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STRUCTURED BACKWARD ERRORS OF SPARSE GENERALIZED SADDLE
POINT PROBLEMS WITH HERMITIAN BLOCK MATRICES*
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Abstract. In this paper, we derive the structured backward error (BE) for a class of generalized saddle point
problems (GSPPs) with perturbations preserving the sparsity pattern and the Hermitian structures of the block matrices.
Additionally, we construct the optimal backward perturbation matrices for which the structured BE is achieved. Our
analysis also examines the structured BE in cases where the sparsity pattern is not maintained. Through numerical
experiments, we demonstrate the reliability of the obtained structured BEs and the corresponding optimal backward
perturbations. Finally, the computed structured BEs are used to assess the strong backward stability of some numerical
methods used to solve the GSPP.
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1. Introduction. The concept of backward error (BE) analysis, proposed in [29], plays a
crucial role in the field of numerical linear algebra. It has several key applications: for example,
it can be used to identify a nearby perturbed problem with minimal norm perturbation, ensuring
that the approximate/computed solution of the original problem aligns with the exact solution
of the perturbed problem; it can provide, through the product with condition numbers, an upper
bound for the forward error; it is often employed as a stopping criterion for iterative algorithms.
For a given problem, if the computed BE of an approximate solution is within the unit round-
off error, the corresponding numerical algorithm is considered backward stable; see [15]. The
notion of structured BE is introduced when the problem possesses some special structure, and
the BE is analyzed with structure-preserving constraints imposed on the perturbation matrices.
Furthermore, a numerical algorithm is classified as strongly backward stable if the computed
structured BE remains within the unit round-off error; see [7, 8].

This paper considers the following 2 x 2 block linear system:

A~ lE F*| |lu q| a
(L1.1) %mz[H GHp]szﬁ

where £ € C"*" FH € C™*" G € C™*™ ¢ € C", and r € C™. Hereafter, B*
represents the conjugate transpose of B. This 2 x 2 block linear system encompasses several
important cases: the Hermitian saddle point problem (SPP) (E = E*, F' = H, G = 0), the
non-Hermitian SPP (F' = H, G = G*), and the real standard SPP (F € R"*" F, H € R™*"™,
G eR™™ q € R", and r € R™); see [5, 6]. Hereafter, 0 denotes the zero matrix of
appropriate size. We refer to (1.1) as the generalized SPP (GSPP). The GSPP has broad
applications across various scientific and engineering fields, including computational fluid
dynamics [9, 12], optimal control [23], weighted and equality-constrained least-squares
estimation [14]. For fundamental properties as well as for a comprehensive survey and
applications of GSPPs, we refer to [6].
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The development of various iterative methods for solving the GSPP (1.1) has become
a focal point for many researchers, as reflected in recent studies [11, 16, 26, 30] and the
references therein. However, the computed solution may still contain some errors and can
potentially lead to insignificant results. Therefore, it is crucial to assess how closely the
computed solution approximates the solution to the original problem.

Recently, many studies have been carried out on a structured BE analysis and the condition
numbers for real SPPs; see [3, 4, 10, 20, 22, 27, 31, 34]. The existing literature primarily
considers the block matrices F, F, G, and H real, with (-)* in (1.1) intended as a real transpose
and therefore denoted by (). A brief overview of the literature is as follows: by considering
E =ET ¢ R, F = H € R™*", and G = 0, the structured BE for the GSPP was
derived in [27]. By employing Sun’s methods, the BE for the GSPP when E = [,, € R™*",
F=HeR™"™ and G = 0 € R™*" was investigated in [18], while the structured BE for
the case £ # ET ¢ R F = H € R™*", and G = 0 € R™*™ was studied in [31]. Here,
1I,, denotes the n X n identity matrix. Further, when G # 0, structured BEs for the GSPP have
been studied for the following matrix structures:

(@ E=ET eR™" F=H e R™", and G = GT € R™*™ in [10, 22, 34];
(b) E=ET e R™" F = H € R™*", and G € R™*"™ in [34];

(c) E€ R F=HecR™" and G € R™*™ in [10, 20];

(d E=ET e R"™™ F#H cR™", and G € R™*™ in [10, 22];

() E=ET cR™™ F#H cR™™" and G = GT € R™*™ in [34];

f) E€cR™" F#+HecR™" and G = GT € R™*™ in [10].

Recent studies have also focused on structured BEs for SPPs with three-by-three block
structures; see [19, 21]. These investigations consider cases where the block matrices are real,
with diagonal blocks being either symmetric or nonsymmetric. Nevertheless, the existing
literature reveals several shortcomings: (1) it does not explore a structured BE analysis when
the block matrices in (1.1) are complex, specifically when the block matrices possess Hermitian
structure; (2) it does not provide the optimal backward perturbations needed to achieve the
structured BE.

In many practical applications, such as the discretization of the Stokes equation in [12]
and PDE-constrained optimization problems, the coefficient matrix of the GSPP includes a
large number of zeros, i.e., it possesses a sparse structure. Preserving this sparsity is crucial
for computational efficiency and for maintaining the problem’s structure. Recent works
on the structured BE analysis for eigenvalue problems have highlighted the importance of
incorporating sparsity preservation in the perturbation analysis; see [1, 2, 33]. Therefore,
performing perturbation analysis that preserves the sparsity pattern is essential and requires
the construction of optimal sparse perturbation matrices to ensure accuracy and efficiency in
solving the GSPP. The existing literature on structured BEs for GSPPs also does not preserve
the sparsity of the coefficient matrix.

To overcome these drawbacks, in this paper, by preserving the sparsity pattern of 8, we
investigate the structured BEs in the following cases:

(i) E€ HC™", F = H e C"™*", G € C™*x™,
(i) E € Cv", F = H € C™*", G € HC™" ™,
(i) E € HC™*", F #+ H € C™*", G € HC™*™,

where HIC™*" represents the collection of all Hermitian matrices.
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The main highlights of this work are listed below:

e We investigate the structured BE for the GSPP (1.1) for the cases (i)—(iii) by retaining
the sparsity pattern of 5.

e We provide compact formulas for the structured BE in each of the three cases and
derive the formulas for the optimal backward perturbations. Moreover, we derive the
structured BEs for the GSPP when the sparsity of B is not considered.

e We present numerical examples to validate the obtained results and evaluate the
strong backward stability of some numerical methods used to solve the GSPP (1.1).

The remainder of the paper is organized as follows: Section 2 presents essential basic
notations, preliminaries, and a few important results. In Section 3, we derive the structured
BEs for the cases (i)—(iii). Section 4 provides numerical examples to validate the obtained
formulas for structured BEs, while concluding remarks are presented in Section 5.

2. Notation and preliminaries.

2.1. Notation. Throughout the paper, let R”*" and C™*" denote the set of all m x n
real and complex matrices, respectively. We use SR™*", SKR™*", and HC"*" to rep-
resent the set of all n x n real symmetric, real skew-symmetric, and Hermitian matrices,
respectively. For X € C™*™ R(X), J(X), XT, X*, and X represent the real part, imag-
inary part, transpose, conjugate transpose, and Moore-Penrose inverse of X, respectively.
We use 0,,,x and I, to denote the m X n zero matrix and identity matrix, respectively.
We only use 0 when the size is clear. We use e!" to denote the i" column of the identity
matrix [,,,. The symbol 1,,x,, represents the m x m matrix with all entries equal to 1.
The notation || - |2 and || - ||r represent the Euclidean norm and the Frobenius norm, re-
spectively. The componentwise multiplication of the matrices of X = [z;;] € R™*" and
Z = [z;;] € R™*" is defined as X © Z := [z;;2;;] € R™*™. For Z € R™*", we define
Oz :=sgn(Z) = [sgn(z;;)] € R™*", where

(217) 1, forz; #0,

sgn(z;;) =

& " 07 for Zij = 0.

For X = [x1,Xa,...,X,] € R™*" where x; € R™, i =1,2,...,n, we define
vec(X) = [x],%5,...,x0 |7 € R™™.

For the matrices X € R™*™ and Y € RP*?, the Kronecker product [13] is defined as
X QY = [z;;Y] € R™P*"4_Given the matrix A € R”*" and vectors u € R” and v € R™,
the following properties of the Kronecker product and the vec-operator hold [13, 17]:

Au = (uT @ I,,)vec(A),

ATy = (I, @ vT )vec(A).
I I

Given two positive weight vectors o1 = [a, g, g, 1, B2
we define the following weighted Frobenius norms:

and 09 = [0, g, a3, g, B, P2

C7HE,F,G,q,r):= \/a?HEII% + 3| Pl + a3lIGIE + B llal3 + B3T3,

¢(E,F.H,G,q,r):= \/a?HEII% + 3| Pl + o3| HI[E + o2l GlIE + B2llgl3 + B3 11r13-
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2.2. Preliminaries. In this subsection, we first present the notion of unstructured and
structured BEs and a few important definitions and lemmas.

DEFINITION 2.1 ([24]). Let Z = [a”, pT]T be an approximate solution of the GSPP (1.1).
Then, the normwise unstructured BE, denoted by £(Z), is defined as

£(@) = L)

: I1ABlr  [lAf]2
(A%I,HAH})G}'{H[ B 1£12 }

where
F={(AB, Af)|(B+AB)Z=f+Af}.

In [24], the following explicit expression for the BE defined in Definition 2.1 was provided:

VIBIZIEI3 + 1713

When &(Z) is sufficiently small, the approximate solution Z becomes the exact solution to
a slightly perturbed system (B + AB)Z = f + Af, where both ||AB||r and ||Af]|2 are
relatively small. This implies that the corresponding numerical algorithm exhibits backward
stability.

In the following definition, we introduce the concept of the structured BE for the GSPP
in (1.1). Throughout the paper, we assume that the coefficient matrix B in (1.1) is nonsingular.

DEFINITION 2.2. Assume that T = [u”,p"]7 is a computed solution of the GSPP (1.1).
Then, we define the normwise structured BEs €9 (u,p),i=1,2,3, as follows:

¢9%(u,p) = min (7 (AE,AF,AG, Ag, Ar), fori=1,2,
AE, AF,
(AG,Aq,Ar>€gi
€9 (u,p) = min C72(AE,AF,AH,AG, Aq, Ar),
(AE,AF,AH,)EQ
AG, Aq, Ar 3
where
G — AE,AF, E+AE (F+AF)*] [a]  [q¢+ Aq
2.2) "TU\AG A AR ) | |[FHAF GHAG | |p] |+ Ar)?
AE € HC"*", AF € C"™*" AG € C"™*™ Aqe C*",Ar e C™ ;,
Gy — AE,AF, E+AE (F+AF)*] [a] _ [¢+Aq
23 2= AG, Aq, Ar F+AF G+ AG pl  |r+Ar|’

AE € C"" AF € C™*" AG € HC™*™  Aqg e C",Ar e C™ 3,

AG, Aq, Ar H+AH G+ AG D r+ Ar

g3:{<AE,AF,AH,> ’ [E+AE (F+AF)*} m B [q—FAq]’

AFE € HC™"™,AF,AH € C™*",AG € HC™ ™, Aq € C",Ar € C™ §.
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By choosing a1 = o, as = 1a—, a3 = A, (Or a3 = A, aq = 7~— for
ME[[F 2 [F[[F> <3 IGll¥> 3 [H][F > 4 IGllr

&9 (,p)), and By = m, By = HT1H2 , we obtain relative structured BEs for the GSPP (1.1).

REMARK 2.3. We denote the optimal backward perturbations for the structured BEs by
AFBspt, AFope, AHope, AGopt, Agopt, and Argpe. Therefore, the following holds:

égi (avi)\) = Cgl (AEoptv AFOPtv AGfopta Aqopt7 A"dop‘c)a fori=1,2,
593 (ﬁv ﬁ) = Caz (AEOptv A-Foptv AI_Ioptv AC"Yoptv AQOptv Aropt)‘

REMARK 2.4. Our focus is on examining the structured BE while preserving the sparsity
pattern of the block matrices. To accomplish this, we substitute the perturbation matrices AF,
AF,AH, and AG with AE © O, AF ©0Opr, AH © O, and AG © O, respectively. In
this framework, the structured BEs are denoted as gsgg,s (u, p), fori = 1,2, 3, while the optimal
perturbation matrices are denoted by AESEE, AFE AHSEE, AGeE:, Aqqpy, and Argps.

Next, we discuss some important definitions and lemmas.

LEMMA 2.5 ([28]). The linear system Ax = b, with A € R"*™ b € R", is consistent
if and only if AA™S = b. Furthermore, when the system is consistent, the minimum-norm
solution is given by ATb.

DEFINITION 2.6. Let Z € SR™*™. Then we define its generator vector as

. .T _T T T m(m+1)
vecs(Z) =21 ,25,...,2,] ERT 2z |
where
T m
z1 = [z11, 2215 - - 2m1]” € R™,
T m—1 T 2
Z9 = [2227 232y - - 7Zm2] €eR yeresBm—1 = [Z(m—l)(m—l)a Zm(’rn—lﬂ ER 5

Zm = [Zm’m] eR.

DEFINITION 2.7. Let Z € SKR™*™. Then we define its generator vector as

m(m—1)
vecsi (Z) == [2F, 2, ..., 27 T eR = |
where
z1 = [221, e ,Zm1]T c Rm717
_ T m—2 _ T
zo = [232,---,2m2]” ER yooy Zmo1 = [Zm—1)(m-1)]” € R.

The following two lemmas can also be found in [32].
LEMMA 2.8. Let M € SR™*™. Then vec(M) = JZ"vecs(M), where

m(m+1)

2
gE=1g® g@ . gim] ermtEE,
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and the matrices jéi) € R™**(m=i+1) gre defined as

ef' ey ey - en .y en
0 er 0 0
0 0 e - .. 0
gg) = R o
0 0 0 em 0
0 0 0 -
[0 o .- 0] [ 0]
eyt ey em 0
0 e* 0 0 0
2 2 m
7P=10 o0 ep 0 JdM=1.
: 0
0 - o0 ey em

LEMMA 2.9. Let M € SKR™*™ . Then vec(M) = J¥ vecsk (M), where

m(m—1)

_ 2
T = a8 g . g] ermtE,

and the matrices J. S(})( € Rm**(m=1) gpe defined as

e e o oemy en
—em 0 0
0 ™M . . 0
(1) _ 1
Jsk = : : - : ’
0 0 e —el? 0
| 0 0 0 —e7" |
0] 0 ] 0 ]
ey e em 0
—el? 0 0 0
2 2 m—1
J§13= 0 —eyr - 0 7""‘75('1( =
e’”’L
i 0 —ey'] | —€m—1]

Next, we present an important lemma that is crucial for computing structured BEs while
preserving the sparsity pattern.

LEMMA 2.10. Assume M € R™*™ and X € HC™*™. Then the following results hold:
1. If M € SR™ ™ then

2.4 vec(M © Ox) = T Pxvecs(M © Ox),

where ®x = diag(vecs(Ox)).
2. If M € SKR™*™, then

(2.5) vec(M © Ox) = J§ VY xvecsk (M © Ox),

where ¥ x = diag([0x(1,2:m),0x(2,3:m),...,0x(m —1:m)]T).
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Proof. Let M € SR™*™ and X € HC"*". By definition of the matrix © x, we have
Ox € SR™*™ and consequently, M ® O x € SR™*™. Then,

vec(M © Ox) = J§'vecs(M ©Ox) = J§Pxvecs(M © Ox),

and (2.4) follows. Similarly, we can prove (2.5) when M € SKR™*™, O

REMARK 2.11. By considering X = 1,,,x,,, Lemma 2.10 reduces to Lemmas 2.8 and 2.9,
where 1., x,,, denotes m x m matrix with all entries equal to 1.

REMARK 2.12. When M, X € C™*" we have vec(M ® Ox) = Exvec(M © Ox),
where ¥ x = diag(vec(Ox)).

To illustrate Lemma 2.10, we consider the following example:

EXAMPLE 2.13. Let M € SR**® and X € HC>*® be given by

1 2 3 7 841 0
M=12 4 5|, X=|8—1 9 10+ 22
3 5 6 0 10—2¢ 0
1 20
Then, M ©®Ox = [2 4 5], and we have
05 0
1
el e e 0 0 0 (2)
vee((M ®Ox)= {0 e 0 e e 0 = J3vecs(M ® Ox)
3 5 3l |4
0 0 e 0 e5 ey 5
0
1 0 0 0 0 0Of (1
01 00 0 Of |2
0 0 00 0 Offlo0
_ 73 _ 73
=Js 00010 olla = J5Pxvecs(M © Ox).
0 000 1 0Of(5
0 000 0 0fflo0

3. Computation of structured BEs. In this section, we derive the closed-form expres-
sions for 55%‘5 (u,p), fori = 1,2, 3, by preserving the sparsity of the coefficient matrix and the
Hermitian structure of the matrices £ and G, respectively. Moreover, we provide the optimal
perturbations for which the structured BE is attained. The following lemma plays a crucial
role in the computation of the structured BE.

LEMMA 3.1. Consider the following 2 x 2 block linear system:

G E+AE (F+AF)] [u]  [q+Aq
) H+AH G+AG ||p| |r+Ar|"

Then (3.1) can be reformulated as the systems of linear equations
R(AE)R(u) — I(AE)I(u) + RAF)TR(p) + I(AF)TI(p) — R(Aq) = R(Q),
R(AE)I(u) + I(AE)R(u) + RAF) I (p) — I(AF) R(p) - I(Aq) = I(Q),

and

2
>
=z
2
£
I
[

(AH)3(u) + R(AG)R(p) — I(AG)I(p) — R(Ar) = R(R),
IAH)R(w) + RAG)I(p) + I(AG)R(p) — I(Ar) = I(R),

=2
>
3
,t_.‘l\
&
+
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where
Q=q— Fu—F‘p, R=r— Hu-Gp.
Proof. The 2 x 2 block linear system (3.1) can be equivalently expressed as

(3.2) AFu+ AF*p—Aq=q— Eu— F*p,
(3.3) AHu+ AGp — Ar =r — Hu — Gp.

The proof follows by separating the real and imaginary parts from (3.2) and (3.3). 0

3.1. Computation of the structured BE for the case (i). In this subsection, we derive an
explicit expression for the structured BE £91 515 (@, D) by preserving the structure of £ € HC™*",
F e C™*", and G € C"™*™ and by maintaining the sparsity pattern of the coefficient matrix
B within the perturbation matrices.

Prior to stating the main theorem of this section, we construct the following matrices: Let
n(n+1)  n(ntl) n(n 1) n('n 1)

QSmER 7 XT3 and@SKne]R

be the diagonal matrices with

= @n(i-2)@-1) L
Dsnliof) =41 I =T e AL i=L2
7 V2, otherwise,

and

n(n—l).

Dsxmliri) = V2, forj=1,2,..., =

Further, set

n('n.+1)

Ni = anbeDE,n e R , No:= ng‘I’EQE}(,n e R

'n.(n 1)

Let s = n? 4+ 2mn + 2m?, X; € R?"*s_and X, € R2™*5 pe defined as

Xy = [X1 Ogpwomz),  Xo = [Oapmunz Xal,

where
X, = {afl(%(a)T@@In)Nl P Q@@ LNy oy (L@ R(P))Sp g (I, ®3(P)")SF }

P el 0@ @ L)y (m(ﬁ)T ®@L)N: (L, @3@)")Sr  —ay ' (I, @ R(P))Zk
and
X, = {az 'R@)" @ In)Er 1(3(73) ®Im)2F az'(R(P)" @ Ln)Se  —az ' (I(P)" ®Im)EG}

2T 0@ @ L)% 0 R@T©L)SE a3 (0B) ® )56 o (RB)T @ L)% |
Set
(3.4)

a1Dgnvecs(R(AE © OF))
a1®SK’nVGCSK(j(AE O) ®E)) 519%(Aq
AY = CYQVGC(%(AF © ®F)> c st AZ = ﬁlj(AQ) c R2(n+m)'

asvec(J(AF ® OF)) B2 (A7)
azvec(R(AG © O¢)) B2I(Ar)
agvec(J(AG ® Og))
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Note that

At Bl = of|R(E)|F + oF|3(B)|7
= [la1Ds nvecs (R(E))|3 +||a195KnveCSK(3(E))H§
‘ [ a1D g pvecs(R(E)) }
J(E

1D sk nvecsk (I(E))
The following theorem provides a compact representation of the structured BE ésps (u,p).

THEOREM 3.2. Assume that E € HC"" F € C™" G € C™™ and
z = [a”,p"]" is a computed solution of the GSPP (1.1). Then, the structured BE €5, (u, p)
with preserving sparsity is given by

ap - | [ 21" (1% ) [xi 7] 9j%((c,g)
€556 (1@, D) {Xg IJ ({X2 IJ {Xg IQ] ) RER) ||

where Q = q— Eu— F*p, R=r — Fu — Gp, and

_ [_61_11271, 02n><2m] c R2n><2(n+m),
T, = [02m><2n _5271[2771] c R2m><2(n+m).

Proof. Let = [u”, pT]" be a computed solution of the GSPP (1.1) with E € HC"™*".
Then, we need to find the perturbations Ag € C", Ar € C™, and sparsity preserving
perturbation matrices AE € HC™ ", AF € C™*" and AG € C™*™ 5o that (2.2) holds.
Therefore, we replace AFE, AF, and AG with AE ® O, AF © Op, and AG © Og,
respectively, such that the following holds:

E+ (AE®Op) (F+(AF®@F))*} m B [q-l—Aq]
F+(AF00p) G+ (AGOO) | |p| ~ |r+Ar|

By using Lemma 3.1 with H = F, we have

R(AE © Op)R(1) — I(AE © O)I(U) + R(AF © O)TR(p)
3.5) +I(AF © ©r)73(P) — R(Ag) = R(Q),
' R(AE 0 Or)I(@) + I(AE © Op)R(4) + R(AF © 0r)73(p)
~J(AF © ©p)"R(P) — I(Ag) = I(Q),
and
R(AF © Op)R(TW) — I(AF © Op)I(@) + RAG © O6)R(D)
(3.6) —J(AG © O¢)I(p) — R(Ar) = R(R),
‘ R(AF © 0)3(4) + I(AF © 0p)R(1) + RAG © 0¢)I(P)
)

+3(AG © Bg)R(p) — I(Ar
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Now, using the properties of the vec-operator and the Kronecker product in (3.5), we obtain
(R(@)" @ I,)vec(R(AE © Op)) — (J(A)T ® I,)vec(I(AE © OF))
+(I, @ R(P)T)vec(R(AF © OF)

+(I, ®I(p)" )VeC( (AF©6p)) —R(A

)
37 q9) = R(Q),

)

)

(3(u)" @ I,)vec(R(AE © Og)) + (R(@)" @ I,,)vec(I(AE © Op
+(I, ® 3(P)T)vec(R(AF © OF)
—(In @ R(D)")vec(I(AF @ Op)) — I(Ag) = 3(Q).
As AE € HC™ ", we have R(AE) € SR"*" and J(AE) € SKR™*". Furthermore, we

have AE® O € HC™", R(AE ©Op) € SR™", and J(AE ® O) € SKR™*". Hence,
applying Lemma 2.10 to (3.7), we get

R(@)" © I,) TP pvecs(R(AE © OF)
—(3(@)" @ I,) TE Vpvecsk (J(AE © OF)
+(L, @ R(P)T)Zpvec(R(AF © OF)

+(I,®3(p ) )X pvec(J(AF © Op)) — R(Agq

)

)

)

) =R(Q),
(3(w)" @ I,) T2 ®pvecs (R(AE © OF))

)

)

q)

(3.8)
(SR(A) ®I )jSK\I/EveCSK( (AE@@E
+(I, @ 3(P)T) S pvec(R(AF © OF)

~(I, @ R(P)")Zpvec(J(AF © OF)) — I(A

Then, (3.8) can be reformulated as

~3(Q).

_ R
(3.9) X AY + [~ oy Oom] AZ = {JQ)] .
In a similar manner, from (3.6), we can deduce the following:

(3.10) XoAY + [02, —f2 o] AZ = [

=2
3

Therefore, combining (3.9) and (3.10), we get
R
3.11) { ]Ay+ {Il} Az= AT [Xl L] [Ay} = ;%(Q

X1
X2
satisfied, and the minimal-norm solution of (3.11) is expressed as:

. . T
Since the matrix [ T } has full row-rank, the consistency condition in Lemma 2.5 is
2

AY X, 7,]"|3Q)
AZ| T [Xe Tf |R(R)

- 4T T\ ~1 R
(3.12) L ({X L} {xl L} ) 2@
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According to Definition 2.2, we have

0. (4, p) = min ¢ (AE® E,AF ® F,AG ® G, Aq, Ar)
AE®E,AFQF,
( AG® G, Ag, Ar )691
ayvec(R(AE © OF))
arvec(J(AE © OF))
agvec(R(AF © OF))
agvec(J(AF © OF))
B min azvec(R(AG © O¢))
(AE@E, AF O F, )eg azvec(J(AG © O¢))
AG ® G, Ag, Ar 1 BLR(Aq)
B13(Aq)
ﬁg%(A?")
L ﬂ2j(A'r) d 12
[ ali)g,nvccS(D%(AEQ @E)) i
a1®5K7nveCSK(3(AE ® @E))
asvec(R(AF © OF))
asvec(J(AF @ OF))
_ min azvec(R(AG © O¢))
AEOEAFOF \ g azvec(J(AG © O¢))
< AG ® G, Ag, Ar )e 1 BiR(Aq)
$13(Aq)
ﬁgm(AT)
BQ:}(AT) 11l
R(Q)
— min AY X1 Ii| [AY| [ 3(Q)
= AZ||,||X: ] [A2] T [%(R)
J(R)
sy
T AZ ’
opt || g
and the proof is complete. a
REMARK 3.3. Using (3.4) and (3.12), the optimal perturbation matrix AESF? is obtained
as
AEBgy: = R(AEq:) +i3(AEG:),
where
sps — — A
vees (R(AEg)) = a; 195,1n Iy Onyxa—ny)) {Ag ’
opt
~ sps _ _ A
VeCSK(J(AEogt)) = 0y 19511(’n [Onzxnl Inz Ongx(lfnz)} {A;} s
opt
ny = n(n;l), ny = "(”271), and I = s + 2(m + n). Similarly, the optimal backward

perturbation matrices AFy>y, AGoL:, Aropt, and Agepe are given by

sps — ]
VQC(AFO;)»C) = Qy ! [Onmxn2 Inm  ilnm Onmx(l*n2*2”’”)} |:A;J;:| ’
Opt
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sps — . A
VeC(AGogt) = Q3 ! [Omz x (n2+42nm) Imz mez Omz Xg(m+n)] {A;} s
opt
_ . AY
Aqopt - 51 ! [Onx(l72(n+m)) In Zln Onx?m] |:AZ:| 5
opt

_ . A
ATopt =5 ! [Omx(l72m) I, ZIm] [Ai}7:| .
opt

We now compute a compact formula for the structured BE for case (i), in which the
sparsity pattern of B is not retained.

COROLLARY 3.4. Assume that E € HC"*", F € C™*", G € C™*™ and that
z = [a?,pT) is a computed solution of the GSPP (1.1). Then, the structured BE £9* (i, p)
without preserving sparsity is expressed as

"
L YITYIYIT_lj(Q)
¢7(a,p) = [Y; I;] ([Y; Ij {Y; Ij ) R(R) ||
where

Yl = [?1 02n><27n2]a Y2 - [027”2 xn2 ?2],

S :[a#(m(ﬁﬂ@ln)z@;; - (3(@)" © 1) T§x D5k, 5 (In @ R(P)T) a;lun@:f(ﬁ)w
et 0@ @ 1) JE05,, o (R@)T © 1) T D5k, 0r (In2IB)T)  —ay' (1, @ R(B)T)

and
¥, - {aglm(ﬁ)T @1n) —ay Q@7 @ In) a3 (RP)T @ L) —ay' (3P) ® Im,>]
't O@T L, a'R@T L) o33P eL) az'R®)T L) |

Proof. As we are not preserving the sparsity structure of £, F' and G, by setting
Or = 1,xn, Or = 1xn, and Og = 1,,, xm, the proof proceeds accordingly. |

In the following, we derive the structured BE for the GSPP (1.1) when E € HC™*" and
G = O

COROLLARY 3.5. Assume that E € HC™", F € C™", G = Opxm and that
z = [a”,p"]" is a computed solution of the GSPP (1.1). Then, the structured BE €5, (u, )
with preserving sparsity is given by

L R@
0. | [y ﬂqu; Al 2]T> ;(% ’
3@

where Z = [0g,,2 2 2], with

and R = r — Fii.
Proof. The proof follows by taking a3 — 0o and G = 0y, %y, in Theorem 3.2. a
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The structured BE for the GSPP (1.1) is analyzed in [34] under the assumption that the
block matrices are real, i.e., E = ELT € R»*" F ¢ R™*" G € R™*™_and the vectors
q € R™, r € R™ are also real. From our results, we can also obtain the structured BE for this
case, as given below.

COROLLARY 3.6. Assume that E € SR™*", F € R™*" G € R™*™ ¢ R", r € R™
and that z = [a”, p*]7 is a computed solution of the GSPP (1.1). Then, the structured BE

-1

ésps (uw, p) with preserving sparsity is given by
Q
R ?

2

~ T
XE 7,
XE T,

~ 1T
Xk 7

Esps(u’p) = lxg f—z

Xt I
XE T,

where Q = q— Eu— FT'p, R=r — Fu — Gp,

[_ﬁl_lln Onxm] € Rnx(n-&-m)’
1, = [Omxn 7&2_11m] € Rmx(n+m)’

Proof. Since E ¢ SR™*", F € R™*" G € R™*™ ¢ € R", and r € R™, the computed
solution = [u”, pT]7 is real. Therefore, J(@) = 0 and J(p) = 0. Furthermore, J(Q) = 0
and J(R) = 0; substituting these values into Theorem 3.2 yields the desired structured BE.
Hence, the proof is complete. a

By applying Remark 3.3, we can also obtain the optimal backward perturbation matrices
for the structured BE. The above result highlights the generalized nature of the proposed
framework. Furthermore, our analysis ensures the preservation of the sparsity pattern of the
block matrices, unlike the results in [34], which neither maintain sparsity nor provide optimal
backward perturbation matrices.

3.2. Computation of the structured BE for case (ii). In this subsection, we derive a
compact expression for the structured BE Esps( u, p) by preserving the Hermitian structure of
G € HC™*™ and preserving the sparsity of the coefficient matrix 3. Before stating the main
theorem, we construct the following matrices: Set

Sy = JP0eD5h, e RWET 6y s B WDk, € RMTE T
Kl = [Kl 02n><m2}7 K2 = [02m><2n2 K2]7
where
g, = [l @@ L)y —a' 0@ @ L)Sp o (L @RE)Zr  ay' (L@ I(B)")Ir
el 0@ e L)% o (@) @ L)Es  ay' (1, © ()R *0‘2 HIn @ R(p)")Sr
and
g _ [ @@ @ L) —ay'0@)" @ 1)SF o3 (RB) @ 1n)S1 —az (D) @ In)S2|
e 0@ 9 Ln)Sr oy (R@)T @ LS a3 (IP)T @ 1n)S1 az  (R(E)" ®Im)sz
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Define
arvec(R(AE © OF))
arvecJ(AE © Op)) B1R(Aq)
o agvec(R(AF © OF)) t | B13(Ag) 2(n+m)
AY = agvec(J(AF © Op)) €R, AZ:= BaR(Ar) €R ’
azDgmvecs(R(AG © O¢)) B2I(Ar)

043:DSK,mVeCSK,m (j(AG O) @G))

where t = 2(n? + nm) + m?.

THEOREM 3.7. Assume that E € C"*", F ¢ C™*", G € HC™™ and that
z = [u”,pT|" is a computed solution of the GSPP (1.1). Then, the structured BE 539})25 (u,p)
with preserving sparsity is given by

R
R 1570 KA 2% I " N 159
an = || 7 ([K ol 7 ) ol

where QQ, R, T and T, are defined as in Theorem 3.2.

Proof. For the approximate solution Z = [u”, pT]7, we are required to find the pertur-
bations AE € C**", AF € C™*" and AG € HC™*™ which retain the sparsity pattern
of E, F, and G, respectively, and Ag € C*, Ar € C™ so that (2.3) holds. Thus, we replace
AE,AF, and AG with AE ® O, AF ® Op, and AG ® O, respectively. Consequently,
we have

F+(AF©0OFr) G+ (AG6Og) | |p r+ Ar

where AG ® Og € HC™ ™. As AG ® Og € HC™ ™, we get R(AG ©® O¢g) € SR™*™
and J(AG ® O¢) € SKR™*™. By applying Lemma 3.1 and following a similar approach as
in Theorem 3.2, the proof is complete. 0

REMARK 3.8. In a similar fashion to Remark 3.3, we can easily construct the optimal
backward perturbations AEGE?, AFGEy, AGGE, Aqqp, and Areye. Moreover, by considering
Or = 1,xn, O = lyxn, and Og = 1,, 4, as in Corollary 3.4, we can obtain the desired
structured BE when the sparsity structure is not preserved.

Next, we present the structured BE for the GSPP (1.1) by considering £ € R"*",
F e R™*", G = GT € R™*™, and the vectors ¢ € R”, r € R™.

COROLLARY 3.9. Assume that E € R"*" F € R™*" G € SR™*"™ g€ R",r € R™
and that © = [aT,pT|T is a computed solution of the GSPP (1.1). Then, the structured BE

Ssgp?s (u, p) with preserving sparsity is given by
-1
Q
R )
2

E+ (AE® Op) (F+(AF@@F))*:| m _ [q+Aq]’

~ T
Kf T,
KE T,

KE T,

T ~
KE T,
KE T,| |[KE T,

¢22.(u,p) = l

where Q = q— Eu— FTp, R=r — Fu — Gp,

—B1 M T Opm] € RPXVHT),

= [Omxn  —B2 ML) € RTXIHHM),

K = {al—l(aT ®I,)XE agl(In ®p")Tk ORX%} ;

K= [0pxnz a3 (@7 @ 1,)8r a3'(p ® I1,)5] .
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Proof. Given that E ¢ R**", F € R™*", G € SR™*™, ¢ € R", and r € R™, the
computed solution £ = [T, pT|T is real. As aresult, J(@) = 0 and J(p) = 0. Additionally,
we have J(Q) = 0 and J(R) = 0. Substituting these values into Theorem 3.7, we derive the
desired structured BE, and the proof is complete. a

The structured BE for the case discussed in Corollary 3.9 has also been studied in [10, 20].
In contrast, our investigation preserves the sparsity pattern of the block matrices and the
symmetry of the block G € R™*™, providing also optimal backward perturbation matrices.

3.3. Computation of the structured BE for case (iii). In this section, we derive the
structured BE for the GSPP (1.1) when E € HC"*", F # H € C™*", and G € HIC™*"™.
Let k = n? 4+ 4mn + m?. Then we construct the matrices M; € R2"*k and M, € R2mxk
as follows:

Ml = [Xl 02n><(m2+2mn)]a M2 = [02m><(n2+2mn) MQ];

where
M, — a{ll(%(ﬂ)T © L)y —ay (3" © L)y a5 (RB)" © L) —az' (IP)" @ [n)S2]

Qg (j(a)T ® Ln)EH a;l(m(a)T ® I"L)EH ()‘371 (j(ﬁ)T X Im)Sl O‘:;l(m(p X M) )52

Moreover, we define the following two vectors:

[ a1Dsnvecs(R(AE © OF)) |

a1©SK’nVGCSK(3(AE ®0Og))
asvec(R(AF © OF)) B1R(Aq)
asvec(J(AF © O B£13(Aq 2(ntm

AY = agvec((EREAH@@H)))) eRE, Az .= 52%((&)) e R2(mtm),
agvec(J(AH © OF)) B2J3(Ar)
1D s mvecs(R(AG © Og))
| 4D 5 mvecsk (J(AG © Og)) |

In the next theorem, we present the structured BE €Sps (u, p) by preserving the sparsity

of the coefficient matrix ‘5.
THEOREM 3.10. Assume that E € HC"*", F,H € C™*", G € HC™*™ and that
= [aT,pT|" is an approximate solution of the GSPP (1.1). Then, the structured BE

T
E (@, p) with preserving sparsity is given by

R
a5 - | [M n]" (M T] My )" 13(@)
£sps( ) M2 1'2 M2 IQ M2 IQ R ) ’
where

Il = [_ﬂflIQn 02n><2m] S R2n><2(n+m)’
IQ = [02m><2n _ﬂ271[2m] S R2m><2(n+m)’

and Q) and R defined as in Lemma 3.1.

Proof. For the computed solution = [u”, pT]7, we are required to find the perturbations
AE ¢ HC™"™, AF,AH € C™*" and AG € HC™*"™ which retain the sparsity of E, F', H,
and G, respectively, and Aq € C™, Ar € C™ so that (2.3) holds. Thus, we replace E, F, H,
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and G with AFE © Op, AF © Op, AH © O, and AG ® O¢, respectively. Consequently,
we obtain

(3.13) +(AE©Op) (F+(AF®®F))*:| m _ {q+Aq} ’

+(AH®0H) G+ (AGoOg) ||p r+ Ar

where AE ©®©Op € HC™*" and AG® Og € HC™*™. By Lemma 3.1, equation (3.13) leads
to

R(AE © Op)R(u) — I(AE © Or)I(u) + R(AF © 6r) R(p)
+I(AF ©0p)"3(p) — R(Ag) = R(Q),

R(AE ® O5)I(u) + I(AE ® O5)R(u) + RAF © 0)73(p)
~J(AF ©0r)"R(p) - I(Ag) = 3(Q),

and

R(AH © 0x)R(u) — I(AH © O5)I(u) + RAG © 0c)R(p)
~J(AG © 6¢)I(p) — R(Ar) = R(R),

R(AH ©O0g)I(u)+I(AH © Ox)R(u) + R(AG © O¢)I(p)
+3(AG ® ©¢)R(p) — I(Ar) = I(R).

Giventhat AE©Op € HC™ " and AG®Og € HC™ ™, we find R(AE©Og) € SR™*",
J(AE ®0Og) € SKR™", R(AG ©O¢g) € SR™™, and I(AG ® Og) € SKR"™ ™. Now,
using a reasoning similar to the one in the proof of Theorem 3.2, we have

M, Z| [AY|
oo 3 22]

M, T,
Observe that [Mg IJ

tent, and its minimum-norm solution is given by

is a full-row-rank matrix. Hence, the linear system (3.14) is consis-

3.15 R AN A AR N E)
(3.15) Az T My I M, T My Zp R(R)
3

The remainder of the proof follows from (3.15) and by applying a similar technique as in the
proof of Theorem 3.2. |
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REMARK 3.11. In a similar manner to Remark 3.3, the optimal backward perturbations
AEg:, AFG:, AHG, AG:, Aqqy, and Argyg can be easily computed. Furthermore, by
taking Op = 1,xpn, O = Lyxn = Of, and O = 1,,xm, as in Corollary 3.4, we can
derive the structured BE under the condition that the sparsity structure is not maintained.

The structured BE for the GSPP (1.1) has been examined in [34] under the assump-
tion that the block matrices are real, specifically, £ = ET ¢ R F H € R™*" and
G = GT € R™*™  with the vectors g € R™ and » € R™. Based on our findings, we can also
derive the structured BE for this scenario, which is presented below.

COROLLARY 3.12. Assume that E ¢ SR™" F, H € R™*" G € SR™*™, ¢ € R,
r € R™ and that = [a',p"]T is a computed solution of the GSPP (1.1). Then, the
structured BE €93 (i, p) with preserving sparsity is given by

sps

- T\ !
ME T,

ME T,
ME T,

T ~
ME T,
ME T,

O3 (77 5) — =
Esps(u,p) [ MQR 7,

HIR

2

where Q = q— Eu— FTp, R=r — Hu — Gp,

I, = [761_11’71 Onxm} € Rnx(n+m)7
= [Omxn _ﬂQ_l-[m} € Rmx(ner)’
Ozl—l(ﬁT ® In)Nl a;l(fn ®1’)\T)EF Onx m('n;,+1):| ,

ME = [0 oy 0y (@@ L)Sn g (BT @ Im)Sl} _

Proof. Since E € SR™™", F, H ¢ R™*" G ¢ SR™*™, ¢ € R*, and r € R™, the
computed solution Z = [aT, pT]7 is real. Consequently, J(%) = 0 and J(p) = 0. Moreover,
we have J(Q) = 0 and J(R) = 0. Replacing these values in Theorem 3.10, we obtain the
desired structured BE, and the proof is complete. a

Our analysis preserves the sparsity pattern of the block matrices, in contrast to the findings
in [34], which do not retain the sparsity of the block matrices.

4. Numerical examples. In this section, we present a few numerical experiments to
support our theoretical results. We compare structured BEs, both with and without retaining
the sparsity structure, with the unstructured BE given in (2.1). Additionally, we construct the
optimal perturbation matrices for achieving the structured BE. We report results illustrating
the backward stability and strong backward stability of the numerical methods applied to the

GSPP. For all the examples, we take oy = HElupv a2 = HFll\F’ a3 = m (or ag = ”}}”F
_ 1 = 1 =
and oy = m), and f = MTall2* P2 = [Irfl=

All numerical experiments were performed using MATLAB R2024a on a system with an
Intel(R) Core(TM) i7-10700 CPU running at 2.90 GHz, 16 GB of RAM.
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EXAMPLE 4.1. We consider the GSPP (1.1) with the following block matrices:

—0.7073 —0.2258; —0.3326 + 0.4370¢ —0.3111 — 0.1089: —0.25581
0.2258i 1.6606 1.0022 —0.0749 0.2357i
E = |-0.3326 — 0.4370:  1.0022 0 —1.5009 —0.1383 — 0.0928i | ,
—0.3111 +0.1089i —0.0749 —1.5009 0 —0.1i
0.25584¢ —0.23577  —0.1383 + 0.0928: 0.12 0
[~0.0753 + 1.3412i 0 0 13057 0
b ~0.1974 0 29371 0.3806i 0
~ | 022324143540 07996 03985 0 16102
0.3862 0.0097 0  1.6286i 0.1291i
[1.5246 — 0.1337 0 ~0.6924  —0.0408i
oo 0 ~0.9025 0 0.0704
- 0 —0.6885 4 0.6028i 0.7823i  1.2309 |
| 021460 0 0 —0.2746
~ 08098~ 0.3969 —~2.3554 — 0.9550i
—1.3853 + 0.5947i .
: 0.6201 — 0.7783i
g= | 0.0909+0.2202i |, r= .
. 0.3106 -+ 1.5288i
~0.2140 — 0.7165i 0008 63
0.1509 + 0.0117; ' '

Let z = [u”, pT]T be a computed solution to the GSPP, where

0.9249 4 1.6011¢

) —1.2670 — 1.2768i
—0.5210 + 0.2407+¢ .
A ) . —0.7997 + 0.4628¢
u= | 0.0189 + 0.2151% and p= .
) 0.4206 — 0.00821
—1.5819 + 0.14801 11641 — 105315
0.5443 4 1.2113:

with residual ||BZ — f||» = 0.0012.

The unstructured BE &(Z) computed using the formula (2.1) is 3.9295 x 10~°. Given that
FE is Hermitian, we calculate the structured BE with preserving the sparsity using Theorem 3.2
and without preserving the sparsity using Corollary 3.4. As a result we obtain

9 (w,p) =3.7327x107*  and
Ssps p
€91 (u, p) = 3.2520 x 10™4.

We observe that the structured BEs in both cases are only one order larger than the unstructured
BE. Moreover, the structure-preserving optimal perturbation matrices are given by


http://etna.ricam.oeaw.ac.at
http://www.kent.edu
http://www.ricam.oeaw.ac.at

ETNA

Kent State University and
Johann Radon Institute (RICAM)

STRUCTURED BACKWARD ERRORS FOR SADDLE POINT PROBLEMS 419

AEg:
3.5894 —3.0713 — 2.1972i —4.2943 — 2.2135; 5.4466 — 3.3205¢ —2.1295 + 1.9597:]
—3.0713 + 2.19721 1.2093 5.6451 — 1.0180¢  2.7731 4 3.7360¢ —2.5866 + 2.54641
= 10_5 -1 —4.2943 4+ 2.2135¢  0.5645 + 1.0180: 0 4.0067 + 2.8368; —3.5135 + 1.8975¢ |,
5.4466 + 3.3205% 2.7731 — 3.73601 4.00675 — 2.8368i 0 4.0822 — 2.48571
_—2.1295 —1.9597¢ —2.5866 — 2.54647 —3.5135 — 1.8975¢ 4.0822 + 2.48571 0
AFSY
[—0.5850 + 5.2796i 0 0 —8.0796 + 2.8769: 0
_ 10—5 .| —1.5373 + 1.86461 0 1.9608 — 4.3999: 2.5302 4 7.26127 0
- —9.6826 — 8.4119¢ —3.4175 + 4.2353¢ —3.2788 + 1.0017: 0 —T7.6773 —2.9473i |’
_77.1701 —5.4915¢ —2.2259 + 7.7132: 0 —4.9771 — 3.42597 —0.1621 + 3.5988i_
AGE:
[—1.5374 + 2.9958; —1.6890 — 0.3728; 0.7551 — 0.2236i 2.6735 + 1.2196i
_ 10-5 0 0.0349 + 2.83169i 0 0.9484 — 4.7166i
- 0 —3.3959 4+ 4.2108; 0.4254 — 2.4258i 7.1382 — 5.7885i |’
| —1.2047 + 3.6675i 0 0 3.2493 + 0.0981i
2.8074 = 3.9154¢ —1.7842 + 0.56641i
3.7448 4 3.2211i L5676 + 2.63354
Agops = 107% - | 4.9361 4 3.0047i |, Arep =1077- : :

—0.8984 + 5.7852¢

L1399 = 292061 —1.9543 + 0.9252i

2.8144 4 3.01141

Observe that the computed perturbation matrices preserve the sparsity structure and AE;;’: is
Hermitian. Moreover, we have

(B + ABL)T = f + Afope,

where
sps spsT
AE(;;’g AFoé’ts
AFSY  AGE:
EXAMPLE 4.2. To discuss the strong backward stability of the GMRES algorithm [25]
in solving the GSPP (1.1), we conduct a comparative analysis between unstructured and

structured BEs in this example. The block matrices of the GSPP (1.1) are constructed as
follows:

ABES = and  Afop = {A%pt] .

Aropt

E=R(E)+i3(E),

F = sprandn(m,n,0.5) + ¢ sprandn(m,n,0.5),
G = sprandn(m,m,0.5) + i sprandn(m, m, 0.5),
¢ = randn(n, 1) 4+ irandn(n, 1),

r = randn(m, 1) + ¢ randn(m, 1),

where

E; = sprandn(n,n,0.4),

J(F)=E>+ Ej,
E5 = sprandn(n,n,0.4).
Here, sprandn(m, n, 1) denotes a sparse random matrix of size m x n with umn nonzero

entries, and randn(m, n) denotes a random matrix of size m x n. The matrix dimensions are
set as n = 3k and m = 2k.
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~13 H-=~Residue -4-Unstructured BE ~8-Structured BE with sparsi

@ 415
o 10
10718 — 1

10-17

10 15 20 25 30 35 40
k

FIG. 4.1. Relative residuals and BEs versus k.

We use the GMRES algorithm with a zero initial guess vector and a stopping tolerance
of 1078, Let 2 = [au”, p”|" represent the computed solution of the GSPP. In Figure 4.1,
for k = 5 : 5 : 40, we plot the unstructured BE £(Z) (labeled as “Unstructured BE”), the
structured BE with preserving sparsity Esgpls(ﬁ, P) (labeled as “Structured BE with sparsity”),

the structured BE without preserving sparsity £9! (@, p) (labeled as “Structured BE”), and the

relative residual % (labeled as “Residue”).

From Figure 4.1, we observe that both structured BEs (with and without preserving
sparsity) are one to two orders of magnitude larger than the unstructured BE. Despite this
difference, the structured BEs consistently remain below O(10714), indicating that they are
significantly small. Hence, our analysis shows that the GMRES algorithm exhibits both
backward stability and strong backward stability for these given test problems.

EXAMPLE 4.3. We consider the GSPP (1.1) with the block matrices E € C**%,
F e C3*4, G € HC**3, and the right-hand side vectors ¢ € C*, r € C? given by

0.01i  107(1+1i) 30(—1+1) 0
100(1 + 1) 0 0 10°5(—1 +14)
E= ‘ , )
50(144)  100(1 + 1) 0 0
0 200(1 —i) 10°(1+4) 0.01(1 +14)
[1072(1 +4)  107(1 +4) 0 0
F=[10%(1—4) 107°(1+i) —1075(1 +14) 0 :
i 0 10°(1+4)  107%(1—4) 105(1++4)
4 .
10° 0 100+ 0.0Li 11% ((11:;)) 0.01(1 — )
G = 0 10~ 0 ,q= 0 , = 0
100 —0.01 0 -1 10-5(1 + 1) 0

We use Gaussian elimination with partial pivoting (GEP) to solve the GSPP, and the computed

approximate solution is Z = [u”, p*]7, where
—0.0995 — 0.99047
. —0.01 — 0.0994
G | 00005400003 | s 5 . s

—99.0353 + 9.9509:

0 0.9951 4+ 9.9035:¢

We compute the unstructured BE &(Z) using formula (2.1), the structured BE by preserving
sparsity Esgrfs(ﬁ, P) using Theorem 3.7, and the structured BE without preserving sparsity
&9 (4, p) using Remark 3.8. The computed values are given by

£(x) = 9.3151 x 1072°, €92 (4, p) = 1.5494 x 1077, and £92(@,p) = 1.4964 x 1075,

sps
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The unstructured backward error &€(Z) is of order O(10~2®), whereas the structured BEs
Ssgp?s (u,p) and £92(w, p) are significantly larger. Thus, the computed solution is an exact
solution to a nearby unstructured linear system but not to a nearby structure-preserving GSPP.
Therefore, the GEP for solving this GSPP is backward stable but not strongly backward stable.

EXAMPLE 4.4. In this example, we consider the GSPP (1.1) with the real block matrices

B I®J46J®I [®JJOFJ®[ eR2t2><2t2, F:[I@X X®I]€Rt2><2t2’
H=[Y®X XoY]eR'* G =0,
where J = ﬁtridiag(flﬂ,—l) e R, X = H%ltridiag(O,l,fl) e R, and

Y =diag(1,t +1,...,t> —t + 1) € R"™** Here, tridiag(a, az, a3) € R?* represents the
tridiagonal matrix with the subdiagonal entry a4, the diagonal entry as, and the superdiagonal
entry az. The size of the coefficient matrix 8 of GSPP is (n + m) = 3t2. The right-hand side
vector f € R™*™ is taken such that the exact solution of the GSPPis [1,1,...,1]T € R*+tm,

TABLE 4.1
Values of the structured and unstructured BEs of the approximate solution obtained using GMRES for Example 4.4.
L €@ 124 €55 (W, p)' n(@, ) [34]
4 3.2543e-16 4.9110e-15 2.4997e-14
5 2.3891e-15 5.4614e-14 7.4194e-14
6 8.8212e-16 3.1719e-14 3.7464e-14
7  6.5032e-16 3.1236e-14 8.6559e-14
8 6.0863e-16 3.7896e-14 4.0871e-14

Lindicates our obtained structured BE.

We use the GMRES method to solve the GSPP. The initial guess vector is 0 € R**™, and
the stopping criterion is W < 10711, where x}, is the solution at the k*" iteration. We
consider t = 4,5,...,8 and compute the unstructured BE £(Z) given in [24], the structured
BE n(@, p) given in [34], and the structured BE by preserving sparsity in Corollary 3.12 at
the final iteration of the GMRES method.

From Table 4.1, we observe that n(u, p) and £, (@, p) are of order O(10~'*) for all
values of ¢, demonstrating the reliability of our structured BE formulas. Additionally, our
structured BE formulation preserves the sparsity pattern of the coefficient matrix 5. On the
other hand, the unstructured backward error &€() remains around O(10~ ) for all values of ¢.
This indicates that both the unstructured and structured BEs are significantly small, confirming
that the GMRES method exhibits backward stability and strong backward stability for solving
this GSPP.

5. Conclusions. In this paper, have investigated the structured BEs for the GSPP under
the constraint that the block matrices F and G preserve the Hermitian structure. Furthermore,
we have ensured that the perturbation matrices maintain the sparsity pattern of the coefficient
matrix. We have derived optimal perturbation matrices that simultaneously preserve the
Hermitian structure and the sparsity of the block matrices, identifying the closest perturbed
structure-preserving GSPP. Thus, the approximate solution corresponds to the exact solution
of the perturbed GSPP. We have conducted numerical experiments that validate the reliability
and accuracy of our theoretical results. Finally, the derived structured BE formulas have been
utilized to assess the strong backward stability of the numerical methods for solving GSPPs.
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