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A COLLOCATION METHOD FOR A NONLOCAL TUMOR GROWTH MODEL*

YASSINE MELOUANI, ABDERRAHMAN BOUAHAMIDI!, AND IMAD EL HARRAKI*

Abstract. This paper presents a model for tumor growth using a nonlocal velocity. We establish some results
on the existence and uniqueness of solutions for a nonlocal tumor growth model. Many experiments show that the
tumor spheroid can be invariant under rotation and can maintain the shape of a spheroid during the growth process in
some particular cases. Here, we assume that the multiple components of the system are invariant under rotation. Then,
we use the collocation method to solve the nonlocal system. To illustrate the efficiency of the proposed method, we
performed numerical tests that simulate a tumor growth scenario.
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1. Introduction. Mathematical modeling of tumor growth has emerged as a critical
tool for understanding cancer progression and optimizing therapeutic strategies. Traditional
approaches based on local partial differential equations (PDEs) have provided valuable insights
into tumor dynamics, yet they face fundamental limitations in capturing the complex multi-
scale interactions that characterize malignant growth [3, 28]. Recent advances in biological
understanding have revealed that cancer cells communicate and coordinate their behavior
through long-range mechanisms that extend far beyond immediate cellular neighborhoods,
necessitating a shift toward nonlocal mathematical formulations.

The biological foundation for nonlocal tumor modeling rests on compelling experimental
evidence demonstrating direct cell-to-cell communication across multiple cell diameters. Tun-
neling nanotubes (TNTs), discovered through advanced microscopy techniques, represent thin
membranous conduits (50-1000 nm diameter, extending up to 500 pum) that directly connect
cancer cells and facilitate the transfer of organelles, proteins, and signaling molecules [31, 32].
Similarly, cytonemes—actin-based membrane protrusions extending up to 100 pum between
cells—enable direct protein transport through specialized synaptic contacts [11]. These experi-
mental observations naturally lead to mathematical formulations where velocity terms depend
on nonlocal information, reflecting the observed long-range cellular communication.

The mathematical framework for nonlocal tumor growth modeling was established by
Armstrong, Painter, and Sherratt [2] in their ground-breaking work introducing integro-partial
differential equations (integro-PDEs) that successfully replicated adhesion-driven cell-sorting
experiments. The fundamental nonlocal formulation incorporates distributed adhesive forces
through integral terms of the form

% v (D [ Kt 0)d).

where the nonlocal integral term represents cell sensing and interaction mechanisms over finite
ranges defined by the kernel function K (x,y) [9, 21].
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The mathematical advantages of nonlocal formulations over classical local approaches
have become increasingly apparent through theoretical analysis and computational studies.
Unlike local models that rely on pointwise gradient information, nonlocal systems naturally
accommodate finite-range cellular sensing through mathematically well-posed integral ker-
nels, enabling a more realistic representation of biological interaction ranges [9, 21]. The
integro-differential structure inherent in nonlocal models generates substantially richer pattern
formation capabilities, supporting complex spatial organizations and bifurcation phenom-
ena that remain inaccessible to local diffusion-reaction systems [4, 11, 23]. Furthermore,
nonlocal formulations demonstrate enhanced numerical stability and superior handling of
boundary conditions due to the regularizing effects of spatial averaging, which effectively
incorporates memory effects that smooth discontinuities and reduce the influence of artificial
boundaries [13, 14].

Contemporary research has witnessed significant advances in nonlocal tumor modeling
across multiple fronts. Collective migration frameworks have evolved to incorporate exper-
imentally validated coordination mechanisms, leading to more accurate representations of
metastatic invasion patterns observed in clinical settings [16, 20, 33, 35]. Patient-specific
modeling approaches now integrate advanced imaging modalities with biomechanistic non-
local models to enable personalized tumor growth predictions, representing a convergence
of mathematical sophistication with clinical applicability [28]. These developments have
established nonlocal mathematical frameworks as increasingly essential tools for precision
oncology applications, where capturing long-range cellular interactions proves critical for
accurate treatment planning and outcome prediction [15].

However, the practical implementation of nonlocal tumor models faces significant com-
putational challenges. The integro-differential nature of these equations introduces O(N?)
computational complexity due to the nonlocal integral terms, requiring specialized numerical
methods for their efficient solution [13, 22]. Classical finite-difference and finite-element
approaches often struggle with the accuracy and stability requirements of nonlocal formu-
lations, particularly when dealing with the stiff systems that commonly arise in biological
applications [14].

Current numerical approaches for nonlocal equations include various spectral methods,
finite-element techniques, and specialized quadrature schemes [36]. B-spline collocation
methods have shown particular promise for fractional integro-differential equations due to
their inherent smoothness and flexibility in capturing memory effects [1]. However, the
temporal discretization of stiff nonlocal systems remains challenging, with explicit methods
requiring impractically small time steps for stability.

Backward differentiation formula (BDF) methods have proven highly effective for solving
stiff ordinary differential equation (ODE) systems arising from the spatial discretization of
PDEs [18]. For nonlocal tumor growth models, which typically exhibit stiffness due to
the coupling between cell populations, nutrient concentrations, and growth factors, implicit
methods like BDF offer superior stability properties that enable larger time steps while
maintaining accuracy.

In this paper, we use a collocation method based on BDF B-spline techniques to solve
the nonlocal tumor growth model. In this model, we consider a three-component system
incorporating tumor cell density, healthy cell density, and nutrient concentration, with non-
local velocity terms that capture cell-cell adhesion and communication mechanisms. Under
the assumption of spherical symmetry—which is appropriate for the early-stage avascular
tumors and tumor spheroids commonly used in experimental studies [29]—we derive a radial
formulation that significantly reduces computational complexity while preserving the essential
nonlocal characteristics.
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Our approach combines cubic B-spline spatial discretization with higher-order BDF
temporal integration, specifically employing the sixth-order BDF for maximum stability and
efficiency. The resulting numerical scheme is validated through a convergence analysis using
constructed analytical solutions.

The remainder of this paper is organized as follows. Section 2 presents the nonlocal
continuum model. Section 3 establishes theoretical results on the existence and uniqueness
of solutions. Section 4 derives the radial formulation under the assumptions of spherical
symmetry. Section 5 develops the BDF B-spline numerical method and analyzes its properties.
Section 6 presents numerical experiments demonstrating convergence and applicability to
tumor growth scenarios. Finally, the last section concludes with discussion and future research
directions.

2. A nonlocal continuum model for tumor growth. We develop a nonlocal continuum
model that extends classical tumor growth formulations by incorporating experimentally
observed long-range cellular interactions. Our approach builds upon the foundational work
of Lefebvre et al. [27] while introducing specific nonlocal mechanisms motivated by recent
discoveries in cancer cell communication.

Classical tumor growth models typically employ local PDEs where the tumor cell density
P evolves according to

887]; + V- (Vigcan P) = Growth — Death,
with velocity fields vy, determined by local gradients, such as pressure or nutrient concentra-
tion gradients, via Darcy’s law. While this formulation has provided valuable insights into
tumor dynamics, recent experimental evidence reveals fundamental biological mechanisms
that cannot be captured by purely local interactions.

The most compelling evidence comes from the discovery of tunneling nanotube networks
in cancer systems. These thin membranous structures, ranging from 50 to 1000 nm in diameter
and extending up to 500 pum in length, form direct physical connections between cancer cells
separated by distances far exceeding the typical cell dimensions [31, 32]. Through these
conduits, cells coordinate their migration decisions based on information from distant cellular
states, enabling an organized collective behavior that local models fundamentally cannot
represent.

To capture these long-range interactions mathematically, we propose a nonlocal velocity
formulation where cells at position = respond to the weighted distribution of tumor cells
throughout their sensing neighborhood. We assume that the domain of study is large enough
such that there is no interaction between tumor cells and the boundary, and, without loss of
generality, we consider the domain as the open disk centered at 0 with radius R > 0, denoted
as Qg = {x € R?: ||z||2 < R}, where || - ||2 is the usual Euclidean norm in R%, and we let
0N be the boundary of (2. The nonlocal velocity is then defined as

VIdy 2. Plta) = Gyt2) [ (o = )Py do
R
where the directional response function &, (¢, z) determines how cells at position = convert
sensed signals into directed motion, potentially varying with local conditions such as nutrient
availability or mechanical constraints. The sensing kernel v, models the decay of cell-cell
communication effectiveness with spatial separation, reflecting the finite range and intensity
of biological signaling mechanisms. The integral fQR vp(z — y)P(t,y) dy represents the
nonlocal density field experienced by cells at position x, computed as a weighted average of
tumor cell densities throughout their sensing neighborhood.
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This mathematical structure directly reflects that tumor cells integrate information from
their surroundings to make movement decisions. Rather than responding only to immedi-
ate local gradients, cells process signals from extended neighborhoods, weighting distant
information according to the strength and range of their communication mechanisms.

For the sensing kernel, we adopt Gaussian functions as in [5, 15, 16]. Our three-component
system models the coupled evolution of the proliferating tumor cells P, the healthy tissue cells
S, and the nutrient-oxygen concentration M. To ensure that the growth process remains within
the computational domain and there is no interference with the boundary, we introduce a cutoff
function m : R? — R that is infinitely differentiable and satisfies m(z) = 1if ||x||» < R’ and
m(z) = 0if ||z|]2 > R, where R’ > 0 with R’ < R. This cutoff function ensures that cellular
proliferation remains within {2, preventing artificial boundary effects from influencing the
biological dynamics. The resulting integro-differential system becomes

8875 +V- (V[d‘pﬁpvp] -Py=m(z)[HM) — a1 \(t)M] P,
% + V- (V]ds,7s, 8] - S) = —agm(z)\(t)MS,
oM

Sp ~ DAM = M.S(1— M)~ qMP,

subject to the appropriate boundary and initial conditions

P(t,x):O, S(t,l‘):SR, M(t,x):MR, (t,I)E [O,T] X O0R,
P(0,x) = Py(z), S(0,z)=So(x), M(0,z)=My(x), z€Qpg.

The growth dynamics is governed by the sigmoid function

o 1+ tanh((s(M - Mthreshold))
2 )

H(M) =

which captures the transition between proliferative and hypoxic regimes as nutrient levels
cross the critical threshold Mieshoid- This formulation, adopted from Lefebvre et al. [27],
provides a smooth mathematical representation of the sharp biological switch between the
growth and quiescence observed in tumor spheroids and clinical tumors.

Treatment effects enter through the drug concentration term A(¢), where a4 represents the
tumor cell resistance to therapy and a- quantifies the treatment toxicity to healthy tissue. The
nutrient dynamics follow a classical reaction—diffusion behavior, with healthy cells producing
nutrients at rate M subject to carrying capacity limitations (1 — M), while tumor cells
consume nutrients at rate 7 proportional to their local density and nutrient availability.

Since the solution is compactly supported within the computational domain, we restrict
the convolution terms by integrating only over {2z, which leads us to express the nonlocal
velocities as

V(@ . PI(t 2) = () / (& — ) P(t,y) dy,

Qr

Ve e, S)(t, ) = Gt ) /Q va(@ — 1)S(t,y) dy.
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Regrouping the equations with their boundary conditions, the complete system becomes

%—f(t, x)+ V- [V[&p,vp, P](t,z)P(t, a:)]

=m(z)(H(M(t, x))P(t,z) — a1 A(t)M (¢, z) P(t, z)),

8—S(t7x) + V- [V]ds, vs, SI(t, 2)S(t, @) = —agm(z)A(t)M(t,2)S(t, x),
an {9
%—Af(t,x) — DAM((t,x) = MsS(t,z)(1 — M(t,x)) — nM(t,z)P(t, x),

P(t,x) =0, S(t,z)=Sgr, M(t,z)= Mg, (t,x)€]0,T]x g,
P(0,z) = Py(z), S(0,2)=So(z), M(0,z)=My(z), z€Qpg.

Letting U = (P, S, M), we rewrite the system of equations (2.1) in the following form:

%—Z(t,x) + AU)(t,z) = GU)(t,z), (t,z)€[0,T] x Qx,
22 U(t,z) = Ug, (t,z) € [0,T] x O0g,

U(O,(E) = UO(x)v x € Qp,

with

AW)(t,2) = [v (@) [ apte =Pt dy- P(t,m) ,

(
V- <&S(t,x) /QR vs(x —y)S(t,y) dy - S(t,x)) , DAM}

UY]  [mP(H(M) — a;AM)
U)| = —mas AM S ,
93(U) MS1—M)—nMP

UR :(O,SR,MR), and U(): (Po,SQ,Mo).

3. Existence and uniqueness of solution. Our aim in this section is to prove the ex-
istence and uniqueness of solutions for the system outlined in equation (2.1). We begin
by examining the local dynamics through the isolation of the convolution term and using
established principles from the theory of semilinear evolution equations. Following this, we
integrate insights from the theory of nonlocal balance equations, as elaborated in [24] and [25],
to affirm the existence and uniqueness of solutions for the system mentioned in equation (2.2).

Before proceeding with the existence and uniqueness proofs, we need to define the
following spaces. Let L°°(§2r) be the space of essentially bounded measurable functions on

Qg, equipped with the norm

[f1lLo(@r) = ess sup [f(x)].
TEQR

Let C'(£2g) be the space of continuous functions on Q2 with the uniform norm

I fllcn) = sup [f(z)]
TEQR
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Let C(QR) be the space of continuously differentiable functions on Qg with bounded
derivatives, normed by

[fllczan) = Iflle@n) + IV Fllc@n)-

For a Banach space (X, || - || x). let C([0,T]; X) denote the space of continuous functions
from [0, T'] to X with the norm

I lleqo.rix) = sup [If (@)l
te[0,T)
Let L1 ([0, T; X) be the space of Bochner-integrable functions from [0, T'] to X with the norm

T
1l oy = / 1£(8)]1x dt.

Let W21(Qp) be the Sobolev space defined as
W2 (Qr) = {u € LY(Qg) : D € L*(QR) for all |a| < 2}.

3.1. Existence and uniqueness of the solution of the local system. Let w,, and ws be
two fixed functions belonging to C([0, T, C} (R?)), and let w := (wy,, w). We consider the
associated local system to (2.2), written as follows:

AUy,
ot
(31) Uw(t7x) = URv (t,l‘) € [OvT] X aQRa
U(O,SL’):U()(QJ), LCEQR,

(t,x) + Aw(Uw)(t, ) = G(Uy)(t, x), (t,z) € [0,T] x Qg,

Wi;h Ay(U) = [V - (@t @) wy(t, ) Py (t, x)), V- (ds(t, 2)ws(t, 2) Sy (t, ), —DAM],

91(Uw) mPy,(H (M) — aiA\M,,)
GUy) = |92(Uw) | = —masAMyy Sy ,
gS(Uw) MSSw(l _Mw) —UMwa

and we have UR = (0, SR, MR) and U() = (.P()7 So, Mo)
To ensure that the solution remains positive and bounded within the domain, we make the
following assumptions regarding initial conditions and velocities:
ASSUMPTION 3.1. We assume that
(AD) Up € CH(Qr)? := C1(Qr) x C1(Qr) x CH(Qr),
(A2) Uy = (P, So, My) > 0, which means Py > 0, Sy > 0, and My > 0,
(A3) Uy — Ug is compactly supported in Qpg,
(Ad) @y € C%([0,T] x Qr;RY), k = p, s,
(AS) as is compactly supported in [0, T] x Qg, and
(A6) A € C(]0,T)).
The Banach space L™= (Qr)3 := L>(Qr) x L>=(Qr) x L>(2R) is equipped here with
the norm

1fllzoe(@rys = ()l L @r) + [[f2(B) oo @) + 1 f3(B)ll e (2n)
forall f = (f1, fa, f3) € L(QR)3.
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THEOREM 3.2. Let the assumptions (A1)—(A6) hold. Then there exists a maximal
time Tyax such that equation (3.1) has a unique positive solution in C([0,T], L>°(Qr)?).
Furthermore, U (t, ), — Ug is a compactly supported function in Qg for all t < Tyax.

Proof. To establish existence and uniqueness for (3.1), we apply the characteristic method.
First, we ensure that there is no interaction between the tumor and the boundary by selecting
T so that the characteristics are appropriately defined within Q. This is guaranteed by the
fact that Uy — Ug and the velocity vectors of healthy cells have a compact support in Q. Let
0 < Ry < R be such that supp(Up) U supp(&)p,) C g, and let

i(R — Ry)

R; = Ry + 3 , fort=1,2,3.

In order to prevent the characteristic curves from exiting {2r, we proceed under the

assumption that T' < T, is sufficiently small such that

R — Ry

3max{[|apwpll ([0, Tmaxl, L= (@) 1FsWs ([0, a2 (1)) }

T<Ty:=

with Thax a large fixed value. The characteristics are well defined for all ¢, s € [0, 7] and
x € R, as follows:

O] — 5, X1ty (90) w5, X s, (),
X[t x]y, (t) =z,
and
Ol 3, 5, Xy (5)) s, X 2], 5),

X[t x]w, (t) = .
In fact, let x € Qg,. By using the condition on the final time 7', we have for k = p, s
[ XTE @l ($)l2 < |22 + [ XTE 2], (5) — 2|2
< Ry + /t 100k (s, X[t ]y, (5)) wi (s, X[t ]y (5))]]2 ds

< Ry + 3(R — Ro) + T|@rwrllc(o,11,0 ()
< Ro+2(R—Ry)+ +(R—Ro) =R.

For (t,x) € [0,T] x Qg,, using the semi-explicit form for the local balance law in [25],
we have

Py (t,x) = Po(X[t, z]w, (0)) det(DX[t, x],(0))
T
—|—/0 det(DXt, x]w,(5)) 91(Uw) (s, X[t, ¥]w, (5)) ds
Suw(t, @) = So(X[t, 7w, (0)) det(DXt, x]u, (0))

T
+ / det(DX[t, 2o, () 92(Un) (5, X [t, 2L, (') ds',
0
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with
(3.2) det(DX[t, ], (s)) = exp (/ div (a5, X[t, 2)w, (5)) wi (s, X[t, 2], (5))) dS)
t

for k = p, s. Now, letting ¢, s € [0,7] and = € Qg, \ Qr,, we then have

X[, 2] (s)ll2 > [ llzll2 = IXt, 2]w, (s) =2l (fork =p,s)
|R1—§ (R— Ro) ‘:Ro.

Using the assumption that initial functions are compactly supported in Qr,, we deduce
that Py(X[t, z]w,(0)) = 0 and So(X[t, z]w, (0)) = Sg. Furthermore, the function m ensures
that the right-hand side is compactly supported in Qg by choosing R* < Rg. Using the
assumption of the compactness of the support of @, we get P, (¢,2) = 0 and S, (t,z) = Sr
forall (¢t,x) € [0,T] x Qg, \ g, . Using equation (3.1), we can smoothly extend P and S to
be constant in Qg \ Qg,.

The equation of nutrients M is a semilinear parabolic equation; therefore, by using the
maximum principle, we deduce that U,, — Ug is compactly supported in Q.

Now we prove local existence and uniqueness for equation (3.1). To do this, we employ a
classical approach for semilinear evolutionary equations using Banach’s fixed-point theorem.
This approach has been demonstrated in works such as [10, 37].

In the first step, we show that the right-hand side is locally Lipschitzian. In fact, let
L > 0forU, = (Py,Sw, M) and V,, = (P.,, 5!, M) in C([0,T], L (2g)?) such that
1Uwllcqo.11,L5@n)2)s 1V llco,r,zoe @r)2) < L. Then we have

1G(Uw (1)) = GV () ()] e (2)2
= 1910w ®)) = g1 (Vo) lloo + 192(Vws(£)) = g2(Vauo (£)) 0
+ 193(Uw (1)) = g3(Veo (£)) [l o -

By using the fact that || H (M) ||c(jo,7],L (2r)) < + together with the inequalities

g1 (U () = g1 (Vo (])) [l oo < Aill P (£) = Py (8) oo
+ a1 L(|[Pu(t) = Py(t)llo + [[Muw(t) = My, (1)l

192(Un (£)) = g2(Vio (8)) oo < a2z L([1Sw () = S, (1) [loo + 1Mo (1) — My, (8)[|oo)
+ M Mg||Swy(t) — Sqlu(t)Hom

and

93U (£)) = g3 (Vao (8))lloo < ML ([[Sw (£) = Sy (B)lloo + 1M (£) — M, (£)]c)
AL ([P (t) = Poy(t)loo + | M (t) = My, (8)]o0)

we get

1G(Uw(®)) = GV ()l L ()2 < C(L)[Uw(£) = Vi (8) oo

where C'(L) is a positive function depending on the constant L. Finally, by taking the
maximum over the time ¢ € [0, T, we get the result.
For the next step, we consider the following constants:

(33) Gk = [l@]locl| Verllo + IV - (@) llocwilloo  and G, = T} > 1,
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Let K = 2LC,,. We denote the closed ball of radius K (closed convex) of the Banach space
O([Ov T]v LOO(QR)g) by

E={feC(0,T],L*(Qr)*) : Iflcqor),Lo@mn? < K}

Letting U,, € E, we consider the following functional:

Po(X [t ), (0)) det (DXt 2], (0)
4 [ detDX ), (5)) 9 (V) 5, X 2, (5)) ds
0
So(X[t. 2] (0)) det( DX [t 2], (0))

T
+ /o det(DX[t, x]w, (3/)) 92(Uw) (S/’ X[t, z]w, (8/)) ds’'

T
T(t)My + / T(t - 8)go(Us)(s) ds

where t — T (t) is the semigroup of the heat operator A = —D A with domain
D(A) = {u € WY (QRr) : Au € L™(Qr), ulsa, = Mr}.

The semigroup ¢ — 7 (t) satisfies

34 I T@)Mollcqo, 1)L n)) < [[MollL=(y) — forallt € [0,T]

(see [6] for more details).
First, let us show that ®(E) C E. Let U,, € E; we have

12(Uw) () lloo = || Po(X [t s, (0)) det (DXt 2], (0))

T
+ / det(DX|[t, z]w, (5)) 91 (Uw) (s, X[t, T]w, (s)) ds
0

oo

+ || S0(X[t, 2], (0)) det(DX[t, x], (0))

+/0 det(DX[t, 2]w, (5") 92(Uw)(s", X[t 2], (s7)) ds’

oo

T
+ T (t) My +/0 T(t—s)gs(Uy)(s)ds

oo

By using (3.2), (3.3), and (3.4), and the estimates from [25], we obtain
|[det(DXTt, x]uw, (8)lco,r1,L(@r)) < Co (fork = p, s).
Then, it follows that

12(Uw)(®)lloe < Col[Polloo + IS0l ) + [ Mo
+T[Co(llg1 (Uw) ®)lloo + 92(U) (B)l o) + [lg3(U) (1) | ] -
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Using the Lipschitz property of G and G(0) = 0, we have
[2(Uw)(t)]loe < Cy [(||P0||oo + [[Solloe + [Mo]l)

+TC(L) (g1 (Uw) (t)lloo + llg2(U) (8) | oo + HQS(Uw(t))”oo)}
< C,L(1+TC(L)).
Then, by choosing

(35) T S TQ = 1min {Tl ) m
and taking the maximum over time, we deduce that ®(E) C E. Now, let U,,,U,, € E; we
have

|@(Uw) — @(U,) e < TCo|Uw — ULl < 311U — Ul |le-

Therefore, ® is a contraction in E with Lipschitz constant 1/2, and so ® has a fixed point
U, € E, which ensures the existence and uniqueness of a solution of (3.1). a

3.2. Existence and uniqueness of the nonlocal system. Now we turn back to the
nonlocal system (2.2). We use Banach’s fixed theorem once again as in [25] to obtain the main
theorem.

THEOREM 3.3. Let the assumptions (A1)~(A6) hold, and assume that ~y,,vs € C}(Qr).
Then the system of equations (2.2) has a unique solution U = (P, S, M) in the Banach space

Proof. In the proof, we follow the lines of [25] adapted to the case of a system of coupled
nonlocal equations.

Let us define the following constants:

Ny = |[lleqo,mxax) <||P0||L1(QR)

+ sup 91(Uw)”Ll([O,T],Ll(QR)))7
weC([0,T],CE(QR))?2
d
AN, — HJ <||Po||L1<QR>
T le(0,11xQR)

+ sup ||91(Uw)||L1([O,T],L1(QR))>>
weC([0,T),CL(Q2r))?

and

Ng = |Vslleqo,rixar) <||SO||L1(QR)

+ sup 92 (Uw)ll L1 ((0, 77,11 (28)) |
weC([0,T),.CL(Qn))?
ds
dN, = H b 1S0ll2: @20
L lle(o,11xR)

+ sup ||92(Uw)||L1([0,T],L1(QR))> ;
weC([0,T],C}(r))?
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where C((0, T, Cl}(QR))2 = C((0, 7], C;(QR)) x C([0,T7, Cl}(QR))

REMARK 3.4. We have shown in Theorem 3.2 that, by the compactness of the initial data,
the velocities, and the semilinear terms, we have boundedness of the local solution. Therefore
G(Uy) = (91(Uw), 92(Uy), g3(Uy)) is bounded for every w € C([0,T], CL(Qr))>.

We now set N = max{N,, N,} and N, = max{dN,, dN,}. Then we consider

B={feC(0,T],C; (%) | | fllcqorc@nnz < Ny IV flleqor,c@nyz < N:}-

It is known that B is a closed subset of a Banach space. Now we verify that F is a contraction
on B. Let w := (wp, ws) € B. We consider the following mapping F:

Flw)(t,z) = ;gﬂ

_ /X[ (@ — X, 0,5)(6) Poy) dy |
wT

+/QR/O Yp(x = X, [5,9](t)) 91(Uw) (5, y) dy ds

/ o(& = X [0,5](1)) Soly) dy
X, [t,Q2r](0)

_+/QR/0 vs(x_st[‘S/’y](t))QZ(Uw)(sl,y) dyds’

Let us introduce the notation
Al(P, 9) = ||P||L1(QR) + sup ”g(Uw)HLl([O,T],Ll(QR))v
weC([0,T],CL(2r))?

Ao (P, g) = [|Pll Lo (p) + sup 19(Uw)ll (f0,71, 2 ()
weC((0,7).C} (2r))?

Coo(Pvgv’y) =1+ SRCUH’Y”C([O,t]XQR)AOO(Pa g)'

Following the same lines as in [25], we can show that F(B) C B, and we have for w,w’ € B
the following estimates:

[Fr(w)(t,2) — Fa(w')(t 2)] < [[ X, [t, 106 = X [t 1) || o 0.1x0m)

X vt M ern) A1 (Po, 91) Coo(FPos g1, 7p)

and we also have

||pr [t,-](x) — Xw;, [t,-](x) HC([O,t] XQR)

< Tllwp — wylloo,g:0@r)) eXP(T(Nz + [[DAp|| e ((0,4x0x)))-
Then we get
(3.6) |F1(w)(t, z) — Fr(w')(t, z)|
< Tllwp — wplloo,g;e@r)) eXP(T(Nz + || DAyl Lo (j0,008)))
Xt e @r) A1 (Pos 91) Coo(Fo, 91, 7p)-
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Using the same estimates, we get similarly

(3.7 | Fo(w)(t,x) — Fa(w')(t, 2)|
< Tlws — willc(o,:c0n)) €XP(T(N: + | Das|| Lo ((0,01)))
X [1vs (¢t Mep r) A1(So, 92) Coo (S0, 92, 7s)-

By summing the two estimates (3.6) and (3.7), we deduce that F is Lipschitz continuous.
Then by choosing 1" small enough we have

IF(w) — F(w)lleqo,rc@n)? < 3llw—w'llcqom,c@n)

Therefore, F is a contraction on B. Then using Banach’s fixed point theorem, there exists a
unique fixed point w € B such that F(w) = w for ¢t < T*. Furthermore, [25, Theorem 3.24]
ensures that existence and uniqueness of the solution hold also for any final time 7" > 0.
Hence, in our case we have existence and uniqueness for all ¢ < T3 given in (3.5). 0

4. Radial model reformulation. Experiments show that a tumor spheroid can be invari-
ant under rotation and can hold the shape of a spheroid during the growth process in some
cases [7, 26, 34]. In this paper, in order to simplify our presented model, we assume that the
behaviour of a tumor spheroid holds for all ¢ < T', and we use the assumption of rotational
invariance to write the model in radial coordinates, which allows us to obtain a simplified
expression of the model.

Let f : R? — R be a radial function. By definition there exists a function fthat satisfies

fl@)=f(|z])) = f(r)  forallz € R%, withr = |z|.

Under the assumption of invariance under rotation, P is a radial function. We also assume that
S, M, aj, vk, and m are radial for k = p, s.

The next proposition is crucial for the characterization of a radial expression for the
nonlocal term.

PROPOSITION 4.1 (Convolution of two radial functions). Let f and g be two radial
functions, defined from R® to R such that f * g is well defined. Then the convolution product
f * g is also a radial function. Furthermore, we have, for all x € R?

— ~

frg(@)=frglr)=f=g(r),
where f¥ g is defined as

_ 9 (d—1)/2

R (TP
—+o0 T
X /0 [/ f(\/s2 + 72 4 2rscos(f) )sd_1 sin?=2(0) df| g(s) ds,

0

where I" denotes the classical Gamma function.

Proof. Let z; and x5 be two vectors in RY, such that ||z, | = ||z2||. A classical result
in linear algebra states that there exists an orthogonal endomorphism A such that Axy = .
Then we have

Frat) = [ fe= st ds= [ 14z = 9)aly) do
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With the substitution y = Az, using the fact that |[det(A)| = 1, we get

f*g(x) = / f(Azg — Az)g(Az) dz.
Rd'
So we have

frot) = [ 1A= 2a(az)dz = [ foa =)o) dz = £ g(oa).

Rd

This shows that f * g is a radial function. By using the fact that the convolution product f * g
is radial, we get

feg@) = frg(leler) = / F(llzlles — )g(y) dy
Rd
= [ Flles = sl)ahol) ay

- /R f(\/(llwll — )2+ 313 5(@% + 1313 ) dy,

with e; = (1,0,...,0) € R and § = (y2,¥s,...,yq) € R?"!. Using Fubini’s theorem, we
get the following:

f*glw) = / < / (e = w0z 41318 ) 3 (/2 + 1913 )dg) dyn.

We recall that, for a radial function & on R?, we have the formula

+oo
/ h(z)dx = wd/ h(r)rd=1 dr,
Rd 0

where wy = 27%2/T'(d/2) denotes the measure of the unit sphere in R%. Then, we may write

f*g(x)zwd_lfR(/OMF( el =00+ 7 ) 3y + 7 )27 ) .

where 7 = ||| is the 2-norm in R%~!. By using polar coordinates
W :]0,+oo| X |—7/2,7/2] —]0,+00[ x R
(s,0) == (7(s, ) = scos(p), yi(s, ) = ssin(p)),

we obtain

(@) = s | o NGO Err=r)
)

cos?2(p)s dy ds

And finally, by the change of variable, § = ¢ + 7/2, we get the desired result. a
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Now we will transform the model (2.1) into radial coordinates. Due to the fact that the
solution is compactly supported (see Theorem 3.2), we have

v (V[O7 s PI(t, ) P(t, 7))
» (7 (ﬂszR Nt x)P(t,z))
p(p * P)(t, 2) P(t, 2))
ap(t, )(% * P)(t,2))P(t, x) + (p(t, 2) (v * P)(t,x)) - VP(t, )
= [V-( p(t,2))(p * P)(t,z) + Gy (t,x) - V((p * P)(t, )| P(t, @)
+ (@t 2)(yp * P) (¢, 2)) - VP(E, ).

The directional vector of the velocity &, is assumed to be a radial vector, so it can be
written as

ap(t,x) = ap(t,r)é,,

with €, = z/||z||. So we have

- d—1__ Oay,(t,r 1 9 ,v
R e A L]
and because
V(9 * P)(t,2)) = %(m)a and  VP(t,z) = %f(m)é;,
we get the following:
a7, * P) o

ap(t,z) - V((p * P)(t,x)) = ap(t,7) (t,r) = %(tﬂ”)ﬁ % P(t,r)

or

and

e~

ap(t, ) (yp * P)(t,2) - VP(t,x) = ap(t, r)(vp * P)(L, 7")%1:(?5, r).
Thus, we have
V. (V[ﬁpa7p7p](tax)P(t7x))

- rdl_%(rd Yy (t,r)) ( ® P)(tr) + Gt r)@vp p> (t,7)

. P(t,r)

F (), P I (1,7)
=yt XTIy LD o4, (5 F By e) Bt ).

Finally, we can write the equation for the proliferation cells in the system (2.1) in the
following form:
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In the same way, for the equation of healthy cells, we have

% 1, +an(t,n 228 )

ot
- (—a2m<r>A<t>M<t, M) = e (P ) (5 F ) r)) S(t.r).

‘We recall that

— d—10M 92M 1 9 oM
AM(t,x) = AM(t,||z]]2) = Tﬁ(t r)+——> 5,2 (t,r) = s g ( =1 5 —(t, T)) .

Finally, we write the system (2.1) in radial coordinates as follows:

O t7) + glt,) - (53 B)P) = folt, ) P(t,r),
05 (1) + n(t.r) 2 (7. 5)3) = fa(t.)30)

“.D oN D o[, .oM I
W(t,r) -1 (rd m) = M,S(1 - M) —-nMP,

P(t,R)=0, S(t,R)=Sgr, M(t,R)= Mg,
P(0,r) = Py(r), S(0,7)=So(r), M(0,r)= My(r),

where (¢,7) € [0,T] x ]0, R] and

Fo(t.r) = () H (VT2 r) — axm(r) MO I (¢.1)
e T ) FF P (),
1

LD a7 S ),

fs(t,r) = —agﬁz(r))\(t)M(t r) —

We denote by U= (ﬁ, S, M ) the exact solution of the radial problem (4.1). Then the
system (4.1) may be written as

%[t](t r)+ AO)(t,r) =GO)(t,r),  (tr)€[0,T] x]0,R],
4.2) 0(t, R) = Up, te0,1],
U(0,7) = Uy(r), r €10, R]
with

A7) = [apos Do (G FP)P), Tl r) o (77 5)3), -

GO =(3 (@)t r), R(0)(E7), BO)ED),
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where
G(O)(t,7) = (m(r)H(M(t, ) — aym(r)A)M (¢, 1)

- = §<rd1@<t,r>><%1ﬁ><t7r>> Pit.),

52((7)(1%7‘):(—azﬁ"b(r)x\(t)ﬁ(w)— . 8(7“d15&2(15,7“))(%15)(1577"))5(1%7‘),

rd=19r
G3(U)(t,r) = MyS(t, ) (1 — M(t,r)) — nM(t,r)P(t,r),
UR: (O,SR,MR), and Uo = (Po,S(),Mo).

5. The collocation method. In this section we describe the collocation method used to
solve the radial system (4.2). The method is based on cubic B-splines, which are widely used in
numerical analysis because of their smoothness and local approximation properties [8, 12]. B-
splines are piecewise polynomial functions that ensure continuity up to the second derivative,
making them well-suited for interpolation and for the numerical solution of differential
equations, including various classes of partial integro-differential equations [8, 17, 19].

We first subdivide the computational interval into IV equal subintervals with nodes

r;=1h, fori=0,1,...,N and h = R/N,

so that the grid points on [0, R] are given by ro = 0,7r1,...,7y = R. For the B-spline
construction we then use an extended uniform partition obtained by adjoining three extra knots
at each end. Explicitly, we keep the subdivision block

r_g<r_o<r_y <0=7‘0<’I‘1<-~-<TN:R<7"N+1<’I“N+2<TN+3.

Adding three knots per side is standard for cubic splines. It ensures that all boundary basis
functions are fully defined while preserving the compact support supp B; = [r;_2, r;42] and
the approximation order. The resulting basis { B;(r)}.*-"", spans an (N + 3)-dimensional
space on [0, R].

In this context, the fundamental B-spline function refers to the cubic spline centered at
the nodes —2, —1, 0, 1, 2, and its support is limited to the interval [—2, 2]. It can be written as
follows:

0 ifr<—2orr>2,
F2+7)3 if —2<r<-—1,
B(r) F4—-6r2=3r%) if —1<r<0,
FA—6r+3r%) if0<r<l,
F2-r)? if1<r<2,

and B; represent the well-known B-spline functions associated to the nodes r; defined for

t=-—1,...,N+1by
Bi(r):B<Thri>.

The function B; is compactly supported on the interval [r; _o,7;12]. Table 5.1 provides a
summary of the values of B; and its derivatives at the points r;.
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TABLE 5.1
Values of B-splines and their derivatives at the points ;.

r | rice g T Tit1  Tis2

Bi(r) | © 1/6 4/6  1/6 0

Bi(ry | 0 —1/2n 0 1/2h 0
B/ | 0 1/m2 —2n? /K2 0

The exact solution of (4.2) is approximated by a cubic B-spline given by the following
expression:

Un(t,r) = (ﬁh(t,r),§h(t,r),z\7h(t,r))

N+1 N+1 N+1 )
(Z oV OBir), 3 o )Bi(r), 3 af <t>Bi<r>> !

where ozl(k) (t) are time-dependent coefficients with unknown values for k = 1,2, 3.

Let us consider the following vector-valued functions of dimensions (N — 1) x 1 and
3(N —1) x 1, respectively:

B(r) = (Bl(r),BQ(r), o ,BN_l(r))T and o) = (a<1>(t)T,a<2>(t)T,a<3> (t)T)T,
with

oW (1) = (o(0).0(0).....al () . k=123
The function Uy (¢, ) has the form

(1) +al ()Bo(r) + B(r)TaM(1)]
'(t)Bn (r >+a<N>+1< #)By41(r)

)
r)+ag” (1)Bo(r) + B(r)Ta@ (1)
+aN<t @By () + () By (1)

r)+ aé‘”( £)Bo(r) + B(r)Ta® (1)

.1 Un(t,r) =

where the notation B(r)? is used for the transpose of the vector B(r).

The collocation method involves substituting (7;: and its derivatives in (4.2) with the
expression for Uy, given by (5.1). This substitution is followed by evaluating the resulting
equation at the points r;, for ¢ = 0, ..., N. Consequently, we obtain an ODE that we can

solve later. Beginning with the first equation for tumor cells P}, we have

oP,
ot

O((Fp * Pu) Pn)

Or (t,’l“) = gl(ﬁh)(tar)a

—(t,r) + ap(t,r)
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which may be written in the form
oP, = 1 0 44 ~ 0P,
5 —(t, ) + (9 * Pn)(t,7) [rdlar(r ap(t,r))Pr(t,r) + ap(t,r)ﬁ(t,r)

+ (%7}' ¥ ﬁh> (t,7)Pult,r)
= (HOL(t7) = A Mt 7)) Pat, 7).

We start by first expressing the nonlocal term. We have

N+1 N41
(52 (5% Pu)(tr) ( (Z oM (t) ))( r =3 V(1) (5% Bi) ().

1=—1 i=—1
Fori= —1,...,N + 1 and k = p, s, we note that
ZE(r) == (W ¥ Bi) (r) and Zp(r) :=

OEBI) (55 ),

Then by substituting in (5.2), we get

N+L (1)

N+1 0
[ 1
iﬁdgwmig%wwﬂ
1 8 N41 0 N41 ( )
d lN 1 1
X [rd_l o (t, ) 1_2;104 r) 4+ ay(t,r l_z;la t)Bi(r)
N+1 N+1
— 1), 5 1
+ay(t,r) > a7 () Y ol (0)Bi(r)
i——1 =1
N+1 N+1 N+1
- (H <Z aE?’)(t)Bi(r)) —a)\t) Y otV (1) ) > o )Bi(
i=—1 i=—1 i=—1

For the healthy cells 3;, similar calculations lead to

N1 (2) N+1 ®
B+ Y ol ()i (r)
i=—1 i—1
1 0 NG )
d—1—~— 2 ~ 2
X [rd—l E(’I‘ a,(t,r)) iz_:l o, (t)Bi(r) + as(t,r) iz_:l a;” (t)Bi(r
N+1 N+1
—|—0¢5 t r Z a; 2) Z a i
1=—1 1=—1
N+1 N+1
—ax\(t) Y oV (1)Bi(r) Y P (t)Bilr)
1=—1

i=—1


http://etna.ricam.oeaw.ac.at
http://www.kent.edu
http://www.ricam.oeaw.ac.at

ETNA

Kent State University and
Johann Radon Institute (RICAM)

386 Y. MELOUANI, A. BOUAHAMIDI AND I. EL HARRAKI

Similarly, for the third equation describing the concentration of oxygen and nutrients in
the tissue, we have

N+ o0 (3) d_1 N+ @ N+1 .
G 0Bir) =D (== 37 V0B + 3 oV (0B (r)
i=—1 =1 =

N+1 N+1
=M, Y o (0)Bi(r) (1 - aE”(t)Bi(r))

1=—1 1=—1
N+1 N+1
3 1
0 Y aP®)Bi(r) Y iV (1)Bi(r).
i=—1 i=—1

To determine the values of « at the boundaries, we consider U n = (13;“ gh, M, h)T as
natural cubic splines. Natural cubic splines require that their second derivatives vanish at the
endpoints of the interval [0, R]. Hence, we have

92U, 17 () @)
W(tﬂ"o) =52 (04—1@) —2ag°(t) + oy (t))j:1,2,3 =0,
which leads to
54 oy () = 204(t) ~ ol(5),  forj = 1,23

On the other hand, we set the value of the solution at the point » = 7 to be fixed and
denote it by Uy (t,70) := (Pr(t), Sp.(t), M (t))T. Then we have

_ . . . T
Un(tro) = 3 (a0 + 40 () +0(0)
(5.5) ‘ . I=hs
= (a¥®) _ = (Pu(t), SL(t), M),
7=1,2,3
By analogous observations, we get for » = rn 41 = R the following:
(5.6) ol (t) =204 (t) —ady_ (t),  forj=1,2,3
and
T
(5.7 (ag\}ll(t)v ag\?l—l(t)v ag\:;l_l(t)) - (PRv SR? MR)T .

Now, let us note for & = p, s the following vector-valued functions of size NV — 1:

68 ()= (ZH) 75500, B0, Zha(). 2 ()~ Zha ()

and

69 Tulr) = (B0) 750 B0, Thar). Thoa ()~ Zhvia ()

Furthermore, we define the functions

Qp(r) := Pr(t) (222, (r) + Z8(r)) + Pr(2Z} 1 (1) + 25,1 (r)),
Q,(r) = Pr(t) (227, (r) + Zo(r)) + Pr(2Zn 11 (1) + Ziy 11 (1)),
Qs(r) :=SL(t) (QZil(r) + Zg(r)) + Sg (2Zf\,+1(7’) + vaﬂ(r)),
(5100 Qu(r) == SL(t)(2Z1(r) + Zo(r)) + Sr(2Zn41(r) + Znsa (7))
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Using the natural spline boundary conditions (5.4), (5.5), (5.6), and (5.7), and the nota-
tion (5.8), (5.9), and (5.10), the nonlocal terms can be expressed compactly as

N+1 N+1

S o (78(r) = Qur) + ZL (D (t), S VW7 (r) = Q) + Zy (r)aV (1),
i=—1 i=—1

N+1 N+1 T

> ol = Qu() + 2T (Ma@(1), > a7 (r) = Qur) + Z (r)a (1),
1=—1 i=—1

Now we express IfJ; at the points r;, for ¢ = 0, ..., N. We start with equation (5.3) at r = rg
and obtain

daV
%0 (1) = ~(Qp(ro) + ZZ (ro)a (1)

d o 1
. [ — (a( i p’(uro))P()wp(t o) (0 (0) = P (1)

To

= Gt r0) (Qulro) + Z, (r)aV (1)) P ()
+ [H(My, (1) = e M) My (D] P (1),

dozgf)
dt

(t) = =(Qs(ro) + Z (r0)a® (1))

d 1"“
x [rgl_l (%5 ) SL<t>+a;<t,ro>;<a§1><t>sm»]

= @ (tro) (Qlro) + Z2 () (1)) 1)

— agA(t)ML(t)SL(t),

(3) _
D0 (1) = PO (08 0) — by (1) 4 Mo 01— My(0) ~ M (1) P (1)

By substituting at r = r;, fori = 1,..., N — 1, we get

a(.l) a(»l) 04('1)1
—(Qp(ri) + 25 (ri)a M (t))
rd—15- 1 1 1
X lrdl—l (6( or p)(t7ﬁ)> %( ( ) 1 )+4a( )( )+a£+)1( ))

%

F @ (1) (ol ()~ oy ¢ >>]
& (t,m) (Q(ri) + Z, ()2 () (0l (1) + 40V (1) + a1 (1)

1 (§(e0)+400) + 0, 0))

+



http://etna.ricam.oeaw.ac.at
http://www.kent.edu
http://www.ricam.oeaw.ac.at

ETNA

Kent State University and
Johann Radon Institute (RICAM)

388 Y. MELOUANI, A. BOUAHAMIDI AND I. EL HARRAKI

- éal)\(t)( @) + 40P () + o, (¢ >)1

(@, (8) + 4alV () + o2 (1)),

da!? da'? da!?
( i—1 (t)+4 a; (t)—‘r i+1 (t)

dt dt
~(Qs(r) + ZL (ri)a (1))

d 16[";
x Lfl (25 0m)) a0 + 400) + o, 0)

or

- @t (@) + Z]0)0® ) (0, (1) + 407 1) + 2 (1)

— —aa(t) (¥ () + 40P (1) + ol (1) (0 () + 407 (1) + o7, (1)),

=D <d2rh1 ( 53-)1(0 1(3)1( )) + %(agl (t) - 20%(»3)( t)+ agl( )))

+25 (@(0) + 40 (1) + a2, (1) (1—6( 21(0) + 407 (1) + o >))

6
12 (0 (0) + 408 (1) + 08 (6) (2 (1) + 40l (1) + ol (1).
Finally we get for » = rn = R the following:
da%) T 1
(1) = =(Qlrw) + 2] (ry)al) (1)

d 167 . )
x [ ;1 (8( - )<t rN)) PR-i-ap(t,rN)}lL(PR—agV)l(t))l

= @ (t,r) (Qplr) + Zy (rw)alV (1)) Pr
+ [H(MR) — al)\(t)MR]PR,

da'®
(1) = —(Qulrw) + ZL (rw)a® (1)
X L; . (3( f;:as) (t7rN)> Sk + &:(t,TN)%(SR - ag\?)_l(t))‘|
— At ) (Qulr) + Z, (r)a® (1)) S
— agA(t) MRSk,
doy)  _ Dld—1)

(1) = = (M — oL, (1) + MuSr(t)(1 — Mg) = 1MrPr.
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For the initial time ¢ = 0, the B-spline interpolation conditions yield the linear system
Aa(0) = U°,

where A = diag(A, A, A)isa3(N — 1) x 3(N — 1) block diagonal matrix, with A being the
(N —1) x (N — 1) tridiagonal matrix

A = §(diag(1y_2,—1) + diag(4n_1,0) + diag(1y_2,1)).

Here 1,, and 4,, denote vectors of 1s and 4s of length n, respectively, and the notation
diag(v, k) represents a matrix with vector v on the kth diagonal. The right-hand side vector
U° = (UM, U%@ U%GNT contains the initial data with each block defined as

~ ~ - - ~ ~ ~ T

Ur = (U}j(rl) —gUR(r0), UR(r2),..., UR(rn—2), Up(rn-1) — %U;?(”N)) ;
where Tj'{) = ]50, 5‘3 = gg, and Tj’g = MO.

Subsequently, « satisfies the following ODE:

do
(5.11) A—(t) =@t ), te[0T],

Aa(0) = U,
where the nonlinear function ® (¢, ax(t)) can be expressed as
®(t, a(t)) = —diag(MY, My, 0)ax(t) — (Mg, M5, 0)"
© [(M’;@f) M;(1),0)" © A + (M, M3, 0)" © diag(A’, A, 0)]x(t)
+G(t aft) + f(t aft)).

Here the matrices A’ and A” are defined using the diag-notation as

-1
A" = —(diag(1y_2, —1) + diag(1n_2,1)),

2h
A" = th (diag(1y—2,—1) — 2diag(1y—_1,0) + diag(1n_2,1)),
and

M]% = (Zk(’l“l) .,Zk(T‘Nfl))T7 M]; = (Zk(rl), e ,Zk@“]v,l))T, k= p,Ss,

Ml = (Qk(r1), -, Qulrv—))T, Mgy = @4(r1), . Qulrn-1))7,
ME (1) = (ap(t,71), ..., ar(t,rn-1))7T,

T
_ 1 9 1 0, 4
M’;(t) = <r‘f1 5(7"(1 (t,r1)) T a*(rd Yag(t,ry 1))> ;
T

varte) = (0. 0. 28)
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Above, the notation ® stands for the Hadamard product. Furthermore, the growth and reaction
terms are given by
G(t,a(t))
{H (A (1) + Var (1) — ar A1) Aa® (1)} © (Ao (1))
—azA(t)(Aa () © (Aa®) (1))
D(Fq® A"+ A a®)(t)
+M(Aa®) () © (1 — AaD (1)) = n(Aa®) (1)) © (AaD(1)

while the boundary correction vector f (¢, a(t)) is a 3(N — 1) x 1 vector with the following
nONZzero components:

1d0{él) ¢ ZT (1) "
= S50 0) — (@) + ZE (r)a (1)

ri=la, N
X [Gﬁil_lm(tyﬁ)PL(t) — Oép(t,ﬁ)lPL(t)}

fi(t, e(t)) =

2h

— 5@t (@) + Z () () P (1)

- %al)\(t) {ML(t) (Po(t) + 405" (1) + a8 (1))

T Py(t) (M () + 40 (1) + aé“(t))} ,

1 da(l)
vt a(t) = — éTg(t) — (Qp(rv=1) + ZL (rn—1)aM (1))
[ 1 9(r*'ay)

d—1
6ry_; or

— St ) (@lrv) + 2 (v 1)a® (1) P

1

- %al)\(t) {MR (Pr+ dayy) | () + ag\})_2(t))

— 1
(t,rn-1)Pr + ap(t, 7"1\/—1)2hPR]

+ Pe(Mp + 40 () + o) 2@))}

(2)
B (@utr) + 2 (r1)a 1)
1 o(ri-lay)

e

In(ta(t)) =

(t,m1)SL(t) — as(t, rl)zthL(t)]

- ) (@) + ZE r)a® () S1.0)

_ %@A(t) {ML(t) (S1(t) + 4P () + ol (1))

S0 (M (1) + 40(1) + a&”(t))} ,

1 dag\?)

Fan-alt al®) == 50 = (Qulry—) + ZE (r-1)a® (1)
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1 o(ritay) - 1
g [67’7\;11 or (t’TN_l)SR+O‘S(tv7"N—1)2h5R]
1/\/ - —
_ éas(ta"’N—l) (QS(TN,l) + ZST(TNﬂ)a(Q)(t))SR
1

- %ag)\(t) {MR (Sr+ 40y | () + O‘S\Qr)—g(t))

T Sn(Mp+ 408 (5)+ aﬁé)_g(w)] |

(3) _
fon—1(t, a(t)) = — édfﬁ (t) + D(thML(t) - d2rthL(t)> + J\éfs Sp(t)

M,
36

[ML () (Sr(t) + 4aP () + o8P (1))

+ SL(t) (Mp(t) + 48V (1) + 08”7 (1))

- g (P + 400 + o)

+ Pr(t)(Mp(t) + 40P (1) + o (1)) |

1 daé3)
6 dt
MS

36

fan—s(t,a(t)) =

1 d—1 M

[MR(SR +40@ (1) + 0 (1)
+ Sp(Mp(t) + 40l (1) + aﬁi)z(t))]

= (P 4 4080, 0+ L, 00)

+ Pp(Mp + 405 | (¢) + ag\?;)_z(t))} ,

with f;(t,a(t)) =0forall j ¢ {1, N —1,N,2N —2,2N —1,3N — 3}.

The solution of the ODE (5.11) can be approached using several methods found in the
literature. However, due to the stiffness of the equation, which is a common characteristic in
systems derived from discretized PDEs, common explicit methods, such as the popular Runge—
Kutta family of integrators, are not suitable for such stiff problems. To overcome this limitation,
we employ the BDF method, which is an implicit multi-step method specifically designed for
solving stiff ODEs [18]. This method allows for larger time steps while maintaining accuracy
and stability, which can be done by using information from previous time steps and solving an
implicit equation at each step. Here, we apply the BDF method of order p = 6, for maximal
stability and efficiency. The method applied to (5.11) gives the following approximations:

p—1
(5.12) A, — BALD(t,, &) — Aznjan_j_l =0.
7=0
In this context, At = T/p represents the time step, and o, = [af,..., ol |7 is the

BDF method’s approximation of the vector «(t) at time ¢, = nAt, forn = 0,...,p. The
coefficients n; and 3 for the p-step BDF formula are provided in Table 5.2.
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TABLE 5.2
BDF coefficients for order 6.
p| B M m 2 3 4 75
1 1 1
2 4 1
213 3 —3
3 6 18 _9 2
11 11 11 11
4 12 48 _ 36 16 _3
25 25 25 25 25
5| L0 300 _ 300 200 _ 75 12
137 137 137 137 137 137
6| 60 360 450 400 _225 72 _ 10
147 147 147 147 147 147 147

At each time step n, equation (5.12) for «,, must be solved by reformulating it into the
following form:

p—1
o(on) = Ao, — BALD (Ey,, 00) — Aanocn,j,l =0.
j=0

To solve equation (5.12) for «,, efficiently, we employ the Newton method. We use the solution
from the previous time step as an initial guess. The Newton method approximates «,, through
a series of iterations ({j) by

CO?
{Ckﬂ =G — [Jo(G)] P (Ck), k=0

Here J,(C) is the Jacobian matrix of ¢, expressed as

Jo(Ck) = A — BAL Jo (Cr)s
with Jo the Jacobian matrix of @ with respect to «.,.

6. Numerical experiments. In this section, we aim to examine the accuracy of our
proposed numerical scheme by comparing it with a known analytical solution. This evaluation
is essential to determine the efficiency and validity of the method. The construction of a
classical solution for a simplified version of the system in (4.1) presents significant challenges,
mainly due to the nonlocal term, which must be calculated analytically in order to prevent
errors that could arise from numerical integration. Then in Section 6.2, we use values similar
to those reported by Lefebvre et al. [27], examining the dynamics of avascular tumor growth
in the absence of medical treatment, considering a nonlocal velocity.

Throughout this section, we consider the spatial dimension of our system (2.2) to be
d = 2. In this context, the nonlocal terms are expressed as

Z;(r) = (3 * By)(r)

R ,m
= 2/ / %(\/82 + TQ + QTS Cos(e))B(S)s ds de
0 0

and
—k

Z;(r) =

' or

R pm

r 4 scos(d) —

=2 : s2 + 124 2rscos(f) ) B(s)sdsdb.
/0 /0 V72 + 5% + 2rscos(f) Tk (\/ ( )) (s)

9 * Bi)(r)



http://etna.ricam.oeaw.ac.at
http://www.kent.edu
http://www.ricam.oeaw.ac.at

ETNA

Kent State University and
Johann Radon Institute (RICAM)

A COLLOCATION METHOD FOR A NONLOCAL TUMOR GROWTH MODEL 393

These double integrals are calculated numerically using the function integral2 in MAT-
LAB, which is effective for this type of two-dimensional integration over rectangular regions.

The simulations performed in Section 6.1 are executed in the spatial domain [0, 1], while
in Section 6.2, the spatial domain [10~3, 2] is considered. It is important to note that radial
hyperbolic and radial parabolic equations are likely to suffer from singularities at the origin
(see [30]). To mitigate this issue, the calculations are initiated from a small radius in space.
The numerical simulations presented in this paper were performed using MATLAB on a
standard laptop computer equipped with an Intel Core i5 processor (2.6 GHz, two cores) and
8 GB of RAM. No specialized GPU acceleration was utilized for these computations. This
configuration was sufficient for running our simulations, demonstrating the efficiency of the
proposed numerical method.

6.1. Convergence test with known analytical solution. In this section, we consider the
following coupled system with source terms:

oP d R’ -
o + 27TT87‘ l(/o P(Ls)sds) P

—_— —~— R ~ ~
= [H(M)—tM—Q/ P(t,s)sds| P+ fi(t,r),
0
aS d R =
N +27TTE l(/o S(t,s)sds) 5’1
—_— RN ~
(6.1) =— tM—|—2/ S(t,s)sds| S+ fa(t,r),
0
OM 9*M | OM
00 <a * ar>

=S(1— M) = MP + fs(t,r),

U(t,R) = Uea(t,R), U(t,0) = Uun(t,0), te[0,T],

U(0,7) = Uer(0,7), 7€]0,R].

The source term (f(t,7) = f1(¢t,7), f2(t,7), f3(t,7)) is chosen in order that the system (6.1)
has the analytical solution

Uer(t,7) =
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The nonlocal system (6.1) can be considered a particular case of the general system (4.1)
by setting specific parameter values. Specifically, we choose o, (t,7) = ag(t,r) = r,
V(1) = 7s(r) = 1,a1 =1, a2 = 1, A(t) = t, Mg = n = 1, and D = 0.01. These
parameters were selected to allow the radial convolution to be calculated analytically. This
is important because radial systems often exhibit singularities at » = 0. To address these
singularities, the velocity functions oy, and a; and the diffusion parameter D are specially
chosen.

To numerically solve the system, we discretize the domain [0, R] using a uniform grid.
The grid points are defined as r; = ¢h, fori = 1, ..., N, where h is the spatial step size given
by h = R/N, and N is the number of discretization nodes. We then compare the approximate
numerical solution to the analytical solution using the relative error metrics defined as

[T = ey

- SupOSiSN Hﬁ(tn,’/’y) —U}L(tn,'l"i)

= Hﬁ(t") o SUPg<i<N ‘ﬁ@nvri)
and

o o-a] s |oen - Gaen)|

b= HﬁHm - sup,, ||U(t") .

Table 6.1 presents the execution times and relative errors for different numbers of nodes.
Figure 6.1 illustrates the comparison between the approximate numerical solution, denoted as
Uy}, and the exact solution, denoted as U, of our nonlocal system for a range of time values:
t=0,t=25 t=0>50,t="75 and t = 100. Figures 6.2-6.4 provides illustrations of the
approximate solutions.

TABLE 6.1
Execution time (seconds) and relative error for different node numbers for R = 1 and T' = 10.
N ‘ 50 100 150 200 250 300
Eee 3.344e-03  1.456e-03 6.610e-04 3.707e-04 2.440e-04 1.649e-04
CPU time 18.96 48.56 188.53 422.28 853.93 1619.54

In Figure 6.1, it is evident that the numerical solution approximates the exact solution with
high accuracy across the different time instances (t = 0, t = 25, t = 50, t = 75, t = 100).
This demonstrates the effectiveness of the numerical method over the specified time intervals.

Table 6.2 presents various values of the relative error E° for At = h/2 with different
spatial step sizes h. The data suggest that, as h decreases, the computational error also
decreases.

Figure 6.5a illustrates the decrease of the relative error E, as the number of grid points
N increases from 100 to 500, while Figure 6.5b presents the convergence analysis in a log-log
scale. The convergence order p is calculated as the slope of the best-fit line in logarithmic
space, yielding p ~ 1.98. This value confirms second-order spatial accuracy, which is the
expected theoretical convergence rate for cubic B-spline approximations.

Although proving the theoretical convergence of the BDF method for a nonlinear ODE is
challenging, the computed results indicate a reduction in error with smaller spatial steps. This
observation is consistent with existing literature on the numerical analysis and the stability
of numerical integration methods. The known stability of the BDF method in stiff problems
corroborates the observed error reduction trends with decreasing h-values.
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FIG. 6.1. Approximate solution ﬁh and exact solution ﬁezfort =0,t=25,t=50,t=75,t=100.

TABLE 6.2
Relative error E*°.
N 100 200 300 400 500
h 0.01 0.005 0.0033 0.0025 0.002
At 0.005 0.0025 0.00165 0.00125 0.001
t=20 | 6.9801e-04 1.7519e-04 7.7218e-05 4.3550e-05  2.7949e-05
t =40 | 4.1530e-04 1.0432e-04 5.3297e-05 2.6102e-05 1.67076e-05
t =60 | 8.0758e-04 2.0209e-04 9.0763e-05 4.9907e-05  3.2346e-05
t=2380 | 1.4171e-03 3.5577e-04 1.5894e-04 8.9162e-05  5.6989e-05
t =100 | 1.8271e-03 4.5819e-04 2.0402e-04 1.1462e-04  7.3364e-05
E> 5.0599e-04 1.2579e-04 7.0742e-05 3.1597e-05  2.0176e-05

6.2. Numerical test for tumor growth. In this section, we present numerical simulations
of the nonlocal tumor growth model (2.1) under the scenario of no medical intervention. The
initial conditions for our simulations are defined as

~ 0.3¢2 ~ 0.8¢%2 + 27—
P(O,T):m, S(O,T):W, M(O,T):l
At the boundary radius R, the conditions are specified as
P(t,R)=0, S(t,R)=1, M(tR)=1.
The velocities and kernel functions incorporated in our model are expressed as
— 2¢e N 0.2¢7°
Clp(tﬂ“) = €+610T, Oés(t,’l") = 67'5 +615r’

0 =0200(5). 0= e ()

We used a hypoxia threshold value of M;;, = 0.5. The growth factor parameter « is set at
0.02. The model also integrates a diffusion coefficient D of 0.8. Furthermore, the nutrient
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FIG. 6.4. Approximation of M on [0,1] x [0,100].

0.506

Relative error E. (x10-3)
Relative error E..
g

0.032 0.020 -@- Numerical error
» . ~ = Best fit (p = 1.98)

100 200 300 400 500 2x107* 3x107% 4x107* 6x107 1072
Number of grid points N Spatial step size h

(a) Error decrease with mesh refinement. (b) Convergence rate analysis.
FIG. 6.5. Convergence analysis of the BDF B-spline collocation method for the nonlocal tumor growth model.

consumption rate 7 is 1.5, and the blood vessel creation rate is characterized by M, = 1. The
results of our numerical simulations are shown in Figure 6.6.

Figures 6.7 and 6.8 illustrate the growth of the tumor core, particularly at its edges, where
higher nutrient concentrations are present, facilitating cellular proliferation. The presence of
abundant nutrients at the periphery enables the cells to rapidly divide and expand outward. In
contrast, the center of the tumor exhibits a decrease in tumor cell density due to insufficient
oxygen supply, leading to necrosis. The lack of oxygen, known as hypoxia, results in cell death
and the formation of a necrotic core. This process highlights the dynamic nature of tumor
growth, where peripheral areas continue to expand while central regions undergo cell death.
Furthermore, the hypoxic conditions in the tumor center can lead to the release of signaling
molecules that may promote angiogenesis or new blood vessel formation in an attempt to
supply the tumor with more oxygen and nutrients.

7. Conclusion. The process of tumor growth remains a complex subject to study, predom-
inantly due to the multifaceted nature of the factors that influence it. A detailed understanding
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FIG. 6.6. Radial tumor cells density P, healthy cells density S, and the concentration of nutriment and oxygen
M for different time instants.

of the mechanisms governing tumor growth is essential for the advancement of effective
anticancer strategies.

In this paper, we have presented an innovative continuum model of tumor growth, which
includes both cell-cell and cell-matrix adhesion and interactions. This model is characterized by
the integration of nonlocal terms within a system of PDEs. We have successfully demonstrated
the existence and uniqueness of solutions through the application of semigroup properties and
Banach’s fixed-point theorem, in combination with results established by Keimer et al. [25].
Furthermore, we have developed a numerical scheme for resolving the radial nonlocal system.
This scheme employs B-splines for spatial discretization and the BDF method for temporal
discretization. Extensive numerical tests have been conducted to validate the model’s accuracy,
and we have demonstrated experimental results related to tumor growth.

The use of nonlocal balance equations in our model offers several significant advantages
over traditional local approaches. For example, nonlocal models can avoid the formation of
shock waves and singularities that often challenge local hyperbolic systems. This regularizing
effect leads to smoother solutions and may prevent the breakdown of numerical schemes,
which is a common issue in local models of complex phenomena. The efficient numerical
solution of nonlocal systems has potential applications in many fields such as population
dynamics, material science, and climate modeling, where long-range effects play a crucial role
and where avoiding discontinuities is critical.

In the future, our research aims to optimize the factors of medical drugs within the
system (2.1), using the theory of optimal control for nonlocal balance equations. This may
help in designing new strategies that minimize the auxiliary effects of treatment and maximize
its efficacy. Using mathematical models, we intend to precisely adjust drug dosages, timings,
and combinations to achieve the best therapeutic outcomes while reducing negative side
effects.
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FIG. 6.7. Tumor cells density P for different time instants.
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FIG. 6.8. Radial tumor cells density for different time instants.
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