
equations. The multilevel structure can also be used to construct estimates for the total and algebraic errors of the
computed approximations. This paper deals with residual-based error estimates that rely on properties of quasi-
interpolation operators, stable splittings, or frames. We focus on the settings where the system matrix on the coarsest
level is still large and the associated terms in the estimates can only be approximated. We show that the way in
which the error term associated with the coarsest level is approximated is crucial. It can significantly affect both the
efficiency (accuracy) of the overall error estimates and their robustness with respect to the size of the coarsest-level
problem. We propose a new approximation of the coarsest-level term based on using the conjugate gradient method
with an appropriate stopping criterion. We prove that the resulting estimates are efficient and robust with respect to
the size of the coarsest-level problem. Numerical experiments illustrate the theoretical findings.
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1. Introduction. Multilevel methods [7, 10, 22, 43] are frequently used for solving
systems of linear equations obtained from the discretization of partial differential equations
(PDEs). They are applied either as standalone iterative solvers or as preconditioners. In
geometric multigrid methods, the hierarchy of systems is obtained by the discretization of an
infinite-dimensional problem for a sequence of nested meshes. In algebraic multigrid methods,
the coarse systems are constructed using algebraic properties of the matrix. Each multigrid
cycle involves smoothing on the fine levels, prolongation, and solving a system of linear
equations on the coarsest level. Smoothing is typically done by a few iterations of a stationary
iterative method. If the size permits, the coarsest-level problem is typically solved using a
direct method based on an LU or a Cholesky decomposition. Although this does not provide a
computed result with zero error, many theoretical results for multigrid methods are proved
under the assumption that the coarsest-level problem is solved exactly; see, e.g., [47, 49].

Multilevel methods can in practice also use hierarchies where the coarsest-level problem is
large. This arises for problems on complicated domains or for large-scale problems solved on
modern parallel computers; see, e.g., [11, 18]. When using a very large number of computing
units (either CPUs or GPUs), usually very few equations are assigned to the processes at the
end of the coarsening. Then the only feasible way of employing a direct (distributed) solver on
the coarsest-level is to pool resources restricting the number of involved processes [13] or to
replicate computations [4]. The coarsest-level problem is therefore often solved iteratively, i.e.,
only approximately to a suitably prescribed accuracy, e.g., by Krylov subspace methods (such
as in [18]) or direct methods with low-rank matrix approximations; see, e.g., [11]. Effects of
approximate coarsest-level solves on the convergence of multigrid method were analyzed, e.g.,
in [32, 45, 48].
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The multilevel structure can also be used to construct estimates for the total and algebraic
errors; see, e.g., [5, 23, 26, 31, 34, 37]. The estimates of [5, 23, 26, 31, 34, 37] are, however,
not suited for multilevel hierarchies with large coarsest-level problems that are used for
complicated domains and/or in parallel implementations. They either assume that the coarsest-
level problem is solved exactly [5, 31, 34], or they require a computation of the term rj Ay ro
associated with the coarsest level, where A is the coarsest-level system matrix and rj a
projection of the finest-level residual to the coarsest level [23, 26, 37]. The term rjA 1r0 can
be approximated, e.g., using the conjugate gradient (CG) method as in [26] or by replacing the
system matrix with a diagonal matrix as in [23]. Then proving efficiency and robustness of the
estimates becomes an important challenge.

In this work, we discuss properties of the error estimates in multilevel settings where the
system matrix on the coarsest level is large and the associated terms are only approximated. We
consider several a posteriori estimates for the total and algebraic errors, based on decomposing
the error into a sequence of finite element subspaces and using either approximation properties
of quasi-interpolation operators [5], stable splittings [26, 37], or so-called frames [23]. The
main contribution of this paper is a new procedure for approximating the term rjA, Iro
associated with the coarsest level that is based on using the conjugate gradient method with an
appropriate stopping criterion. We prove that the resulting estimates are efficient and robust
with respect to the size of the coarsest-level problem.

The text is organized as follows. First, we present a model problem, its discretization,
and the notation used in the text. Derivations of error estimates for the total and algebraic
errors are presented in Section 3 following the literature or standard techniques used in the
literature. In Section 4, we recall results on the efficiency of the bounds. In Section 5 we
first describe how to replace the (uncomputable) terms in the estimates by a computable
approximation. Then we present the new adaptive procedure for approximating the coarsest-
level term. Numerical illustrations are given in Section 6 and conclusions in Section 7. To
avoid interrupting the presentation, we provide detailed theoretical results that are used in the
derivation of the estimates in the appendices. Appendix A summarizes standard results from
the analysis of PDE and the finite element method (FEM). Appendix B discusses properties
of quasi-interpolation operators, while Appendix C presents results for stable splittings and
frames. Its purpose is to facilitate an easy comparison of various findings that are scattered in
the literature. The results presented in Appendix C describe the dependence of the constants
in the estimates on properties of the mesh.

2. Model problem, setting, and notation. The estimates will be studied for a standard
model problem, a prototype for elliptic equations, namely the Poisson’s problem with homo-
geneous Dirichlet boundary conditions. Let 2 C RY, d = 2, 3, be an open bounded polytope
with a Lipschitz-continuous boundary. Given f € L?(2), the weak form reads:

Find u € H{ (2) such that

2.1 Vu-Vo= [ fu, Yo € H} ().
Q Q

In this section, we introduce some notation for meshes and finite element spaces and the
multilevel framework. Further, we present the Galerkin finite element discretization of the
model problem on a particular level, define its approximate solution, the error, and the (scaled)
residuals associated with the individual levels of the multilevel hierarchy.

Similarly to the standard literature, we introduce some simplifying assumptions, e.g., on
the model problem or the mesh hierarchies. This is done in order to reduce the complexity
of proofs (that are already quite technical) and to allow us to refer to particular results in the
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literature. We use a standard notation for Lebesgue and Sobolev (Hilbert) spaces, norms, and
seminorms; see, €.g., [9].

2.1. Notation for a single level. Throughout the paper, we consider simplicial meshes
of Q that are matching in the sense that for two distinct elements of a mesh 7 (triangles in
2D or tetrahedra in 3D), their intersection is either an empty set or a common node (vertex),
edge, or face. By &7 and N7 we denote the set of (d — 1)-dimensional faces and the set of
nodes in the mesh 7, respectively. By £7 in¢ We denote the set of all faces that are not on the
boundary 0. By K+ C N7 we denote the set of all nodes in the mesh 7 that are not on
the boundary, i.e., the free nodes. For any element (simplex) K € 7T, the symbol £ C E7
denotes the set of faces of the element K, the symbol N C N7 denotes the set of nodes of
the element K, and Ek int = Ex N ET int and Kx = N N K. We use a hash to denote the
cardinality of a set, for example, #/ 7 means the number of free nodes in the mesh 7. For
the ease of presentation, we will assume that the nodes in N7 are ordered such that the nodes
1,...,#K7 belong to ICr, i.e., the first indices correspond to the free nodes followed by the
nodes on the boundary.

By hx we denote the diameter of i € T and define a meshsize hy € L*°(Q2) as

hr(x) = hx, reK, VKeT.

Similarly h,, denotes the diameter of a domain w. We in particular use hq, to indicate the
diameter of the domain 2. By |w| we denote the Lebesgue measure of a domain w.

For any element K € T, the symbol wy denotes the patch of elements that share at least
one common vertex with K, i.e.,

WK = U K/.

K'eT;K'NK#)

By px we denote the diameter of the largest ball inscribed in the element K.

For every node z € N7, let ¢, be the continuous piecewise linear function (hat function)
that has the value one at the node z and vanishes at all other nodes in N7-. Let S denote the
space of continuous, piecewise linear functions,

St ={ve H (Q),v|x € PHK), VK € T} = span{¢., z € Nr},
and V- C S the subspace of functions vanishing on the boundary 0¢2,
Vr ={ve H}(Q),v|x € P(K), VK € T} = span{¢., z € K7}

We write the basis of V- as @7 = (¢1, ..., dux, ).

One of the key properties of a mesh that affects the size of the constants in the estimates
derived below is the so-called shape regularity of the mesh. This can be quantified by the
shape-regularity constant, i.e., the smallest 7 > 0 satisfying

h
2.2) K <nr,  VKeT;
PK

see, e.g., [38, p. 484].

2.2. Multilevel framework. As the title of the paper suggests, we will work with a
sequence of levels j = 0, 1,...,J. For some parts of the theory, we will also consider infinite
sequences of levels j = 0,1,...,J,... To simplify the previously introduced notation, we
will replace in subscripts the symbol 7; by j, hereby denoting objects associated with the
mesh 7; on the jth level.
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Let 7y be an initial mesh of 2. We consider a sequence of meshes 77, 72, . . . obtained by
successive uniform dyadic refinements of 7, i.e., each element is refined into 24 elements
(congruent triangles in 2D; for a proper nondegenerating 3D mesh refinement, see, e.g., [50]).
We recall that S; and V}, j = 0, 1,. . ., are the finite element spaces of continuous piecewise
linear functions on 7}, respectively the spaces of continuous piecewise linear functions on 7;
that vanish on the boundary 0f2. These spaces are nested, i.e.,

SpcS C---Cc HY(Q), VoC Vi C---C HJ (D).
On each level j, we consider a quasi-interpolation operator
Iy, : LY(Q) = V;

with the definition and properties described in detail in Appendix B.

Due to the uniform refinement, the mesh sizes h; of 7;, j > 0, satisfy h; = 279 hy.
Moreover, the uniform refinement assures that the shape-regularity constants -y; of the meshes
are the same on all levels in two dimensions, i.e., 70 = 7;, j € N, and that in three dimensions
there exists a constant C3p > 0 such that v; < Cspyo, j € N; see [50].

2.3. Discretization, approximate solution, and residuals. Discretizing the model
problem (2.1) on the subspace V), for some J > 0, using the Galerkin method reads as:
Find u; € V; such that

2.3) /VUJ'VU}J:/wa, Ywy € Vj.
Q Q
Let v; € V; be a (computed) approximation of the discrete solution ;. Our goal is to

bound the energy norm of the total error e = u — v using computable quantities involving v ;
and f. The squared energy norm of the error || Vel||? can be expressed as

IVel2 = [V (u—v)||? = /Q V(u—vy)-V(u—v,) = /ﬂ Flu—vy) = Vo, - V(u—1uy).
Denote by (H{(92))” the dual space to H{ (), and define the residual r € (Hg ()" as
2.4) (r,w) = /wa — Vs - Vuw, Vw € H ().

Then (2.4) yields the so-called residual equation

(2.5) |Ve|? = (r,e),

which is the key formula for the development of the error bounds presented below. Moreover,
it can be shown (see, e.g., [46, Section 1.4.1]) that

19ell = 7l gy

In order to derive computable estimates, we consider Riesz representations of the infinite-

dimensional residual r in the finite-dimensional spaces V;, j = 0,1,... In particular, let
r; € V;, j = 1,..., be the Riesz representation of 7 in the space V; with the scaled L?-inner
product, i.e.,

(2.6) (r,w;) = / h;QTjwj, Yw; € Vj,
Q
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and let rg € Vj be the Riesz representation of the residual r in the space Vj with the H& -inner
product, i.e.,

2.7 (rywp) = / Vrg - Vwg, Ywgy € Vp.
Q

These definitions are used in [37, Section 2.6], where r; are called scaled residuals. In [5,
Section 5] the authors use Riesz representations of r in the spaces V;, j = 1,...,J, with
the classical L2-inner products, and they refer to them as discrete residuals. The different
definition that we use results in a slightly different form of the estimates below in comparison
to [5, Section 5].

2.4. Table of constants. For the clarity of presentation and the reader’s convenience,
we present in Table 2.1 a list of constants used in the later development, together with a brief
description and reference to their definition or appearance, which is mostly in the appendices
of the paper. All these constants only depend on the dimension d and the shape regularity
parameter g of the initial mesh.

TABLE 2.1
List of constants used in Sections 3 to 5.

Constant Brief description

Cus Residual-based error estimate (3.1).

C Ty, .t Cron1  Properties of the quasi-interpolation operator, Theorems B.5 and B.6;
we also write C'y; , for Clvj l=1,2,34.

cs.ivs Cs.1v Stability of splitting of H2(£2) using the quasi-interpolation operators,

Theorem C.9.

cs, Cg Stability of splitting of H (£2) into subspaces of piecewise linear func-
tions, Theorem C.10.

¢cg,Cp Stability of basis functions, Lemma C.11.

EB,éB Defined as ¢p :min{l,cB},ég = maX{l,C’B}.

Chus Estimate (3.16), also appearing in [23, Proof of Thm. 5.1].

e, Car Spectral equivalence of mass matrix and stiffness matrix diagonal (C.19).

Cr Friedrich’s inequality, Lemma A.2.

Cinv Inverse inequality, Lemma A 4.

3. Residual-based error estimates. In this section we derive several error estimates
following the techniques in the literature. We first recall, in a single-level setting, the stan-
dard residual-based error estimator for the discretization error that assumes exact algebraic
computations.

Consider the model problem (2.1) discretized on a level J > 0 of a multilevel hierarchy as
in Section 2.2. The classical residual-based estimator (see, e.g., [ 1, Section 3], [46, Section 1.4])
is, for a (computed) approximation v; € V), defined as


http://etna.ricam.oeaw.ac.at
http://www.kent.edu
http://www.ricam.oeaw.ac.at

ETNA

Kent State University and
Johann Radon Institute (RICAM)

MULTILEVEL ERROR ESTIMATES WITH AN ITERATIVE SOLVER ON THE COARSEST LEVEL571

s = (n5H9)? 4 (PP 4 (oses)?
(n¥59)* = 3 Wl el

KeTy

) =3 3 b 3 IVl I

KeTy EE€EK int

(ose)? = 3 WS~ fcliir

KeTy
where [-] denotes the jump of a piecewise constant function over the (d — 1)-dimensional faces
(faces in 3D and edges in 2D) and f is the mean value of f on K. Other choices of fx are
also possible; see, e.g., [23].
The following result (see, e.g., [5, Lemma 3], [39, Section 4], or [46, Section 1.4]) will be

useful below. There exists a constant C;s > 0 depending only on the dimension d and the
shape-regularity parameter 7y, such that

3.1 (ryw — Iy, w) < Casny ||Vl Yw € H&(Q)

Note that if v is equal to the Galerkin solution u , then the associated residual r = r(u )
satisfies the Galerkin orthogonality on the finest level, i.e.,

(rywy) =0, Ywy € V.
Then,
IV (u = un)|? = (r, (u—uy) = Iv, (u—uy)),
and using (3.1) for w = uw — u yields the standard bound for the discretization error:
IV(u—=us)| < Casny(ug).

3.1. Estimates of Becker, Johnson & Rannacher. The following derivation is motivated
by [5] and uses a decomposition of the error via quasi-interpolation operators. Considering
the residual equation (2.5) and writing the error e = u — v as

J
e=e—Iy,e+ Z (Ivje — Ivrle) + Iy, e
j=1
yields
J
(3.2) [Vel|? = (r,e) = (r,e — Iy,e) + Y (r,Iv,e — Iy,_1€) + (r,Iy,e).

j=1

The first term on the right-hand side of (3.2) can be bounded using (3.1) as

3.3) (r,e — Iy, e) < Casnsl|Vel|.


http://etna.ricam.oeaw.ac.at
http://www.kent.edu
http://www.ricam.oeaw.ac.at

ETNA

Kent State University and
Johann Radon Institute (RICAM)

572 P. VACEK, J. PAPEZ, AND Z. STRAKOS

The second and the third term on the right-hand side of (3.2) can be rewritten using the scaled
residuals (2.6), (2.7) and subsequently bounded as

J
Z r, Iy,e — Iy, e) + (r, Iy,e)

j=1

J
(3.4) Z/ ri(Iv,e — IVHe)Jr/ Vro - Viy,e
Q

J
Z 7 il by (e = Iv,_ye) | + Vol - IV Ivge]]-

Further, using the bound for the difference of the quasi-interpolants on two consecutive levels
(Appendix B, Theorem B.6) and the stability of the quasi-interpolation operator on the coarsest
level in the H{ (€2)-norm (Appendix B, Theorem B.5, inequality (B.10)), we get

leh il by (Tvye = vy @) + IVroll - [V Twgell

(3.5) ;

< Cram | D by rsll | Vel + 1970l - Cryya - [ Vell.
j=1

Combining (3.2)—(3.5) yields the following:

ESTIMATE FOR THE TOTAL ERROR 1.

J
(3.6) Vel < Casns + Cram Z Hh;lﬁ’” + Cryya

Jj=1

|V’I“0H.

In [5] the authors assume that the approximation vy is computed by a multigrid scheme
without post-smoothing and with the exact solution of the problem on the coarsest level. This
yields the Galerkin orthogonality on the coarsest level, i.e.,

(rywo) =0, Ywg € Vj.

As a consequence, their estimate for the energy norm of the error (see [5, Theorem 1]) does
not contain the term corresponding to the coarsest level. Another difference between (3.6) and
the estimate in [5, Theorem 1] is due to the difference in the definitions of the scaled/discrete
residuals described in Section 2.3.

Instead of using the bound for the difference of the quasi-interpolants on two consecutive
levels (Appendix B, Theorem B.6) and the stability of the quasi-interpolation operator on the
coarsest level (Appendix B, Theorem B.5, inequality (B.10)), we can use the stability of the
decomposition of the space HJ(f2) via the quasi-interpolation operators Iy, (Appendix C,
Theorem C.9). In particular, '

J
Yol el b Ivse = Iy, @) + [[Vroll - |V Ivgel|

[
[N

J
DIt A+ Vol ZHh (Iyye = Iy, e)|* + [IVIvge?
=1
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J 2
— 1
< | Dol trslP + 19roll® | Csiry 2[[Vell.

j=1

Combining this inequality with (3.2)—(3.4) and using v/a + vb < v2v/a + b leads to the
following:

ESTIMATE FOR THE TOTAL ERROR 2.

1
7 2
Vel < V2 [ C2n + Csy (Z s e 2 + ||wo||2)

j=1

As we will see in Section 4, this estimate is efficient with an efficiency constant indepen-
dent of the number of levels in the hierarchy, i.e., independent of J.
Observing that

IV (uy — o))l = /Qf(UJ —vy) — /Q Vuy-V(ug —vy) = (r,u; —vy)
J
= (r, v, (g —vs) = v, (ug = vg)) + (r, vy (g = v)),

analogous steps can be applied to show that the following ““algebraic parts” of the presented
estimates provide upper bounds for the algebraic error:

ESTIMATE FOR THE ALGEBRAIC ERROR 1.

J

3.7 (IV(us —vi)|l < Cram Z ||h;17”j\| + Cp, 3/ Vroll,
i=1

ESTIMATE FOR THE ALGEBRAIC ERROR 2.

2
1

J
(3.8) IV (s — v < Csry® [ DIy sl + (1ol

j=1

3.2. Estimates of Riide & Huber. The following derivation is motivated by [37, Sec-
tion 2.6] and [26, Sections 4.1-4.3]. Considering the residual equation (2.5) and decomposing
the error using the quasi-interpolation operator on the finest level Iy, yields

3.9) ||Ve||2 = (r,e — Iy,e) + (r, Iy, e).

The first term can be bounded as in (3.3). Rewriting the second term using the exact solution
of the discrete problem u ; gives

(r,Iy,e) = [ V(u—wv;)VIy,e
Q

:/V(U—UJ)VIVJ6+/V(UJ—'UJ)VIVJE.
Q Q
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The Galerkin orthogonality on the finest level yields that [, V(u — u;)V Iy, e vanishes, and
thus,

(3.10) (r Iy, €) = / V(uy — v))VIv,e < [V(uy — )| IV Ty, el
Q

After establishing a bound for the term ||V Iy, e|| by using the stability property of the quasi-
interpolation operator (Appendix B, Theorem B.5, and inequality (B.10)) of the form

(3.11) [VIy,ell < Cry, allVel,

it remains to bound the energy norm of the algebraic error ||V (u; — v;)||. This can be done
using a stable splitting of the function space of piecewise linear functions; see Appendix C,
Theorem C.13, or [37, Theorem 2.6.2]. Consider an arbitrary decomposition of the algebraic
error u; — vy into the subspaces V}, i.e.,

J

(3.12) uy—vy=Y e, €V; j=0,1,....J
§=0

Then

J
IV (wy = vp)lI* = (ryuy —vs) = (r,e;)
7=0
J
< (IVroll - [Veoll + D Ik vyl - [l el
j=1
1 1
J 2 J 2
< [ I9roll® + D l1p5 sl IVeoll® + D [1h5  es®

Jj=1 Jj=1

Taking the infimum over all possible decompositions (3.12) and using Appendix C, Theo-
rem C.13 yields the following:

ESTIMATE FOR THE ALGEBRAIC ERROR 3.

J 2
(3.13) IV (us = o)l < C3 | D IA5 il + Vo ®

Jj=1

Combining (3.9)—(3.11), the estimate (3.13) for the algebraic error, and using the inequal-

ity v/a + Vb < v/2v/a + b, we obtain:

ESTIMATE FOR THE TOTAL ERROR 3.

2

J
G149 [Vel < V2| G+ €, iCs( Sy sl + 1970l
7=0

3.3. Estimates of Harbrecht & Schneider. In this section we present error estimates
motivated by [23], which are based on the fact that the basis functions provide a frame in
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(H3(€))"; see Appendix C, Theorem C.15. Recall that (H{(€2)) ™ is the dual space to H{ ().
Using the upper bound for the residual yields

(NI

“+o00 #’C

(3.15) Vel = N7l sy = C5CE | V7o 1P+ Z (J) 5
Jj=1 1=1 ||V¢ ||

Following the derivation in [23, Proof of Theorem 5.1], it can be shown that the sum of the
terms corresponding to levels j > J, i.e.,

J=T11 =1 HWS ||2

can be bounded by the classic residual-based estimator on the Jth level up to a constant
Cys > 0 depending only on d and o, i.e.,

+oo #K; ¢(J)
(3.16) > Z - < Cusil}.
j=J+1 i=1 ||v¢ ||

Combining (3.15) and (3.16) yields the following:

ESTIMATE FOR THE TOTAL ERROR 4.
. J #K; 2
2/72 2
(3.17) Vel < C3CF | Cusny + Z; Z; HW(J)HQ +[Vro]
J )

Considering the residual r as a functional on V7, which is possible since (H& (Q))* c V7,
one can show that

IV(us —vi)ll = lIrlv;-

From Appendix C, Theorem C.16, it follows that a part of the total error estimator (3.17)
serves as an upper bound for the algebraic error:

ESTIMATE FOR THE ALGEBRAIC ERROR 4.
J #K;

11 ()2
RO L/ OPSI[Ege: 1o/ § D 9h Dt supu LN
Jj=1 1= 1Hv¢ ||

4. Efficiency of the estimates. The efficiency of the estimates (upper bounds) is de-
scribed by the constant Cg such that

estimate < Ceg - ||error]|.
Here we focus in particular on whether C.g depends on the number of levels J, the quasi-

uniformity of the coarsest mesh, and/or on the ratio hq/ minge 7, hx, which is related to the
size of the coarsest-level problem.
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4.1. Efficiency of the estimates for the algebraic error. We will first discuss estimates
of the form
; 1/2
IV (s o)l < O DIy rsll® + [Vl )

Jj=1

where either C' = Cg, Iv% orC = C’S% is a constant depending only on the dimension d
and the shape-regularity parameter 7o; see (3.8) and (3.13). Using the definition of scaled
residuals (2.6)—(2.7), the Cauchy—Schwarz inequality, and the lower bound from Appendix C,
Theorem C.13, we have (see also the proof of Theorem 2.6.2 in [37])

J J
D Mkl 4 Vroll? =D (rry)
j=1 j=0
J J
V(s —vs)- V(D) < IV =)l - [9( D)
Q = iz
; 1/2
<V (g —vg)ll-es™2 [ D (10 2rs]17 + [1Vrol?
j=1
Consequently,
; 1/2
— _1
(4.0 SOl 2+ 9l | < sV (g — )l
j=1

i.e., the efficiency constant depends only on the dimension d and the shape-regularity parame-

ter vo.
The efficiency of the estimate (3.18),

11 J_ #K; < ¢(J)>2 5 1z
IV (us = o)l < C3CE | D2 5= + I Vroll ;
Jj=1 =1 Hvd) ||
can be shown by using ||V (u; — v;)|| = ||7]|(v,)+ and the lower bound from Appendix C,

Theorem C.16, yielding

T #K, 1/2

ST o] <ete
+ || Vrol| <ceg?ep?||V(ug —vg)-
=1 im HWS )12

Again, the efficiency constant depends only on the dimension d and the shape-regularity
parameter .
Finally, for the estimate (3.7),

J
IV (s = v)ll < Cram 3 105 ]l + oy 5[ 9ol
j=1
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the equivalence of the Euclidean and #'-norm,

1/2
J J
Sl 4+ (1Vroll < VI | D IR P+ [Vrol® |

Jj=1 j=1

and (4.1) yield
J 1
Cram ) b5 il + Cro 3l Vroll < VI max{Cr a1, Cry 3} ¢ % ||V (wy = v).

j=1

This shows the efficiency of (3.7) with Cog = VI 5eff, where éeff depends only on d
and . This result does not necessarily imply a dependence of (3.7) on the number of levels .J.
However, below in Section 6.1, we present a numerical experiment indicating such a behaviour.

4.2. Efficiency of the estimates for the total error. The efficiency of the total error
estimates follows from the standard result on the efficiency of the classical (one-level) residual-
based error estimator. There exists a positive constant C'og depending on the shape regularity
of 7 such that

1

4.2) ((nf;Hs)2 + (n;}UMP)Q) ? < Cogt (I|Ve]| + 08cs) ;

see, e.g., [46, Section 1.4]. Since ||V (uy — vy)|| < ||Vel|, we can use the efficiency of the
algebraic error estimates together with (4.2) to show the efficiency of the estimates for the
total error (up to the oscillation term). The resulting efficiency constants depend on the same
quantities as the efficiency constants for the algebraic error estimates.

For example, for the estimate (3.14) associated with the algebraic error estimate (3.13),
we obtain

1
J 2
V| G+ O3, uCs (LI ml 4 19n01?) | < €19l +o5c).

=0

with C? = 2(C3,(Cog +1) + C3, ,Csc5?).

5. Computability of the error estimates. In this section we address several ways in
which the scaled residual norms from the estimates presented in Section 3 can be evaluated or
bounded. When the scaled residual norms are replaced by their bounds, proving the efficiency
of the estimates from Section 3 becomes a nontrivial task.

We first state an algebraic formulation of the problem (2.3). Then we present the algebraic
representation of the scaled residual norms and some of their bounds from the literature.
Section 5.4 provides a new approach for approximating the scaled residual norm on the
coarsest level using an adaptive number of conjugate gradient iterations. This yields total and
algebraic error estimates which are provably efficient and robust with respect to the size of the
coarsest-level problem.

5.1. Algebraic formulation of the problem, residual vectors. Given a basis ®;
of V;, the problem (2.3) can be algebraically formulated as finding the vector of coefficients
u; € R#K7 of the function w in the basis @ ; such that

Aju; =1,
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where A ; is the stiffness matrix on the finest level J,

AL
Q

and
:/f¢£;{>, mon=1,...,#K,.
Q

Recall that #/C is the cardinality of the basis ® ;. We use the standard assumption that the
right-hand side vector f; can be computed exactly using a numerical quadrature. If f; is only
known approximately, then an additional term must be added to the error bounds presented
above; see, e.g., the discussion in [39, Section 6].

Let vy be an approximation of the solution u ; of (2.3) and v ; be the vector of coefficients
of vy in the basis @ ;. Let r be the residual (2.4) associated with v ;. Consider the residual
vectors r; € R#*XNi 5 =0,...,.J,

.1 [r;],, = (rod),  m=1.. #K;.
The vector r; corresponding to the finest level can be computed as
ry—= fJ — AJVJ.

The residual vectors corresponding to coarser levels can be computed from r ; by restriction.
LetP 3] € R#Ksx#K; be the prolongation matrix associated with the (nested) finite element
spaces V;, V; and the bases ®;, ® ;. This means that for an arbitrary v; € V; C V; with v;
being its coefficients with respect to the basis ®;, the vector P‘j] v; provides the associated
coefficients of v; with respect to the basis ® ;. Then,

= (PQ'J)TI‘J;
see, e.g., [37, Section 3.2] or [44, Section 2.4] for a more detailed explanation.

5.2. The terms associated with the fine levels. In this section we present an algebraic
form of the term ||hj_1rj I, 5 =1,...,J, and several methods adapted from the literature to
bound it using computable quantities.

Let c; be the vector of coefficients of r; in the basis ®;. The definitions (5.1) of r;
and (2.6) of r; give, forallm = 1,..., #K;,

(5.2) [£)], = (r,8%)) = / ;o) Z/ ¢ 6.
Let M? be a scaled mass matrix defined as

[M?}m = /thqsgﬁgbg), VYm,n=1,...,#K;.
Equation (5.2) can then be expressed as r; = M?c 7, and therefore
(5.3) 1B rs|I* = /Q h;?2®jc; - ®jc; = c;Mjc; =15 (M§) " 'r

The evaluation of the term (5.3) thus involves the solution of a system with a possibly large
matrix MJS Instead of computing this quantity, one can seek a computable upper bound.
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Let D; be a diagonal matrix [D,] = = fﬂ v¢£$;) . V(;S%), m = 1,...,#K;. The
stability of basis functions (Appendix C, Theorem C.11) and (C.18) give
5.4 cBr;ijflrj < ||h;17‘j||2 = rj(MJS-)_lrj < CBr;Djlrj.

The upper bound in (5.4) is used in [26, 37] to bound the algebraic error as

J 1
IV (s =) < €3 (Cn Y- 15D e + 1m0]?)
(5.5) =1

1
2

J
1__1
< CECH( o wDy s + IV rol?)
j=1

where Cg = max{1,Cg}. For ¢g = min{1, cg}, using the lower bound in (5.4) and (4.1)
yields

J 1 J
(S wD5 e+ 19rol?)” < (5t S kg sl + 1970 )
j=1
1

N|=

(5.6) st
_1 _1
<egies? V(s —vg)ls

which proves the efficiency of the bound (5.5). Recall that c¢g, Cg, cg, and C's only depend
on d and ~g.
Noting that

#K; ()2
* —1 <r7¢i >
PD =y Dl
! = Vol |2

we see that the algebraic error bounds (3.18) and (5.5) are identical.

The term (5.3) can also be bounded by using other techniques, e.g., using the so-called
mass lumping (suggested in [5, Section 4]) or the multigrid smoothing routines (see the
discussion in [26, Section 4.5.2]). By using these techniques, however, we introduce another
unknown constant into the overall estimate and possibly weaken its efficiency.

In order to get a fully computable bound for (5.3) (i.e., a bound without any unknown
constant) and to avoid solving an algebraic problem with a large matrix, we can proceed
similarly to [35]. Define #*; € L?(Q2) to be the (discontinuous) piecewise affine functions on
7T; such that for all K € T,

, 1 A
A2 0@) —p] __ —:[r, Vo).
/K i it = (Xl # {K € T;;m s vertex of K } LER P

This ensures that
—2_ i i
[ 1Ee = il = ()
Since 7; is piecewise affine on elements, the norms th_lfj |%- can be computed using the

- : e 15 12, _ S V-1,
so}iutlons of systems with local scaled mass matrices, i.e., [|h; 7j % =1} (M3 g) "1 K,
where

Mk, = /K W29 6P, Ym,n € Ng.
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For the whole term th_lrj I, we have

155 1P < 15117 = D wh e (M ) ek
KeT,

cf. [35, Eq. (5.9)].

5.3. The term associated with the coarsest level. In this section we present the algebraic
form of the term || Vrg|| and several ways of bounding it adapted from the literature.

Let c( be the vector of coefficients of rg in the basis ®y. Analogously to (5.3), using the
definitions (5.1) of r¢ and (2.7) of rg, we have

rol,, = (1 02) = [ r0-Tol =37 [ feal, Vo - VoD, vim =1,.... 4.
Q —Ja
Let A be the stiffness matrix associated with the coarsest level,
\ = / VO Vo,  mn=1,..#Ko.
Q

The vector of coefficients cq then satisfies Agcy = rg. This leads to
(5.7) [Vrol|? = ciAoco = i Ay 'ro.

The evaluation of the term || Vrg||? thus requires the solution of the system with the stiffness
matrix associated with the coarsest level. For problems where the stiffness matrix is large, this
can be too costly and in some settings even unfeasible.

An approximate solution ¢y of Agcy = rg computed by the (preconditioned) conjugate
gradient method with a fixed number of iterations was used in [26, Section 4.5.2]. The resulting
term ¢;jro might not be, however, an upper bound for || Vrg||?. Therefore, the resulting value
may neither lead to an upper bound for the algebraic nor the total error.

The term (5.7) can be bounded using a quantity involving only the inverse of a diagonal
matrix. Friedrich’s inequality (Appendix A, Theorem A.2) implies that

(5.8) woll® < CEh3||[Vwo|?, — Vwy € Vi.

Let M be the mass matrix associated with the coarsest level, i.e., [Mg]mn fQ m s

m,n =1,...,#Ky. The inequality (5.8) can be equivalently expressed algebralcally as
w*Mow < CZh3w* Agw, Yw € R#Xo,

Since A and M are symmetric positive definite matrices, we have
wr Ay 'w < CEhiw M, 'w, vw € R#Fo,

This bound may possibly be a large overestimation; see the discussion in [35, Sections 3.1
and 5.2]. Define the diagonal matrix Dy as [Dy],, fQ ng ngﬁg,g), m=1,...,#Ko.
The term on the right-hand side can be further snnphﬁed using the spectral equivalence of the
mass matrix M with Dg; see inequality (C.19) in Appendix C. Altogether we have

2

h
) =1 A rg < CZh2riM; irg < —2 Dy lr.
(5.9 [Vrol|? = r§Ag 'ro < CRh{riMy 'rg CMClenKe% 2 o Yo
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As for the efficiency, this allows to prove, using the inverse inequality (Appendix A, Theo-
rem A.4) and Appendix C, (C.19),

2 2
Civy maxger, hi

r;Dy 'ro < [ Vrolf?,

; 2
cy mingery hi

which indicates that the bound (5.9) may not be robust with respect to hg /mingcr, h%.
Numerical experiments in Section 6 illustrate this deficiency.

5.4. Adaptive approximation of the coarsest-level term. In order to overcome the
deficiencies described above, we now present a new approach for approximating the term (5.7).
It consists of applying the preconditioned conjugate gradient (PCG) method to Agcy = r( and
using lower and upper bounds for the error in the PCG method. A number of PCG iterations is
determined adaptively in order to ensure the efficiency of the resulting bounds for the total and

algebraic errors.

Let c(()i) be the approximation of ¢y = A 'ro computed at the i-th iteration of PCG with a

zero initial guess. Let || - || o, be the norm generated by the matrix Ao, i.e., [|[v|][3, = v*Aov,
for all v € R#X0_ The term (5.7) can be expressed using the decomposition

7—1
(5.10) chAoco = Y [le§™ ) — ™R, +lco — eIl
m=0
=2

which is a consequence of the local orthogonality in PCG. This formula was already shown
for CG in the seminal paper [25, Theorem 6:1, Eq. (6:2)]. The terms Hcém) — cém'H) A,
can be computed at minimal cost from the scalars available during the computations. It is
crucial to note that the local orthogonality in CG and PCG computations is preserved up to
machine precision. Therefore, (5.10) is valid, up to a negligible error, also in finite-precision
computations; see the derivation and proofs in [40] (respectively in [41] for the preconditioned
variant).

Let ¢? be an upper bound for the squared A g-norm of the error in the PCG computation,
i.e., for ||cp — cg') |4, Such a bound can be derived using the interpretation of PCG as a
procedure for computing the Gauss-quadrature approximation to a Riemann—Stieltjes integral.
A detailed explanation in [21, 30] and the references therein' consider the unpreconditioned
CG method, but the approach can be easily extended also for PCG. This requires a lower
bound for the smallest eigenvalue of the preconditioned stiffness matrix in PCG. If a Gauss-
quadrature-based upper bound is not available, then the A-norm of the error ||co — cél) [i®
can be bounded, for CG or PCG, using the ideas presented in Section 5.3 or the technique
from [35, Section 3.2].

The approach for bounding (5.7) then consists of running PCG for the coarsest-level
problem Aycy = r( until

J
(5.11) G <o D+t |

j=1

IStrictly speaking, numerical stability for the upper bounds of the A-norm of the error in CG computations has
not been rigorously proved. Well-justified heuristics supported by numerical experiments, however, suggest their
validity also in finite-precision computations; see [21, 30].
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where 6 > 0 is a chosen parameter. Then we consider the bound
(5.12) ro Ay ro < i+

which can be combined, e.g., with (5.5), to get an upper bound for the algebraic error

2

J
1__1
(5.13) IV (ug —v)| < CECE [ D riDy 'y +pf + ¢

j=1
The criterion (5.11) guarantees that

J
(5.14) ro Ay r < pl + (P <0 1Dy 4 (14 60)u,
j=1

which allows us to prove the efficiency of (5.13). Indeed, using (5.14), u? | Vrol|?

(see (5.10)), and (5.6),

IN

N

J 2 J
DDl + G| < (1+0)2 [ D> 1Dy, + [[Vrol)?

j=1 J=1

<(1+9)

[N

[MES

_1 _1
cg2eg?l|V(ug — vyl

The proposed strategy follows the ideas of [35, Section 3.2]. In principle, the possible
overestimation in ||co — c{” A, < ¢ is controlled by (5.11), and it is compensated for within
the procedure by performing extra iterations. This allows us to prove the efficiency even if
the estimate (; is not very tight. However, when the convergence is slow, the number of extra
iterations might be quite large; see [35, Section 7.1].

We note that er;lrj in (5.11) can be replaced by any (efficient) bound for \\h;lrj 1.
Then the algebraic error bound (5.13) should be changed accordingly, replacing r} Dj’lrj
and C'p.

The cost of estimating the coarsest-level term (5.7) depends, in general, on the precondi-
tioner for Agcy = r( and on the overestimation of (;. The number of PCG iterations needed in
the adaptive approximation is one of the quantities investigated in the numerical experiments
below. In the experiment in Section 6.3, we also use a heuristic upper bound for the error
llco — cg) |4, from [29], which has no theoretical guarantee but seems to perform well in
practice.

6. Numerical experiments. The experiments focus on the efficiency of the error esti-
mates for the algebraic error. In particular, we consider the estimate

J 1
6.1) C( S el + rgAglro) ’
j=1
and variants, where rj A lyg = || Vro||? is replaced by computable approximations. This

prototype covers most of the algebraic error estimates from Section 3, where the scaled residual
norms ||hj_1rj ||? on the fine levels are efficiently approximated by r; Dj_lrj using (5.4). As
shown in the previous sections, approximating the coarsest-level term || Vrg |2 while preserving
the efficiency is more subtle.
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For the experiments, we consider a 3D Poisson problem on a unit cube, Q = (0, 1)3, with
the exact solution

w(@,y,2) = oz — Dy(y — 1)z(z — 1) 002" +=3)*+==5)7)

The problem is discretized by the standard Galerkin finite element method with piecewise
affine polynomials on a sequence of six uniformly refined meshes with the same shape regular-
ity (2.2). The associated matrices are generated in the FE software FEniCS [2, 27], and the
computations are done in MATLAB 2023a. The codes for the experiments are available from
https://github.com/vacek-petr/inMLEstimate. The repository contains a
collection of experiments with two-dimensional problems as well as a three-dimensional
example on a more complex geometry that cannot be easily included in this text.

Given the mesh 7T (the finest mesh varies in the experiments), the associated Galerkin
solution u y of (2.3) is—for the purpose of the evaluation of the efficiency of the estimates—
obtained (with a negligible inaccuracy) by using the MATLAB backslash, or, for very large
problems, by using the multigrid V-cycle with an excessive number (30) of V-cycle repetitions.
The approximation vy to u; is given by a multigrid solver starting with a zero approximation
and repeating V-cycles until the relative energy norm of the (algebraic) error u; — v drops
below 10~!1. Each multigrid V-cycle uses 3 pre- and 3 post-Gauss—Seidel smoothing iterations.
The problem on the coarsest level is solved using the CG method, where the stopping criterion
is based on the relative residual with the tolerance 10~!. In order to monitor the efficiency
for varying the algebraic error, we also provide intermediate results after completing each
multigrid V-cycle.

6.1. Robustness with respect to the number of levels. The first experiment studies
the efficiency of the estimates while varying the number of levels, J = 1,2,...,5, in the
hierarchy. We fix the size of the problem on the coarsest level and, consequently, the size of
the finest problem grows; see Table 6.1.

TABLE 6.1
Size of the problems for the experiment in Section 6.1.

coarsest-level DoFs finest-level DoFs

125 1331
125 12 167
125 103 823
125 857 375
125 6967 871

For the prototype estimate (6.1), the efficiency index

N|=

(6 2 I = C’numexp (ijl F;Dglrj + rEk)Aalr()>
' b IV (s = vl ’

is evaluated for every J, v, and also for intermediate results after each V-cycle. The factor

11
Chumexp accounts for Cg C'%; see (5.5). For the purpose of the experiment, it is chosen as the
minimal value such that the efficiency indices I are, for all J and in all V-cycle repetitions,
above or equal to one; Crumexp = 1.28. In order to examine the difference, we also evaluate


http://etna.ricam.oeaw.ac.at
http://www.kent.edu
http://www.ricam.oeaw.ac.at
https://github.com/vacek-petr/inMLEstimate

ETNA

Kent State University and
Johann Radon Institute (RICAM)

584 P. VACEK, J. PAPEZ, AND Z. STRAKOS
3
wn 2 [
g 2 o 8
E s 3
c>;' 20 o) Q E
s 8
2 8
S 15
(] . a
1
2 3 4 5 6

# levels

FIG. 6.1. Efficiency indices 11 (*) and I3 (0), (6.2) and (6.3), for varying number of levels J. We plot the
efficiency for the approximations vy and for the associated intermediate results after each V-cycle; each instance
corresponds to a single mark.

the index

Crumers (74 (55D 1) + (v Aq 'x0) )
[V (us = vs)l ’

(6.3) I, =

which corresponds to the algebraic error bound (3.7).

The index I; (6.2) corresponds to the estimate (5.5) that is proved to be robust with
respect to the number of levels J and consequently also to the size of the finest problem;
see Section 4.1 or the original papers [23, 37]. This is what the experiment confirms; see
Figure 6.1. Contrary to that, I» (6.3) deteriorates with increasing J. This is in alignment with
the discussion at the end of of Section 4.1, where we proved the efficiency of the estimate with
a factor depending on v/J.

6.2. Robustness with respect to the size of the coarsest-level problem. The second
experiment describes the effect of the size of the coarsest-level problem on the efficiency of
the estimates. We fix the number of levels to two (J = 1) and vary the coarse- and fine-level
problems; see Table 6.2. For the approximation v; and the intermediate results computed after
each V-cycle, we display the efficiency index

N

Cnumcxp (I‘TD;ll‘l + 77)
IV (u1 = v1)] ’

(6.4) Iy =

where 7 denotes the following approximations to rj Ay 'rg = || Vro||?:
(i) n = rjco, where €p is computed using a direct solver for Agcy = ro;
(ii) n = r{co, where ¢g is computed by 4 iterations of CG for the system Agcy = ro

with a zero initial approximation;
2

hg 1

(i) 7 minger hL 00 O

(iv) 7 = p? + ¢?; see (5.12) and the adaptive approach from Section 5.4 using PCG.
Here ¢? is the upper bound for the Ag-norm in the PCG method from [30, 2nd

inequality in (3.5) with the updating formula for a coefficient in (3.3)]. For evaluating
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2 an estimate of the smallest eigenvalue of A is computed by the MATLAB eigs
function for the first four problems and extrapolated for the largest problem. In (5.11)
we set 0 = 0.1.

TABLE 6.2
Size of the problems for the experiment in Section 6.2. The table also gives the squared ratios of the diameter of
the computational domain and the coarsest-level meshsize.

coarsest-level DoFs  finest-level DoFs  h2, /minge7, h%

125 1331 36
1331 12 167 144
12 167 103 823 576
103 823 857 375 2304
857 375 6967 871 9216

1
The factor Crumexp = 1.28 accounts for C S% 6?9 and was set to a minimal value such that the
efficiency index (6.4) for the variant (i) with the direct solver is above or equal to one. The
results are displayed in Figure 6.2.

The variant (i), where the coarsest-level term is computed using a direct solver, exhibits
only a very mild increase of the efficiency index I35 (6.4). Recall, however, that using a direct
solver is in practice unfeasible for large problems.

The variant (ii), which uses four iterations of the CG method to approximate the term on
the coarsest level, provides no longer an upper bound for the algebraic error. It is not surprising
that a fixed number of CG iterations is not sufficient for problems with increasing size. In
the newly proposed adaptive approach, the number of CG iteration varies and is determined
automatically.

For the variant (iii), where the stiffness matrix on the coarsest level is replaced by
its scaled diagonal (see (5.9)), the efficiency indices deteriorate with the increasing ratio
h3/ ming 7, h%; see Table 6.2. The experiment illustrates that the estimate is not robust
with respect to this ratio; see the discussion at the end of Section 5.3.

When the term || Vrg|| is approximated using the adaptive computation (iv) proposed in
Section 5.4, the efficiency behaves as in the case (i). Unlike in (i), the approximation in (iv) is
computable even for very large problems on the coarsest level. The adaptively chosen number
of used CG iterations within the new procedure is displayed in Figure 6.3.

6.3. Robustness with respect to the size of the coarsest-level problem—nonhomogene-
ous diffusion. In order to illustrate that the observed phenomena will likely be pronounced in
practical applications, we replicate the previous experiment in a setting with nonhomogeneous
diffusion. More specifically, we solve

/kVu-Vv:/fu Vv € Hi(Q),
Q Q
where Q = (0,1)3, f = 1, and the diffusivity factor k is

1024 when (z—0.5)(y —0.5)(# — 0.5) > 0,
1 elsewhere.

k(z,y,z) = {
Then, the presented results remain in principle valid apart from an additional multiplicative
factor given by the ratio of the maximal and minimal values of the diffusivity factor (here
equal to 1024) in some formulas. The discretization meshes are the same as in the experiment
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FIG. 6.2. Efficiency indices I3 (6.4) for the experiment in Section 6.2. The estimates differ in the way of
approximating the coarsest-level term ||Vro||? = rg Aalro‘ This term is: computed by a direct solver for the
coarsest problem (i), approximated using four iterations of the CG solver (ii), approximated by replacing the stiffness
matrix by its scaled diagonal approximation (iii), computed using the adaptive CG approximation (iv).
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FIG. 6.3. Number of CG iterations determined by the adaptive approach described in Section 5.4, which
is used to estimate the residual norm ||Vro|| associated with the coarsest level. The horizontal axis indicates the
number of V-cycles used in computing the approximation v j.
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of Section 6.2; see Table 6.2. The energy norm associated with the problem is now ||k'/2V - ||
instead of ||V - ||. However, the algebraic quantities rjAj 'ro and r;ij_lrj, j =01,
remain unchanged in the formulas with the nonhomogenous diffusion reflected in the stiffness
matrices Ay, A.

The approximations v are generated by a V-cycle with 3 pre- and 3 post-Gauss—Seidel
smoothing iterations. The V-cycle method is stopped when the relative A-norm of the error
is less than 10~''. The problem on the coarsest level is now solved by the PCG method
with a preconditioner based on the Cholesky factorization with zero-fill in (PCG-IC(0)). The
coarsest-level solver is stopped when the relative residual drops below 0.1.

We use PCG-IC(0) also when computing the approximation of the coarsest-level term in
the multilevel estimator using the adaptive approach presented in Section 5.4; see (5.10). Note
that the derivation of the adaptive approach is valid also in this case.

As upper bound ¢2 for [|co—c.) |4, in (5.10), we use the heuristic upper bound from [29],
which does not require an estimation of the smallest eigenvalue of the (preconditioned) matrix.
The parameter 7 prescribing the relative accuracy of the bound (; (see [29, Eq. (8)]) is set to
0.1. Analogously to the previous experiment, the constant Cy,umexp accounting for C' é/ 26}3/2
is chosen as 1.11.

The results, analogous to Figure 6.2 and Figure 6.3, respectively, are displayed in Fig-
ure 6.4 and Figure 6.5. In particular, one can again observe the deterioration of the estimates
with the fixed number of PCG iterations and with the scaled diagonal matrix (the variants (ii)
and (iii), respectively). The adaptive approach from Section 5.4 again provides the estimate (iv)
with the efficiency close to the reference solution from a direct solver, variant (i). As expected,
the efficiency is controlled by the parameter 6 from (5.11) that is here set as 0.1. In other
words, the efficiency of the variant (iv) does not differ from the efficiency of the variant (i)
by more then 10 percent. However, the associated estimate is computed using only a decent
number of PCG iteration (see Figure 6.5) instead of using a direct solver that may not be
available for large coarse-level problems.

7. Conclusions. This paper presents residual-based a posteriori error estimates for the
total and algebraic errors in multilevel frameworks inspired by several derivations from the
literature. The estimates for the algebraic error contain a sum of the (scaled) residual norms
over the levels, including the coarsest level. The estimates for the total error additionally
incorporate the standard residual-based estimator evaluated on the finest level. For several
estimates of this type, the efficiency and robustness with respect to the number of levels and
the size of the algebraic problem on the coarsest level were proved in literature. However,
estimates that involve scaled residual norms cannot be directly used in practice, as the norms
themselves are not readily computable, and they can only be approximated.

Approximating the scaled residual norms on the fine levels, i.e., the terms rj (M]S)_lrj,
where MJS denotes the scaled mass matrix and r; the algebraic residual at the level j, does not
represent a significant difficulty. The term r7 (M]S)_lrj can be bounded from above by the
simpler term r; (D;)"'r;, where D; is an appropriate diagonal matrix, without affecting the
efficiency and robustness.

Dealing with the residual norm ||V |2 = rj A 'ro associated with the coarsest level,
where A is the stiffness matrix, is more subtle. When using bounds or techniques to
approximate rjA !y, presented in the literature, the resulting (multilevel) estimates for
the total and algebraic errors are no longer guaranteed to be independent of the size of the
coarsest-level problem. This behavior is illustrated by numerical experiments.

The approach proposed in this paper approximates the coarsest-level term || Vrg||? using
the preconditioned conjugate gradient iterates. A number of PCG iterations is determined
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FIG. 6.4. Efficiency indices I3 (6.4) for the experiment in Section 6.3 with nonhomogeneous diffusion. The
estimates differ in the way of approximating the coarsest-level term Hkl/ 2Vro||? = rgAg Lro. This term is:
computed by a direct solver for the coarsest problem (i), approximated using four iterations of the PCG-1C(0)
solver (ii), approximated by replacing the stiffness matrix by its scaled diagonal approximation (iii), computed using
the adaptive PCG approximation, here with the IC(0) preconditioner (iv).

adaptively such that the efficiency of the bound does not deteriorate with an increasing size of
the coarsest-level problem, and the efficiency and robustness of the multilevel error estimates
is preserved. Numerical results support the theoretical findings.

The estimates for the total and algebraic errors involve some constants that must be
approximately determined, which involves heuristics. For residual-based error estimates, the
constants can be determined for smaller problems with the same or analogous geometry, where
an approximation with a very small algebraic error can be computed; see, e.g., the discussion
in [5, Section 7]. Since the new result in Section 5.4 proves the robustness of the adaptive
estimate with respect to the size of the coarsest-level problem, this justifies an extrapolation of
the estimated values of the constants from smaller to larger problems.

In view of a recent trend on using multiple precision in multigrid algorithms (see, e.g., [28,
42]), it is worth considering an extension of the presented results to include effects of inexact
(limited-precision) operations. This will require substantial further analysis. We plan to
address this topic in the future.
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FI1G. 6.5. Number of PCG-IC(0) iterations determined by the adaptive approach described in Section 5.4,
which is used to estimate the residual norm |k'/?Vro|| associated with the coarsest level. The horizontal axis
indicates the number of V-cycles used in computing the approximation v j.

Supplementary material. The code and the data for the numerical experiments are
available at the GitHub repository
https://github.com/vacek-petr/inMLEstimate.
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Appendix A. Auxiliary results from the theory of PDEs and FEM.

The following results are standard in PDE and FEM analysis. They are presented in
various forms and sometimes with different names. We provide them in forms suitable for our
development, with some standard references to where the proofs can be found.

LEMMA A.1 (Bramble-Hilbert lemma). There exists a constant Cgy(T) > 0 depending
only on d and ~v7 such that for all K € T

inf [lw — cllox < Cpr(T)hxl[Vewlw, Yw € H' (wk),
inf H’LU 7p||WK < CBH(T)h%(|w|H2(wK)7 Yw € Hz(wK)'
pEPY (wk)

For the proof, see, e.g., [38, p. 490] and the references therein.
LEMMA A.2 (Friedrich’s inequality). Letw C R be a bounded domain. There exists
a constant Cr(w) > 0 such that for all w € H'(w) that have a zero trace on a part of the


http://etna.ricam.oeaw.ac.at
http://www.kent.edu
http://www.ricam.oeaw.ac.at
https://github.com/vacek-petr/inMLEstimate

ETNA

Kent State University and
Johann Radon Institute (RICAM)

590 P. VACEK, J. PAPEZ, AND Z. STRAKOS

boundary 0w of nonzero measure, it holds that
[wllw < Cr(w)he[[Vwl,.

When using Friedrich’s inequality on patches associated with the elements of the tri-
angulation 7, there exists a constant Cr(7T ) depending only on d and -7 such that for all
KeT

Cr(wk) < Cp(T);

see, e.g., [36, Chapter 18].
LEMMA A.3 (Trace inequality). There exists a constant Ctr(T) > 0 depending only
on d and 7 such that for all K € T and all w € H*(K) it holds that

lwll3 < Crr(T) (b llwll% + hic|[ V%) -

For the proof; see, e.g., [12, Proposition 4.1].
LEMMA A.4 (Inverse inequality). There exists a constant Ciny (T) > 0 depending only
on d and ~y1 such that for all K € T and all wr € ST,

IVwr|lx < Ciev(T)hi lwr| & -

For the proof, see, e.g., [19, Lemma 1.27].

Appendix B. Quasi-interpolation operators.

A quasi-interpolation operator is not explicitly used in the construction of the estimators,
but it is a crucial tool for proving the bounds. In this section we present the quasi-interpolation
operator as a generalization of nodal interpolation to integrable functions. We consider the
quasi-interpolation operator used in [33], which is closely related to the operator from [38].
Other, slightly different quasi-interpolation operators can be found, e.g., in [12, 15, 46]. We list
and prove some of the properties of the operator to be used later. The proofs of the properties
are based on standard techniques. To keep the text self-contained and formally accurate, we
provide most of the proofs below.

The results in this section are mostly derived for a single mesh 7. We show that the
constants only depend on the dimension d and the shape-regularity 7, and therefore we can
again use them in the mesh hierarchy with the dependence on d and .

B.1. Nodal interpolation and its generalization. For anode z€ N7, let ¥,: C(Q) —R
denote the linear functional evaluation at point z, i.e.,

U, (w) = w(z), Yw € C(9Q).

The standard nodal interpolation operator Z : C'(2) — S for continuous functions is defined
as (see, e.g., [8, 14])

Tw= Y V.(w)p., YweCQ)

ZENT

Recall that ¢, is the continuous piecewise linear basis function taking the value one at the
node z and vanishing at all the other nodes. In order to construct an analogy of the operator
7 for functions from L!((2), the point evaluation is replaced by an appropriate average of
the approximated function. We will consider the quasi-interpolation operator defined in [33]
and [39].
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For a node z € N7, let K, be a fixed element having z as its vertex, i.e., 2 € K. Let
P(K,) denote the space of linear polynomials on K ., and denote by W, the restriction of the
linear functional ¥, to functions from P!(K,). Since P! (K, ) is a finite-dimensional space,
the linear functional U is bounded, and it therefore belongs to the dual space (P*(K.))*.
Considering the space P! (K ) equipped with the L2-inner product, the Riesz representation
theorem (see, e.g., [8, Section 2.4]) yields the existence of a function 1, € P! (K) such that

U, (w) =w(z) = /K wp,, vw € PHK,).

Since ), is the Riesz representation of the point evaluation at z, it holds for all 21, zo € N
(recall that ¢, is the hat function associated with z9) that

_ _ 1 21 = %22,
(B.1) /KZ1 ¢22wz1 = ¢z2(zl) = {0 2 # .

We will consider the quasi-interpolation operators defined as follows:

Is, : LYQ) — ST, Is,w= Z (/K wqu) ¢z,

ZENT

Iy, : Ll(Q) = Vr, Iyw= Z (/ wz/;z) .

z€KXT

These definitions and relation (B.1) imply that I and Iy are projections onto .S7 and
Vi, respectively. Further, Ig preserves linear polynomials on €2, and Iy, preserves linear
polynomials on wg for any element K € T whose patch wg does not intersect with the
boundary of , i.e., wx NN = 0.

B.2. Local estimates. We now present local (elementwise) bounds for an interpolant
Is,w and the interpolation error w — Ig w.

THEOREM B.1. There exist positive constants a]STyg, ¢ =1,2,3,4, depending only
on d and ~yr such that for all elements K € T,

(B.2) s, wlx < Cro allwlus Vw € L (wk),
(B.3) lw = Is;wlx < Cry_ohil|Vlluy, — Vw € H'(wk),
(B.4) lw = Is;wlk < Cry_shiclwlge,), — Yw € H*(wk),
(B.5) IVIs wllx < Cro sl Vaolluy, Yw € H (wi).

Proof. The steps in the proof are inspired by [33, pp. 17-18] and [38, Sections 3—4].
Using a standard affine transformation to a reference element, it can be shown that there exists
a constant Cy, > 0 depending only on d and 7 such that for all z € N7,

(B.6) 92l oo (i) < Oyl K7,

and that there exists a constant C'y > 0 depending only on d and -y such that for all K € T
and all z € Kk,

(B.7) V62l Lo (1) < Copr's

see, e.g., [38, pp. 487-488].
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Using Holder’s inequality and (B.6), we can show that for all z € N and all w € L?(K,)

2 2
- [ ] < Wl (1)

< CHK 2K |wlli, = CHIEL| ™ wll -
‘We now proceed to prove the inequality (B.2). Using that 0 < ¢, < 1 gives

sy ] = ( m) . o)
s K 262/\;1( /sz zez/\;K/ “
2
< #NR)IK] Y /waz

2ENK

The inequality (B.8) and the fact that #/Nx < d + 1 yields

sy wl|f < (d+1)|K] D CHE.| M w|k, < (d+1)|K|C] max K| w3,
zEK K
K|

d+1)C% —————
( ) w ZENK|K|

0|5 -
Since |K| and |K.|, z € N, are comparable up to a constant depending on d and 7 (in a
shape-regular mesh, we can compare the size of any neighboring elements), inequality (B.2)
follows.

To prove the inequalities (B.3) and (B.4), let p be a constant or linear polynomial on wg .
Using the fact that /g reproduces linear polynomials and (B.2), we get

lw = Is;wlx = |w—p—TIs, (w—p)|x < w—plx + Cre allw—pllu
T
< (Crgpn + D|lw = pllo-
Using the Bramble—Hilbert lemma (Theorem A.1) gives
lw—Is,w|x < (CIS 1+ DCsH(T)hk [ Vwl|w,

or

lw — I, wllx < (Cre, 1+ 1)Chu (TR [w] 2 e -

It remains to verify the inequality (B.5). Using the fact that /g reproduces constants, we
have, for arbitrary c € R,

> (/K (w—c)w>v¢z2

ZGNK

< (#N0) Y V6l | ’/ w— )

2€ENK

<@+ Y |v¢z|%x(K>\/K (w - ey

z€NK

IV Isywlfe = VI, (w = o =

IKI
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/Kz<w—c>wz

where we also used (B.7). Then, from (B.8), we get

2

< (d+ D)KL Y
2eNk

)

IVIs,wlf < (d+1)C3px" |K|CY, Inax K| lw = el

Using the Bramble—Hilbert lemma (Theorem A.1) and rearranging yields
K] h

K
min.ex . | K.|  pk |

IVIs,w|% < (d+ 1)C2C2 (Cou(T))? 0

For the interpolation operator [y, we can derive bounds analogous to those of Theo-
rem B.1. For the “inner” elements, i.e., the elements K € 7T such that patch wx does not
intersect with the boundary of €, i.e., wx N 9Q = (), the forms of the bounds and their
proofs are analogous to Theorem B.1, because Iy also reproduces constants on wg . For
the elements whose patch intersects with the boundary of €2, one cannot use this property,
and the Bramble—Hilbert lemma (Theorem A.1) must be replaced by Friedrich’s inequality
(Theorem A.2) in the proofs. R

THEOREM B.2. There exist positive constants C vy b {=1,2,4, depending only on d
and ~1 such that for all elements K € T,

W|wge s Yw € LQ(wK),

1 v, wllx < Cry_a
and for all w € H(wk), ifwix N O = 0, or otherwise for all w € H' (wx) N H{ (),
lw — Iy, wllx < Cry 2hic | Vol
IVIv, )k < Cry al Vi ]lu -

For the local interpolation error over the faces, we have the following bound:
THEOREM B.3. There exists a positive constant C' Tv, .5 depending only on d and v
such that for all elements K € T,

|lw— Iy w3 < C'IVT,shKHVU)”iK-

Proof. Using the trace inequality (Theorem A.3) and the properties of Iy, from Theo-
rem B.2 yields

lw = Iv;wllox < Crr(T) (A llw = Ivywlk + hil|V(w = Ty, w)|]

< Crr(T) [hlw — Tv,wk + 2hk (|Vw]% + Vv, w]|%)]

< Crr(T) | R (CA'[VT’2)2h%{||Vw||ZK+

# 2 (14 (@ )?) IV0l2, | 0

B.3. Global estimates. We now state global variants of estimates for the quasi-inter-
polants and interpolation errors. For K € T, let Cyyp (K) denote the number of patches that
this element is contained in, i.e.,

Covrlp(K) = #{K/ € T7K - wK/}.

The constant C,1, (K) depends only on the geometry of the mesh 7, i.e., d and the shape
regularity 7.
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THEOREM B.4. There exist positive constants CIS7—7Z’ {=1,2,4, depending only on d
and ~y1 such that

Hsrwl| < Crgalfwl], Yw € L*(Q),

2
(Z hi lw — IsTwH%) = |h7! (w — Is;w)|| < Crs 2| V|, Yw e H (),
KeT

IV(Is,w)|| < Crg_alVwl|,  Ywe H'(Q).
Proof. Using Theorem B.1,

lsrwl® = " Msywli < Y (Crepa)lwl2,

KeT KeT
2 2
< (Crap 1) Y Comtp (K0l < (Cray 1) oy Covp (K) 3 Il
KeT KeT
The proofs of the other three inequalities are analogous. |

THEOREM B.5. There exist positive constants CIVT,L {=1,2,4,5, depending only on
d and the shape-regularity constant v such that

[Hvyw|| < Cryallwll, Ywe L*(Q),

[N

(B.9) (z Bl — szwn%{) = b7 (w — Iyyw)|| < Cr,,_ o[V, Yw € HE(Q),
KeT
(B.10) IV (Iv,w)|| < Cryal Vol|, Yw € Hy (),

1

2
(Z hitlw — IvaI%K> < Cry, 5|V, Yw € Hy ().
KeT

Let us now consider the mesh hierarchy as in Section 2.2. Since the constants Cr, . and
C Iy, .t depend only on d and +;, they can be bounded by constants Cr, ¢ and Cr,, , depending
only on d and the shape regularity 7y, of the initial mesh 7.

Finally, we bound the difference of quasi-interpolates on two consecutive levels.

THEOREM B.6. There exists a constant Cr a1y1 > 0 depending only on d and ~yy such
that for all j > 1 and all w € Hi(Q),

15 (Tv,w = Ty, w)]| < Cr o[V
Proof. Using the fact that hj—l — th—_ll and the estimate (B.9) from Theorem B.5,

1B (Tv,w = Ty, w)|| < [|h; " (w = Tv,w)|| + [|h) H(w = Ty,_,w)]|
= [|h;  (w = Ty,w)|| + 2||h; 2y (w — Ty, _,w)||
< (Cry 2+ 2Cr, 2)[|[ V.
Taking Cy 211 as Cr o1 = Cr,, 2 + 2C7,, 2 finishes the proof. O

Appendix C. Stable splitting. This section presents several results on the splitting (de-
composing) of a H}()-function or a piecewise polynomial function into a sum of piecewise
polynomial functions. Let a sequence of uniformly refined meshes 7;, j = 0,1,..., asin
Section 2.2 be given.
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C.1. Splitting of H} (£2) into subspaces of piecewise linear functions. To make the
text easier to follow, we first state the main result of this section and subsequently provide
auxiliary results and proofs. We will show that any function w € HJ(f2) can uniquely be
decomposed using the quasi-interpolation operators Iy, j € Ng, as

w_IV0w+Z IV]1

the convergence of the sum is understood in the space Hg () with the norm ||V - ||. This
decomposition is stable, meaning that there exist positive constants cg 1, , Cs,1,, such that for
allw € HY(Q),

—+o0
€D eorn Vol < [VIvwl® + > b (Iv,w = Iv,_,w)||* < Cs1, | V|,
j=1

We will also show that the splitting of the space H} (€2) into subspaces V;, j € Ny, is stable in
the sense that there exist positive constants cg, C's such that for all w € H& (),

—+oo
€D eslVolfs et IVuol® 3 A sl < OVl
Vi w= j=1

The infimum is taken over all (Hg (), ||V - ||)-convergent decompositions.

We will show that the stability constants cs 1,,, Cs.1,,, and cg, Cs depend only on d and
the shape regularity -y, of the initial mesh. In particular, the constants do not depend on the
quasi-uniformity of the initial mesh or the ratio hq/ minge7, hx. This result is important
when considering settings where the problem associated with the coarsest level is difficult to
solve and where it can only be solved approximately in practice.

Variants of these results can be found, e.g., in [6, 16, 17, 33, 37] and the references therein.
Our form is, however, to the best of our knowledge, not presented in the literature. The results
in [16, 17, 33, 37] are derived under the assumption that the initial mesh is quasi-uniform, and
the authors do not track the dependence of the constants on hq/ minge7y hx. The results
of [6] are derived without the assumption on the quasi-uniformity of the initial mesh. The
authors however consider only the splitting of piecewise linear functions. We combine the
approaches from [33] and [6]. We first focus on showing the upper bound from (C.1), then
continue with the lower bound, and later generalize it to show (C.2).

First, consider the K-functional in analogy to [6, Section 7, Eq. (7.4)]. For w C R4,
w € L?(w), itis defined as

[N

K(t,w,w) = 'f{ — |2y + t2lg[%e } £>0.
(t,w,w) gegg(w) [w—gll7 (w) |91 (w)

LEMMA C.1. There exists a constant C > 0 such that for all w € H*(R?) that have
compact support in RY, it holds that

—+00
> 2Y K (274, w,RY)? < C|[Vwl|2aga).
j=0

Proof. A short proof for d = 2 is given in [6, Lemma 7.3]. We present its key part in
more detail and for d = 2, 3. We will show that the K -functional can be expressed in terms of
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the Fourier transform (here denoted by F[]) as

1 2|¢|4
) Kok = oo [ T PO

For w € H'(R?), g € H%(R?), using the properties of the Fourier transform,
CH  lw = gllZ2@ma) + 119052 @y

2 4 w 2
_ (2;)3 /. 11L§|€|4\F[w](£)|2+(1+t2|f|4) (F[gl<§>—f+[tl(§|)4) .

By simple manipulations, one can show that the minimum is attained for

310) = o)« P | g @)

and it remains to show that g € H2(R?). First, note that

2

9 1
/Rda el (1 HW) < o0,

and therefore, due to the characterization of Sobolev spaces using the Fourier transformation
(see, e.g., [33, Section 3.1.1]), it holds that F~1[(1 + #2|¢|*)~!](z) € H?(R?). Then use
Young’s inequality for a convolution (recall that by assumption, w is compactly supported,
and therefore w € L*(R%)) and the fact that 9/9¢;(f * h) = (Of /0&; * h) to show that the
H?-norm of g is bounded.

The equality (C.3) then follows by plugging in the expression for g into (C.4) and
performing algebraic manipulations. The rest of the proof of the lemma follows as in [6,
Lemma 7.3]. O

LEMMA C.2. Letw C R% be a domain with a Lipschitz-continuous boundary. There
exists a constant C,,(w) > 0 depending on the shape of w such that for all w € H*(w),

—+00
Z 22K (275 w,w)? < Cy (W)HVU)”%Z(W)-
=0

Proof. The proof for d = 2 is given in [6, Lemma 7.4]. It is based on the use of an
extension operator and Theorem C.1. For the three-dimensional case, the proof is analogous,
since Theorem C.1 is also valid for d = 3. 0

LEMMA C.3. There exists a constant Cg > 0 depending only on d and -y, such that for
all K € Ty and all w € H (),

“+o0
hit Y 2% |lw — Is,wllk < Cs|| Vw2,
j=0
Proof. The steps in the proof are inspired by the development in [33, Section 2.3]
and [6, Section 7]. We use a scaling argument to consider an element K with iz = 1. This is

done by a transformation = = hyZ, where z € K, ¥ € K. We denote f(%) := f(z) for any
function f defined on wg . Then

(C.5) lw — Is,w|% = hic|l@ — Is;w%.
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—~—

From the definition of the interpolation operator one can write s, w = g w. In words, one
can either consider the transformation of the interpolant /5, w or transform the function w to the

element K first and then consider the quasi-interpolation Is. s, associated with the transformed
mesh.
We will show that there exists a constant Cs > 0 depending only on d and v, such that

~ -~ ~ _9i ~ 2
(C.6) @ — Is;w||% < Cs- (K27, w,wg))"
Let g € H*(wz). Then,
(C7) |w—Is,w|z < llw—gllz+ 19— 1Is,9ll g + ILs,(g — )l z-

Let K i € 7~; such that K j C K. Then (thanks to the uniform refinement and h 7z =1
h R, = 277), from Theorem B.1 (inequalities (B.2) and (B.4)),

(C.3) s, (g —w)llz, < Cp; 1119 = wllug,
(C9) g — fsvﬁ” i 613 3 j|9\H2(w;{~j)~
Define

U(K,j) = {UwK,K €T, K; cK}

The term on the right-hand side of (C.8) can be bounded as

s, @-Dlz= > WHs,@-dlg,< > Crld—dllg
K;€T; K;CK K;€T;K;CK
<C— max Covtp(ENT — @l 7.1
il g, eTo iR eU(R j) vt ()] ”U(K’J)
<Cry max  Coup(K))[g — @lluy
i7" K;eT; ;K€U (K ,j5)

(C]O) SCISJHQ_U)”w;(v
where the last inequality follows from the fact that C’ = CIS .1 (scaling does not change

the geometry and the shape regularity) and from the deﬁmtlon of Crg 1. The term on the
right-hand side of (C.9) can be bounded as

i~ 2
Yoo la-Isglk < Y (O s2 il )
K;eT;,K;CK K;eT;,K;CK

< (5 ) max Covrlp(K)
5503 K eTJ,K cU(K,j)

-~ 2 ~ .
< (C+—~ C K274 g|?
— ( Isj73) K eg:i)(( CK ovrlp( ]) ‘g|H2(w}~()

. 2
(€11 < (Cras 2|l ) -

~  7T~n2
19— Is,9ll%

—449
’ |9|H2<U<K )

Combining (C.7)—(C.11) yields

15 15, < s Cro (17~ Tl +2 glaecey)-
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From the definition of the K -functional it follows that
. ) 2
llw = Isjw”% < P Clai (”g ~ Wllog + 272J|9|H2(w;7)>

2 = =2 -2j)? 152
<2. ?:1‘1“% Clav (||9 - w”w;( + (2 ]) |9‘H2(w§)>
2 =2 2
=2 max O (K2, w,wg))"

In the notation above, C5 = 2 - max—; 3 C7_ ,.
Using (C.5), (C.6), and Theorem C.2 yields

+oo =
S 2w — Is,wlk < hCs Y29 (K@%, @,wz))°
=0 =0

< hf(C’gC’a(wk)HV{EHE,R.
Rescaling back to K gives

+oo

> 29|lw — Is;wlli < hiCsCalwi)hichi! | VwllZ,

j=0
Finally, note that the shape of wz depends on the shape regularity of the initial mesh and
therefore C', (wj;) can be bounded, for all K € 7y, by a constant C,, depending only on d
and p. a

THEOREM C.4. There exists a constant C's,r, > 0 depending only on d and ~o such that

forallw € H} (),

+o00
IV Isywl® + Y 1h; ! (Is,w — Is,_,w)||* < Cs. 1|V,
Jj=1

Proof. From Theorem B .4,
IVIs,wl® < CF, 4l V.

For the rest of the sum,

leh —Is, ,wl® leh (Is,w —w +w — Is,_,w)|]?

+

<2 (Il (w = Is,w)|* + [y (w = Is,_,w)[|*)
1

A

<.
I

MJr

(Hh Hw — Is,w)|* + 4llh; 2 (w = Is; w)]|?)

<.

”'M+ Il

—+o0
(w—TIs,w)|> + 4 |Ih; (w — Is,w)|
§=0

<2 52 b5 (w — Is,w)]|?
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“+o0
=10 > Y 2Yh P lw — Is,wl|%

KeTo j=0
<10 ) Cpl|Vw|2, <10-Cg- max Covrp (K )[Vw|?,
KeTo
where we have used Theorem C.3 in the second to last inequality. a

THEOREM C.5. There exists a constant Cs 1, > 0 depending only on d and -y, such
that for all w € H} (),

IV Iy w]|* + Z 1h; ™ (Tv,w = Iy, )| < Cs,r [ V],
Jj=1

Proof. The key steps of the following proof of the upper bound were provided to us by
Prof. P. Oswald in personal communications. From Theorem B.5,

IVIv,wll* < CF, 4l Vwlf®.
To bound Z Hh (Iv,w — Iy, _,w) ?| consider the sequence w; = (Is; — Is;_,)w

j € N. Let K € 76 We w1ll first show that there exists a constant C. > 0 depending only on
d and g such that

“+o0
(C.12) > 2%y, — Iy, Jwl|% < Ce ZQmezlle
j=1
Since Iy, are projections onto Vj, it holds that
(I\/] —Ivjil)’wi =0, 7>

Then for all j > 1, using the Cauchy—Schwarz inequality for sums and Theorem B.2,

2
—+o0

I, =1yl = [ | 0y = 1w

1=

+oo +oo
5 (S
= =73

“+o00
<2279 "2 (Iy, - Iv,_ wilk

':j

£2-2 ]221 (v, will% + 1 2v, -, will %)

<2273 222 (Crpa) il

i=j

Consequently,
+oo ) N +oo
S 2% 1y, ~ Iy, Juli <8+ (G 0) 22 A
j=1

N————=1 1=j

€
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Changing the order of summation yields

+oo

+oo +o0o i—1 +o0
DX 2will2, =D 2 w2 Y2 <Y 2P w2,
j=1 i=j i=1 j=1 i=1
For the sum Zj:f |k ! (Iy, — Iv,_, Jwl||?, using (C.12), we obtain

+oo
> llng (v, = Iy, )wl)®
7j=1

—+00
= > h X2y, — Iy, wllk

KeTo j=1

+oo
<Ce Y B 2wl

KeTo i=1

—+oo
<O 2 Y h w2,
=1

KeTo
+00 )
< C’GZ:22Z Z Cowrip(K) max hl_—<2||wi||%<
i=1  KeTo K Cwr
mMaxg . 2| X

S Ce max Covrlp(K)fQK ZQm Z hI_(QHMZH%(
KeTo hi =1 KeTo

Ce

Finally, Theorem C.4 gives

“+oo
DIy v, = Iy, )wl* < CcCs e | Vw|?. O
7j=1

Now we proceed by bounding the norm of the splittings from below by a H'-seminorm.
We start with some auxiliary lemmas.

LEMMA C.6. There exists a constant cg > 0 depending only on d and ~yy such that for
any N € Ng and any sequence (wj)évzo, w; € 85,7 =0,...,N, it holds that

2

N 1 N
V(X w)| < o (19wl + X2 e

Jj=0 Jj=1

Proof. The proof for d = 2 is given in [6, Lemma 3.4]. It is based on the so-called
strengthened Cauchy—Schwarz inequality. As the strengthened Cauchy—Schwarz inequality
is valid also for d = 3 (see, e.g., [47, Lemma 6.1]), the proof of the theorem in the three-
dimensional case is analogous to the two-dimensional one. a
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LEMMA C.7. Let (wj)j:og w; €V}, j € No, be a sequence which satisfies

+oo
[Vwoll® + > 7y wj]|* < +oo.

j=1
400 . 1
Then ) w; converges in (Hg (), IV -1)).

Proof. We will use Lemma C.6 to show that (Z;V:O w;) N, is a Cauchy sequence in

(H3 (), ][V - ]|). Let € > 0. Since ||[Vwol|* + j_j ||hj_1wj||2 converges in R, there exists
M € N such that for all m > n > M, it holds that

m
Z ||hj_1wj||2 < cgé?.

j=n
Using Lemma C.6 for wj, j = n, ..., m, and the previous inequality,

2
m m

V(S w)| < iz 1B |2 < €.

j=n j=n

Hence, the partial sum (Z;VZO w;) &>, is a Cauchy sequence in (Hg (), |V - ||), and thus
3125 w; converges in (H{ (), ||V - []). 0

LEMMA C.8. Let cg be the constant from Theorem C.6. Let (wj)j:of’), w; € V;, j € Ny,
be a sequence such that Z;;OS w; converges in (H (Q), |V - ||). Then,

2
+oo +oo

1 _
V(S w)| <= [1Vwol®+ Y 1k M
j=0 s j=1
Proof. For any N € Ny, Theorem C.6 gives
2
N 1 , &
-1
V(S w)| < (19wl + 3wl
=0 =1

Since Z;OS w; converges in (Hg(€2), [|V-]|), we may switch the following limit and the norm
giving

= lim
N—+oo

v(3w)|

J=0

N
. 1 -
< lim o ||Vw0|\2+Zth 1w]-||2

N—+oco C =
1 =
= IVwol® + >[Ik wy|? ] . O

Jj=1
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THEOREM C.9. Any function w € H}(Q) can uniquely be decomposed as
w = IVOUI + Z I\/J 1

(the convergence of the sum is understood in the space (H} (), ||V -||)). Let cs be the constant
from Lemma C.6 and C 1,, the constant from Theorem C.5. Then for all w € H{ (),

cs||Vol* < [|VIv,w|? +2Hh (Iv;w = Iy, w)||* < Csr, | Vw|*.
j=1

Proof. The upper bound is proven in Theorem C.5. Now we will prove the lower
bound. Having the upper bound at hand, we can use Theorem C.7 to show that the sum
Ty, w + Zj_:f(fvj — Iy,_, )w converges in (H{}(Q2),||V - ||), and consequently, from Theo-
rem C.8 with wg := Iy, w and w; := (Iy; — Iy,_, )w

2

“+oo +oo
cs V<Ivow+2(fvj—fvjl)w> <||VIV0w||2+Z||h (Iv,w — Iy, w)]?.
j=1 j=1

It remains to show that Iy, w + Z;r:og(lvj — Iy, ) )w = win (H§(),||V -|). Since, for
arbitrary N € N (see Theorem B.5),

N
w = (IVow +y (v, - Ile)w> = llw = Ivywll < Cry 2 max hi||Vu],

and maxg ey hi — 0, we have Ty,w+ 32 % (Iy, — Iy, _, Jw = w in L*(£2). We will show
by contradiction that Tv,w + /2] (I, — Iy,_, )w = w also in (H (%), ||V - ||). Let the
sequence Iy, w + Z;.V:l(lvj —Iy,_,)w converge in (H} (), |V - ||) to @ # w. Then, thanks
to Friedrich’s inequality (Theorem A.2), the sequence converges to w in L?(€2), which is a
contradiction with the uniqueness of the limit. 0

THEOREM C.10. Let cg be the constant from Theorem C.8. There exists a constant
Cs > 0 depending only on d and ~yo such that for all w € H}(Q),

+oo
(C.13) es||Vw|® < mfz [Vwol[* + > (1A s |* < Cs| V||,
w; € =2uj= 0 wj j=1

Proof. From Theorem C.9 we know that for any w € H{J (2) there exists a decomposition
w = Zj:og wj, wj € Vj, j € Ny, for which the upper bound holds with the constant Cg ;. ,
so that we can take an infimum over all possible decompositions giving Cg < Cg 1,,. The
lower bound in (C.13) follows from Theorem C.8. 0

C.2. Splitting of H (£2) into basis function spaces. This section presents a result on
the splitting of a H{ (2)-function into basis function spaces. Denote by V;;, j = 1,2...,
i=1,...,#K;, the space spanned by the basis function ¢§”, Vii CVj.

First we will show that splitting a function w; € V} into the basis function spaces V; ;,
i = 1,...,#K;, is stable. This property is called the stability of basis functions in the
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literature; see, e.g., [37, Definition 2.5.5] and [33, Assumption (A1), p. 17]. We present this
property in a form which suits our further development.

LEMMA C.11 (Stability of basis functions). There exist positive constants cg and Cp
depending only on d and o such that for all j € Ny and all

#K;
w; = ij’iEVj, UIj,iEVj’i7 iZl,...,#’Cj,
i=1

it holds that
#K;

(C.14) cllhy will? <Y IIVw;l* < Cllh; w)?.
=1

Let M? be the so-called scaled mass matrix and D the diagonal matrix defined as

[M_?] m,n = Q h.]_2¢’£7:7)¢1(’7"77,)7 [Dj]n“m = /Q V¢’E:777,) : v¢531)? vm? n= 17 MR #IC]

Let w; be the vector of coefficients of a function w; € V; in the basis ®;. Then,

w; = Zf&:’? Wiy Wy, = [Wj]i(bgj) and (C.14) is equivalent to
(C.15) CBW;Mij < W}‘Djwj < C’BW;-‘Mij.

That is, the matrices MJS and D are spectrally equivalent with constants cg and Cp.

Proof. The proof is inspired by [19, Proposition 1.30, Problem 1.35]; see also [20]. We
prove the spectral equivalence of the local matrices associated with a mesh element. The
assertion of the theorem for global matrices then follows by summing the local inequalities
over the elements and taking into account the overlap.

Let MJS % be alocal scaled mass matrix corresponding to an element K € 7 defined as

M3i],.,, = [ no6R. e N

and let Mi be the local scaled mass matrix on a reference element K , which does not depend
on j, K, or T;. Using standard arguments of an affine transformation to a reference element, it
holds that

If we denote by ¢ and C the smallest and the largest eigenvalues of M%, respectively, then
the eigenvalues of MY ;- can be bounded by ¢ |K|/h and C|K|/h%. Consequently,

Cr|K

gl K|, .
(C.16) B—x"x <x*M gx < e 7 Vx € R+

Wi

By choosing x as the mth column of the identity matrix of size d + 1,

ci|K|

_ el _ CrlKL
I

(C.17) < M5 = <
[ J,K]m,m h%( h%{
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Let D; x be the local variant of Dy, i.e.,

D, k0 = /K VoDVeD = [V %

Using the inverse inequality (Theorem A.4) and (C.17),

) -~ ) |K|
VoI < CivhilllofR Ik < ChwCra
K

Similarly, using Friedrich’s inequality (Theorem A.2),

CR|K‘ 1
Crhic — Cihi

163115 < IV 1%

Thus the matrix D ; f is spectrally equivalent to the identity matrix times | K| hl_(z. From (C.16),
we conclude that D g is also spectrally equivalent to M]S x Wwith the equivalency constants
involving Cinv, CF, ¢f, and O, i.e., depending only on d and the shape regularity ;. 0O
Since Mf and D; are spectrally equivalent matrices and they are symmetric positive defi-
nite, we can use the generalized Hermitian eigenvalue decomposition (see, e.g., [3, Eq. (5.3)])
and algebraic manipulations to show that (MJS) “'and Dj_1 are also spectrally equivalent,

1 - 1 _
(C.18) O—Bw* (MJS) 'w< w*D;lw < EW* (M]S) 1W, Yw € R#Ki,
Let M; denote the mass matrix associated with the jth level, i.e., [M;] = fQ ¢£,j ) 5,%),
m,n =1,...,#K;. Analogously to (C.15) we can show the spectral equivalence of the mass
matrix M; with the diagonal matrix D; in the following form: There exist positive constants
¢y, Car depending only on d and 7y, such that

C.19) ¢y min h2w*Mw < w*D.w < Cyy max h>w*M.,w Yw € R#K
()MKeTjK JW = ]—MKeTjK J W

Combining Theorem C.10 and Theorem C.11 yields the following theorem on splitting
an Hg (Q)-function into basis function spaces. It can be proven by the same technique as
in [37, Theorem 2.3.1]:

THEOREM C.12. Let cg,Cgs be the constants from Theorem C.10, cg, Cp the constants
from Theorem C.11, and let g = min{l,cp} and Cp = max{1,Cp}. Then, for all
w € HE(Q),

+oo #K; .
csp|Vu|? < inf [Vwol + D [Vwll* < CsCpl[Vw|.
wo€Vo,w;, i €Vj i - 5
#K; j=11i=1

w=wo+31%5 71wy

C.3. Splitting of spaces of piecewise linear functions. We now present consequences of
the previous theorems for finite-dimensional piecewise linear functions from V;, J > 0. The
following theorems can be proven by the same techniques as the results in [37, Section 2.4]:

THEOREM C.13. Let cg and Cg be the constants from Theorem C.10. Let J > 0. For
allwy € Vy,

J
csl[Vw,||* < inf_ Vol + D IRy wy)l? < Cs[[ Vs

w; €Vj; wy= =0 Wj j=1
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THEOREM C.14. Let cg and Cs be the constants from Theorem C.10 and ¢g, Cg the
constants from Theorem C.12. Let J > 0. Forall wy € Vy,

J #K;
estp||Vuw,|* < ... S IVwoll® + Y > IVwl|* < CsCr|| V||,
PR j=1 i=1

#K
wy=wo+3]_; 3Ly wy

C.4. Frame. Finally, we present a consequence of the stability of the splittings presented
in Theorem C.12, which is closely related to the fact that the normalized basis functions form
a so-called frame in (Hé(Q))*; see, e.g., [23, Section 3], [24].

THEOREM C.15. Let cg and Cs be the constants from Theorem C.10 and ¢g, Cg the

*

constants from Theorem C.12. Forall g € (Hg ()",

+oo #K;

csep | Vool + ZZ

< 91 1y e
== IIW“’HQ )

400 #K

(J)
< CsCp ||V90H2+ZZ (b(] 2
S5 v

where gy € V) is the Riesz representation of the functional g in the space Viy with respect to
the inner product (ug,vo)o = fQ Vg - Vug, Yug, vg € V.

Proof. The proof is inspired by the proof of [37, Theorem 2.6.2]. We will start
with the upper bound Let w € H}(2) and consider an arbitrary decomposition of w as
w=wg + Z Zz VY wjg, wo € Vo, wj,; € Vj,. Using the fact that

_sign(w; 5) [Vwi sl )

1,0 — - i
IV
we have
+oo #K;
(g, w)| < [(g,wo)l + D> g, wij)]
j=1 i=1
+o0 #K; (b(j)
< llgoll - [IVwoll + > — G )| IVwisll
Jj=1 i=1 |v¢ ||
+o0 #K; g ¢(]) H +oo #K; z
< I¥gol? + 355" L0 )Tl + 30 Vw2
j=1 i=1 Hvd’ [ j=1 i=1

Taking the infimum over all decompositions w = wg—|—z Z# U wjs,we € Vo, wji € Vi,
and using the stability of the decomposition into spaces deﬁned by basis functions (Theo-
rem C.12) yields

—+o0 #’C

d)u) S
< 2 . 3 2 )
g, w)l < | [Vaol ;1;1 ZIE Cs OVl

Taking the supremum over all w € H} () such that | Vw|| = 1 gives the upper bound.
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Proving the lower bound is more subtle. We will first show that for any NV € N,

.y N #K; ¢(J) 1 )
(C20) Il ; Z} o = ez Mty
First, it holds that
., N #K; ¢(] N #K; ¢(j)> )
Vool ;2 22 (999 +;§< |V¢“)Il2¢ >

N #K; )
<g o3y ¢<J>>

== HW(”IIQ

(g7d>§f)>
NE

Letg;; = ¢£j) € V} ;. Then using Theorem C.14,

N #K; N #K;
<990+Zzggz>—||g|| HY ()" <90+Zzgﬂ>

Jj=1 i=1 =1 1i=1
1 N #K; 3
< N9l mz @)y T IVgoll> +> > IVgjall?
c5Ch =1 i=1
1
=gl (a2 @) 7 | IVoll™ + O
()" 323 ~ = men?

This yields (C.20). Taking N to infinity in (C.20) completes the proof. 0

THEOREM C.16. Let cg and Cg be the constants from Theorem C.10 and ¢p, C'p the
constants from Theorem C.12. Let J > 0, and consider the space Vj with the norm ||V - |.
Forall g5 € V7,

J #/CJ

cser | Vol + ZZ

<|lgs1%
e ||v¢<”|\2 ’

2 ZJ: & (g ¢(J)
< CsCp | [Vgoll® + : ,
gl N2
where gy € V) is the Riesz representation function of the functional g in the space Vi with
respect to the inner product (ug, vg) = fQ Vg - Vug, Yug, vg € V.
Proof. The proof is analogous to the proof of Theorem C.15. a
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