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Abstract. Using a recently derived integral representation in terms of elementary functions, we give new
asymptotic expansions of the normal inverse Gaussian cumulative distribution function. One of its asymptotic
representations is stated in terms of the normal Gaussian distribution or complementary error function.
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1. Introduction. The normal inverse Gaussian distribution is a four-parameter distribu-
tion (cv, 3, i, d) with argument x, which has been introduced by Barndorff-Nielsen [1, 2, 3]. In
a recent preprint [7] the commonly used representation of the cumulative distribution function
is given by

F(z;a, B, 1, 6) = (t=1) g,

adeh I Ki (VT H0=0F)

T Jow 82 + (t — p)?

where v = /a2 — $2 and K (z) denotes the modified Bessel function. The cited paper
gives new convergent series and derives asymptotic expansions with the aim of developing a
software package to compute the cumulative distribution function based on the normal inverse
Gaussian distribution.

In this paper, we give more asymptotic expansions of F'(x; «, 8, u, §) after writing this
function in a standard form to apply Laplace’s method. Thereby, a modification is considered
to handle the case that a pole is near a saddle point. This yields an expansion in which the
complementary error function controls this phenomenon.

The starting point of our approach is an integral representation in terms of elementary
functions of the complementary function, which is defined by

(1.1) G(x;a,ﬁ,u,(S)=1—F(x;a,ﬁ,,u,5).

Especially for numerical computations, it is important to have a stable representation for both
functions and to first compute the smaller one of the two. As worked out in this paper, the
transition value x( with respect to x is given by

86

and, following from the asymptotic approximation, it holds 0 < F(x;, 8, p1,0) 5
z 5 To.

(1.2) To =+
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The following integral representation for the G-function has recently been derived in [7,
Equation (2.8)]):

§(Vrita?-8)
1.3 xa,B,u,0) = sin(dr) dr
13 Glusa,fops / S ) )
where

E=z—p>0, 6>0, a>0, —a<fB<a ~v=+a2-/}32.

As observed in [7], for £ < 0, we can use the relation

F(I;O@Bmua )_1_ (_ /87 Hy ) G( Bv Hy )
(1.4) ¢(VrTraT+p) .
/ N oﬂ \/1"2 — 5) sin(dr) dr

In our new asymptotic results, the key term in the approximations is the complementary
error function, defined by

erfe(z / z € C,
RV

leading to a representation that is not available in [7]. As we have explained previously, for
example in [4, 5, 6] and also in [9, Chapter 21 and Part 7], such a representation can yield a
powerful asymptotic approximation, also with respect to the so-called uniformity parameters.
Moreover, it provides an excellent starting point for inverting cumulative distribution functions
with respect to one of the parameters. This topic is intended for future research.

In Section 2 we use several transformations of the integral in (1.3) and obtain in Section 3 a
representation suitable for asymptotic analysis. In Section 4 we give the asymptotic expansions,
together with a figure and a table to explain the role of the transition value zy. In Appendix A
we present a short Maple code for the evaluation of the coefficients used in certain asymptotic
expansions.

2. Transformations of the integral. The integrand in (1.3) is an even function of r, and
so we substitute = asinh(¢). Then we obtain

e +B8E / o—€acosh(t) sinh(¢) sin («d sinh(t))
ot e cosh(t) — cos(T)

21  G@a,B,p,6) = dt,

where 7 is given by

B =cos(T), 0<T<m.
!

We use sin(z) = 1 (e* — cos(z)) with z = ad sinh(¢)—observe that the cosine term will give
an odd integrand—and write (2.1) as

eHrHBE oo sinh(t)
. _ —awe(t) P
G(l’, a, B, i, 6) 27i /_OO ¢ cosh(t) — cos(T) o

where

o(t) = gcosh(t) - zé sinh(t), w=+/&%+ 62

w
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We introduce v € (0, $7) by writing
v= arctang = ¢(=wcos(v) and 0 =wsin(v).
It follows that the function ¢(t) can be expressed as
@(t) = cosh(t) cos(v) — isinh(t) sin(v) = cosh(t — iv).

Using this in the integral representation (2.1) yields

CRALAR e ; sinh(t)
22 . — —awcosh(t—iv) P\
@) Gafpd) =" /_ K o

This integral converges when cos(v) > 0, but since for the representation of G(x; «, 3, 11, 9)
in (1.3) it is needed that § = wsin(v) > 0, we therefore assume v € (0, 37).

We want to integrate the integral in (2.2) along the horizontal path with St = v, and we
need information about the poles of the integrand. Since it holds —1 < cos(7) < 1, the poles
closest to the origin are - = +47, so we can shift the path of integration in (2.2) to the path
St = v. When v > 7, we cross the pole at i and calculate the residue.

After shifting the path, we integrate along the horizontal line 3t = v using the substitution
t = s + v, and for v > T we evaluate the relation

—aw cosh(iT —iv) = —aw cos(T — v) = —B€ — §7.

We obtain the representations

OV HBE oo sinh(s + iv)
Gl 7(5 _ —aw cosh(s) d > v,
(750, B, 1, 6) ori / ¢ cosh(s + iv) — cos(7) ” T
2.3)

G(.%';Oé,,@,/.l/,d) =1-

— 00

1 " .
€ B /OO —aw cosh(s) blnh(S + “/) S r<vu
s .

271 ¢ cos(7) — cosh(s + iv)

— 0o

Moreover, the case 7 < v gives

Iv+BE oo inh(s + iv)
€ sinh(s + iv

2.4 F(x; J) = —aw cosh(s) d -
2.4) (w50, B, 1, 6) 77 /_ooe cos(r) — cosh(s 1 i7) s, T<U

For convergence of the integral in (1.3) we assumed £ > 0, or z > pu, but in the above
three integrals this is no longer needed, and we can also let £ < O or x < p.

These integrals have a saddle point at the origin, and the real axis is the path of steepest
descent. There are poles at the s-values corresponding to the poles ¢+ = +47, and by the
transformation ¢ = s + iv, the poles in the s-variable are given by

(2.5) sy =—i(vFT1), ve(0,m), 7€(0,m).
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We see that the pole s coincides with the saddle point at the origin when & takes the
value & that follows from

o _op

o B
(2.6) T=v = arctan— =arccos— — &)= = —.
€o a Va2 —-p2
This yields, for x = pu + &, the transition value xy = &y + p announced in (1.2). The transition
value xg = &y + i coincides with the mean of the normal Gaussian distribution.
We have the following cases:

T>V = T > X, Ssy >0, s <0,
2.7) T=v = = x, s =0, s <0,
TV = x < o, Fs4 <0, Ss_ < 0.

When one of these poles is close to the origin, we need special asymptotic methods to deal
with it.

3. Further preparations for the asymptotic analysis. We continue with (2.4), assuming
that v > 7. Note that this condition will be relaxed after deriving the asymptotic expansions
in Section 4. We write the real and imaginary parts of the integrand using

sinh(s 4 iv) = sinh(s) cos(v) + ¢ cosh(s) sin(v),
cosh(s + iv) = cosh(s) cos(v) + i sinh(s) sin(v).
We obtain
sinh(s + iv) _ sinh(s) (cos(7) cos(v) — cosh(s))
cos(7) — cosh(s +iv)  (cosh(s) — cos(7) cos(r))?

sin(v) (cos(7) cosh(s) — cos(v))

— sin?(7) sin®(v)

(cosh(s) — cos(7) cos(r))? — sin?(7) sin?(v)

We observe that the real part is odd with respect to s and the imaginary part is even. So we
can write

Sv+B¢ 0, —aw cosh(s) o3 _
Flas 0 B, 8) = e / e sin(v) (cos(7) cosh(s) cosgu)) is.

21 J_oo (cosh(s) — cos(7) cos(v))? — sin?(7) sin®(v)
Next, we use cosh(s) = 1 4 2sinh?(s/2) and substitute

. ds 2
U:SIHh(S/Q), %z\/ﬁ

This gives
PrHBE—aw oo .
G.1) Fla 0, B,1,6) = ——— / 297 f() do, v > T,
™ — 00
where
sin(v) cos(7)(1 4 20?) — cos(v)

flo) =
V1+o? (02 4+ % — L cos(7) cos(u))2 — isin2(7) sin?(v)
sin(v) cos(7)(1+ 20?) — cos(v) .

Vito? (0% —0f)(0® —0?)
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The poles o4 follow from the poles s via the relation o = sinh(s/2). We have (see (2.5))
(3.2) o+ = sinh (%si) = ¢sin (%si) = —isin (%(V:FT)) .

By splitting into fractions, we obtain

(o) = sin(v) cos(v) — cos(7)(1 + 207)
V1402 (02 —0o2) 02— o2

02 — o2

B cos(v) — cos(7)(1 + 202_)>

1 sin(v—71) sin(v+71)
Ato2 \ 02— o2 Rl

- 04 0?2 —o2
The argument of the exponential function in front of the integral in (3.1) can be written as
6y + B¢ — aw = —2awsin® (L (v — 7)) = 2awo?.

After these steps, we summarize the results obtained so far in the following theorem:

THEOREM 3.1. We can write (3.1) in the form

F(m;a’/B’l[’L75) :F+((E,C¥7ﬁ,ﬂ,,5)+F7(£L';Oé,6,,u75),
e

sin(v ¥ 7)U(o4, 2),
7r

3.3) Fi(l‘;a,ﬂ,’mé) -

o d
U(O’i,Z) — / 6—202 o ’
—oo (62 —02)V1+ 02

where, employing the notation used so far,

5
s=2aw, f=zop w—pté, 6=
oy =isin(3(v—71)), o_=—isin(3(v+71)),

E=x—p=wcos(v), §=wsin(v),

3.4
v = arctan g, Ve (0, %77) ,

w=+/£2+62, cos(T)= g, T € (0,m),
v = \/ozzfﬁ2 = asin(7).
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4. Asymptotic expansions. First, we give the asymptotic expansion of U(ox, 2) as
defined in (3.3), with z a positive large parameter and io+ € (0,1). We initially assume that
104 is not small, say % < to+ < 1. In that case, an asymptotic expansion can be obtained by
using Laplace’s method; see [9, Chapter 3].

We expand

1
4.1 E =
( ) ( _p 1+0_2 uk 7 =04,

and obtain the asymptotic expansion

l
\[Zuk 2 z — 00, %Siai<1,

where (a); = I'(a + k) /T'(a) is the Pochhammer symbol. The first coefficients are

1 p>—2 ) 3pt —4p® +8
= l\p) = —""¢56 -
8pb

Next, we want to obtain an expansion that is valid for small positive values of |04 |. As
explained in [9, Chapter 21 and Part 7] and [4, 5, 6], we can use the complementary error
function to obtain uniform approximations. We have the integral representations (for properties
of the error functions, we refer to [8])

erfc(z / z € C,
f
—t2 dt 2 .
w(z) = — =e * erfc(—iz), Jz>0.

™

In our analysis, we need the function

Vip,2) =/ e Qda = D (pv/z) = ——e ket (i04 V).,

. o2 —p%2 ip 104

where we used p = o4, with o1 defined in (3.2). Both o satisfy SoL < 0 (see also the third
line of (2.7)).
Next, we consider U (o4, z) defined in (3.3). We specify the role of the poles by writing

1 1
o, p) + ; =0z,
@iz N e e

where

(0. p) 1 1 1

o,p) = -

TP = \Vite?  Vitp?
1

_\/1—1—02\/1—1—/)2 (\/1+02+\/1+p2>.

4.2)
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Applying this to the function U (p, z) defined in (3.3) gives

* —z02 1
U(p,z):/_ooe ((02_p2)m+g(a,p)> do

1 oo
=—=V(p,2) +/ e‘”zg(a, p)do
\/ 1+ p2 —0o0
e 2 > 2
= —726in erfc (ipy/z) Jr/ e 7 g(o,p)do.
p

1—|—p —o0

The function g(o, p) is analytic for |o| < 1, thus, we can expand it as

1

VIHZ (14 VTH07)

4.3) 9(0,p) = 9(0,p) Y cx(p)o™,  9(0,p) = —
k=0

to obtain the asymptotic expansion

iy

U(p,z)w—p\/Tip —zp” erfe (ipv/z) + g(0 \/72 ,

where

di(p) = ck(p) (%)k, k=0,1,2,...

From the second line in (4.2) we see that the computation of the coefficients ¢, can be done
by multiplying the Maclaurin series of 1/v/1 + 02 and that of 1/ (\/1 +02++/1+ p2)
For large values of k, both coefficients of these expansions are of small algebraic order of &,
but the coefficients dj, = ¢y, (1 ), = el (k+ 1) /T (%) are of factorial order.

After these preparations, we obtain the asymptotic expansions for F* (x; o, 3, i1, §) de-
fined in (3.3):

Fi(x;CV»ﬁaljﬂ(s)
2
zZo M d
e +sin(v F 1) _ mie erfC(’LU:I:f +9(0 \/>Z kai
471' lJrP k=0

Let us simplify a few of the expressions. We have (see equations (3.4) and(4.3))

sin(v F7) _ sin(v ¥ 7) .
p/1+p2  —isin(5(vF7))cos (3(vF7)) ’
sin(v F 7)

sin(v F7)g(0,04) = —

cos(A(wF 7)) (1+cos(3(vF1)))
_i;(é((vi ))) — 2tan (AwF 7).
z(0% — 02) = —2awsin(v) sin(r) = —274.

In summary, we have the following theorem. The parameters v, 7, o0+, and z are given
in (3.4).
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THEOREM 4.1. The functions F'* (z; a, B, p, &) composing the normal inverse Gaussian
cumulative distribution F (x; o, B, p, §) as written in (3.3) of Theorem 3.1 have the asymptotic
expansions

FE(z;a, 8, 1,6) ~ ezf (27re’z":2terfc (icsv/z) —2tan (2 (v F 1) \/>Z di( Ui
k=0
or
Ft(z;a,B,p1,8) ~ serfe(Cy) — € o1 a0 (Qi\(/ug 2) i dki?r),
(@4) > tan (3 (v —lli:TO)) . di(0-)
F™ (w50, B, 1,0) ~ g~ Werfe((-) — ¥ —— s kzzo e
where
(4 =io1y/z=sin (;(u - T)) Vz = sign(zo — z)v/aw — BE — 70,
(4.5)

¢ —io \7=sn (; + T>> Vi = Jaw —FET S,

The expansions are valid for large values of z and |oy| < %

For the complementary function G(z; «, 8, i, §) defined in (1.1) we have the next corol-
lary:

COROLLARY 4.2. The asymptotic expansion of the function G(x; «, B, i, ) follows from

G(x7a7ﬁ7u76> = G+(:E;a767ﬂa5) - F_(.’L';O[,B,[,L7(S)

with

o2 tan (v—r) di(o
G* (w50, B, 1, 8) ~ Serfe(—Cy) + Z Hos)

We make a few observations.

1. The square root forms of (1 in (4.5) follow from the relations in (3.4). The expression
aw — € —~6 for (4 is a convex function of & with a double zero at &y, the transition
point. This follows from calculating the first terms in the Taylor expansion of (; as a
function of £ at &g.

2. The argument (4 of erfc({, ) in the first line of (4.4) vanishes when v = 7, that is,
when & = z; see the earlier discussion at equation (2.6). In the first paragraph of
Section 3 we assumed that v > 7 (or x < x() since we have started with (2.4). This
corresponds to ¢ > 01in erfc((4).

3. However, erfc((,) allows us to take v < 7 (or & > ), and the transition from
v > 7tov < 7in erfc((1) is smooth and analytic. In addition, other elements
in the series expansion of the function F'*(z; i, 3, ,u, 0) remain well-defined, and
F*(z;a, 8,1, 6) changes from values smaller than 1 5 (@ < g or v > 7) to values
larger than § (z > zg or v < 7).

4. When v < 7 we can repeat the analysis with the representation of the complementary
function G(z; «, 8, p, 8), starting with the first line of (2.3). The result will be the
same as in Corollary 4.2.
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0.06 -

0.6+

FIG. 4.1. Graphs obtained using the asymptotic approximations, fora = 8, p = 3,6 = 2,0 < x < 20, and
three values of B: left 3 = —4, middle B = 2, right B = 7.5. In the left figure we display graphs of the function
F(z;a, B, 1, ), in the right one we display F~ (z; o, B, w, 8) for the same parameters.

5. A notable point is that the asymptotic approximations can be used for negative values
of & = x — p, while the starting representation in (2.1) is only valid for £ > 0. For
& < 0, see also the representation in (1.4).

The first coefficients dy (o1 ) are given by

2
o) =1 di(os) =~ dalos) = 2Rl
ds(0s) = — 15(5w3 + 20w? + 29w + 16)
128(w + 1)3 ’
105(35w* + 175w® + 345w? + 325w + 128)
dy(0s) = .

2048(w + 1)*

Here, w = /1 + 0. Hence, w = cos (3 (v F 7)). In Appendix A we describe a recursive
method for the symbolic evaluation of these coefficients, together with a short Maple code.

In Figure 4.1 we display graphs obtained using the asymptotic approximations in (4.4),
forao =8, u=3,0 =2,0 <z < 20, and three values of 3: left 5 = —4, middle 8 = 2, right
B = 7.5. In the figure on the left, we see three graphs of the function F'(z; «, 3, i1, 6), and on
the right, we see three graphs of F'~ (z; a, 3, i1, §) for the same parameters. We observe that
the main contributions come from F'*(z; c, 3, i1, &), but for the numerical computations those
of I~ (z; v, B, i, §) cannot be neglected.

The corresponding transition values xg, the function values of F'(xq; 8, 3, 3,2), and the
values of the large parameter z = 2w are given in Table 4. In addition, we display the absolute
errors in the computation of the asymptotic expansions relative to more accurate computations
of the function F'. The computations of the asymptotic approximations are performed with
Maple, Digits = 8, with terms up to and including £ = 5 in the asymptotic expansions in (4.4).
The given absolute errors illustrate the quality of the asymptotic approximation with only 6
terms. In a future paper, we plan to perform more extensive tests to assess the accuracy of the
asymptotic expansions for different regions of the parameters.
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TABLE 4.1
For the values of 3 used in Figure 4.1, we give the transition values x, the function values F (zo; a, B, i1, 6)
fora =8, =3, 0 =2, the large parameter z = 2aw, and the absolute errors in the values of the F'-function for
these parameters.
B To F z absolute errors
—4.0 1.845299462 0.473833601 36.95041722 3.1x107%
2.0  3.516397780 0.512385772 33.04945788 1.7 x 10799

7.5 8.388159062 0.575900502 91.95791466 4.7 x 1010

Acknowledgements. The author thanks the reviewers for their constructive comments
and helpful suggestions. One reviewer verified the paper in detail, noted in particular that the
transition value x( coincides with the mean of the normal Gaussian distribution (see (2.6)),
noted the typo in the first line of (2.4), and provided absolute errors for Table 4. The other
reviewer suggested, among other things, including a Maple code for the coefficients dy(p)
of the asymptotic expansions (see the new appendix) and provided a 31-page transcript of a
ChatGPT session showing the verification of all steps in the paper, including transformations
of variables, shifts of integration paths into the complex plane across the poles, and so on.

The author thanks Amparo Gil, Guillermo Navas-Palencia, and Javier Segura for their
advice at the start of this project. The author acknowledges financial support from the project
PID2021- 127252NB-100 funded by MCIN/AEI/10.13039/501100011033/ FEDER, UE.

Appendix A. We can obtain the coefficients c;, of the expansion (4.3) of the function
g(o, p) given in (4.2) using Maple’s procedure faylor. To state an algorithm without this
procedure and without Maple’s procedure pochhammer, we use a recursive method for the
symbolic evaluation of the coefficients c. Finally, we provide a Maple procedure dkproc for
this method. A similar code can be written for the evaluation of the coefficients u (p) of the
Maclaurin series in (4.1).

We use the second line of equation (4.2) and write the expansion in (4.3) in the form

—g(0, p) (w(l +0?) + w1+ 02> ch(p)a% =1, w=+/1+p?
k=0

or
—9(0,p) > br(p)o™ > erl(p)o® =1,
k=0 k=0
where
_1
c=1, b=wt+w’ b =w+iw’, b =w2(—1)k( kz,)k7 k> 2.

The next step is to multiply the two series:

0 k

—9(0,0) Y an(p)oa®™ =1, ar, = bi(p)er—;(p)-
k=0 j=0

All coefficients a (p) should vanish, except ag(p) = bo(p)co(p), and by using (4.3) we obtain
the equation —g(0, p)bo(p)co(p) = 1, which yields ¢ (p) = 1. For the other ¢ (p), we obtain
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the recursive relation

1
ck(p) = — bj(p)ck*j(p% k=123,...
bo(p) <=

With these coefficients, we can obtain di(p) = (3), cx(p).

In the following Maple code, we describe an algorithm to compute dj(p).
restart;
dkproc:= proc(kmax, dk) local bk, ck, w, J, k, s, p;
# To compute d_k, see (4.24); dk is an output parameter.

bk[0]:= w+w"2; bk[1l]:= wtw"2/2; bk[2]:= -w"2/8;

ck[0]:= 1; dk[0]:= 1; ck[l]:= normal(-bk[1]/bk[0]);
p:= 1/2; dk[1l]:= p*ck[1l];

# = (1/2)_1; a Pochhammer value to start a recursion.

2
P (
for k from 2 to kmax do
# [k] is a binomial coefficient, generated by recursion.
+1]1:= —(k-1/2) *bk[k]/ (k+1);

for j from 1 to k do s:= normal(s + bk[j]*ck[k-7j]) od;
cklk]:= normal (-s/bk[0]); p:= px(k-1/2);
#This makes p = (1/2)_k;
dk[k]:= p*xckl[k];
od;
kmax
end;
# For example:
kmax:= 5; dkproc (kmax, dk);
for k from 0 to kmax do print(k,dk[k]) od;
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