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THE NEUMANN BOUNDARY CONDITION FOR THE TWO-DIMENSIONAL
LAX-WENDROFF SCHEME. II*
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Abstract. We study the stability of a two-dimensional Lax-Wendroff scheme in a quarter-plane. Following our
previous work in [Commun. Math. Sci., 21 (2023), pp. 2051-2082], we aim here at adapting the energy method in
order to study second-order extrapolation boundary conditions. We first show, based on the one-dimensional problem,
why modifying the energy is a necessity in order to obtain stability estimates. We then study the two-dimensional
case and propose a modified energy as well as second-order extrapolation boundary and corner conditions in order to
maintain second-order accuracy and stability of the whole scheme, including near the corner.
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Notation. For d a positive integer and 7 C 72, we let (2 (J;R) denote the Hilbert space
of real-valued, square integrable sequences indexed by J and equipped with the norm

Vue A(TR), ulbay, = ud
JjeT

The corresponding scalar product is denoted ( ; )2(7). Below, we mainly focus on the case
d = 2, but we shall also encounter the case d = 1.

1. Introduction. This article is a follow-up of our previous work [1], where we have
studied the so-called Lax-Wendroff scheme with a stabilizer in two space dimensions. This
scheme was proposed in [8] to approximate solutions to symmetric hyperbolic systems.
Previous stability studies for this scheme were based on Fourier analysis and therefore dealt
with problems that were defined on the whole space or that considered periodic boundary
conditions. In [1], we have shown that the energy method is a successful technique for dealing
with ¢2-stability of the Lax-Wendroff scheme in two space dimensions. The energy method
bypasses Fourier analysis and is therefore interesting if one wishes to deal with problems
with boundary conditions. In [1], we were able to recover the optimal stability criterion in the
whole space (the so-called Courant-Friedrichs-Lewy condition) and also to study first-order
extrapolation boundary conditions for an outflow in the half-plane and in the quarter-plane.
For the latter case, the analysis requires specifying an extrapolation condition at the corner
which, up to our knowledge, was new.

Since the Lax-Wendroff scheme gives, at least formally, second-order approximations of
solutions to symmetric hyperbolic systems, first-order extrapolation at the boundary might
deteriorate the overall accuracy of the scheme. We thus aim here at studying second-order
extrapolation boundary conditions in the outflow case, that is, when the transport operator
does not come with any boundary condition in the continuous setting. As evidenced in the
one-dimensional case (see Section 2 below), the classical energy method does not predict
stability for second-order extrapolation, at least not in a straightforward way. Modifying the
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energy near the boundary is necessary to obtain stability estimates by energy arguments, and
this is probably one of the very first examples of discrete summation by parts operators (see,
e.g., [9, 10, 11] and subsequent works). Let us note that stability estimates for any order
of extrapolation at the boundary could also be derived through the more complete, though
elaborate, GKS analysis (see, e.g., [5, 6]), but we wish to bypass this theory in order, for
instance, to cover problems in a quarter-plane for which an analogous theory is still lacking.
Our goal here is therefore to extend the procedure of devising a suitable energy functional
for the Lax-Wendroff scheme to second-order extrapolation boundary conditions in two
space dimensions. This is, to some extent, a prototype example for a “high-order” boundary
treatment in several space dimensions with a corner in the space domain, and we shall already
see that the algebra becomes rather involved.

The plan of the article is as follows: In Section 2, we introduce and quickly analyze a
one-dimensional problem in order to motivate the necessity of modifying the energy functional
to deal with second-order extrapolation. Section 3 is the core of this article. We introduce the
two-dimensional Lax-Wendroff scheme and the associated extrapolation conditions in a quarter-
plane. We then state and prove our main result, namely Theorem 3.1 below. The general
methodology is the same as in [1], so we shall feel free at some places to shorten the details
and to refer to this companion article. At last, Section 4 includes some numerical simulations
and a discussion illustrating the theoretical result and more specifically the assumptions made
to obtain such a result.

2. The one-dimensional problem. In this section, being mostly a presentation of a
motivating example, we feel free not to make the functional framework precise and keep the
calculations at a rather formal level. We consider the outgoing transport equation in one space
dimension:

du+adu=0, t>0,2>0,
2.1

u|t:0 = Uy,

where a is a fixed negative number, which explains why we do not consider any boundary
condition on {z = 0}. The unknown function w in (2.1) is assumed to be real-valued.
We consider a space step size Az > 0 and a time step size At > 0; we then denote by
A := At/Ax the so-called Courant-Friedrichs-Lewy (CFL in what follows) number. We then
approximate the solution to (2.1) by the Lax-Wendroff scheme

Aa (\a)?

Q2 it =) — S (uf —ul ) 5

i (ujp1 — 2uj +uf_y), neN, jeN,

with the initial condition

' 0 1 (G+1)Az
Vj eN, uj 1= E/‘A uo(y) dy.
jAzx

In equation (2.2), u} is meant to be an approximation of the solution u to (2.1) in the cell
[n At, (n+ 1) At) x [j Az, (§ + 1) Az) for any (n, j) € N x N. The iteration (2.2) requires
knowledge of u™; in order to determine uj''. Below, for n € N, the cell
[nAt, (n 4+ 1) At) x (—Az, 0) that corresponds to the index j = —1 is referred to as
a ghost cell since it lies outside of the physical domain R;. We consider here a second-order
extrapolation procedure in order to maintain, at least formally, second-order accuracy of the
whole numerical procedure up to the boundary:

(2.3) uy =2ug —uf, neN.
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The scheme (2.2), (2.3) then determines the sequence (U?)jeN inductively with respect to n.
Multiplying the interior equation of (2.1) by u and integrating with respect to x over RT,

we obtain the energy inequality

d

2.4 —
2.4) .

u(t,z)?dz = au(t,0)* <0.
We aim here at understanding whether the numerical scheme (2.2), (2.3) satisfies an analogous
energy balance law at the discrete level. The calculations below can already be found in [3],
but we reproduce them briefly for the sake of completeness.

We start from the following decomposition, which is a direct consequence' of (2.2):

(Aa)*(1 - (Aa)?)
4

n n n,n
+ Aa (uf_juf —ujuj )

VieN, (ufth)? - (uf)’ = -

j J (U?H - 2“? + u?—l)z

+ RO ()2~ 2()? + (u,1)?)

(Aa)? ((un

§ =) = ().

2
The first term on the right-hand side corresponds to the dissipation of the Lax-Wendroff
scheme while the second, third, and fourth lines are telescopic with respect to j (they would
not contribute if we would sum over Z). We now sum with respect to j € N and then use the
boundary condition (2.3) to obtain

Vn € N, Z(U?H)Z - Z(U?)Z

JEN jEN
Aa)?(1 — (Ma)? " n o n
(2.5) = —M D (ufy = 2uf +up )
jEN
Aa —1 14 Aa

2
—(uf)? + =2 (g — da (ul —up))

We assume that the space and time step sizes are chosen in such a way that the stability
condition A|a| € (0, 1) holds, and we recall that a is negative. In this case, the right-hand side
in (2.5) first incorporates a non-positive term that corresponds to the interior dissipation of the
Lax-Wendroff scheme. It also incorporates, in the second line on the right-hand side of (2.5),
a boundary term that is a quadratic form with respect to (u}, u}). This boundary term mimics
the right-hand side of (2.4) since the discrete normal derivative 4} — ug is meant to be small
for smooth solutions and u{} is meant to be close to u(n At, 0).

Unfortunately, the above quadratic form on the right-hand side of (2.5) is not negative
definite since Aa — 1 is negative but 1 4+ Aa is positive. The energy argument thus does not
predict stability, at least not in this straightforward way. However, it can easily be modified
to obtain a positive conclusion to the stability problem of the scheme (2.2), (2.3). The idea,
following [10] and many subsequent works, is to modify the energy functional close to the
numerical boundary. Namely, a direct adaptation of the above energy argument gives the
identity

SO S ) — )’

J=21 Jj=1

Such decompositions that incorporate dissipation and telescopic terms are derived and used in a systematic way
in [2], to which we refer for more details.
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()\a)2(1 — ()\G)Q) n n n
Jj=1
Aa Aa 2
+ S () + 5 (uf = dalu} — )
2 2
where the interior dissipation term is unchanged but the boundary term is now a negative
definite quadratic form of (uf, u7) since a is negative and A is a positive number. In particular,
under the Courant-Friedrichs-Lewy condition [4] (later on referred to as the CFL condition),

Alal € (0,1), the energy

1
S ) + > ()2
j=1
is non-increasing with respect to the time index n for any solution to (2.2), (2.3) with square
integrable initial condition. The note [3] explains where the 1/2 coefficient comes from (other
coefficients close to 1/2 could be chosen).

Below, we aim at extending such a modified energy technique to the two-dimensional case
with second-order extrapolation conditions, which would be an extension of (2.3). In [1], we
have considered first the half-plane geometry and then the quarter-plane in order to present the
associated algebra with slowly increasing difficulty. Since our main motivation is to investigate
boundary conditions in regions with corners, we only deal here with the quarter-plane and
leave the case of the half-plane to the interested reader.

3. The two-dimensional problem.

3.1. The main result. We consider from now on the two-dimensional transport equation
in the quarter-plane R™ x R™T:

G {8tu+a8xu—|—b8yu20, t>0,(z,y) € RT x RT,

U,y = U0,

where a, b are some given real negative numbers. The initial condition ug in (3.1) belongs to
the Lebesgue space L2(R™ x RT;R). Below, we consider a finite difference approximation
of (3.1), which is defined as follows: Given some space step sizes Az, Ay > 0 in each
spatial direction and given a time step size At > 0, we introduce the ratios A := At/Ax and
p = At/Ay. In all what follows, the ratios A and x are assumed to be fixed, meaning that
they are given a priori of the computations and are meant to be tuned in order to satisfy some
stability requirements (the CFL condition). The solution u to (3.1) is then approximated on
the time-space domain [n At, (n + 1) At) x [j Az, (j + 1) Az) x [k Ay, (k+ 1) Ay) by a
real number v}, forany n € Nand (j, k) € N2. The discrete initial condition u° is defined,
for instance, by taking the piecewise constant projection of ug in (3.1) on each cell, that is
(see [71),

GB) ) o 1 (G+DHAz p(k+1)Ay
iR e, W= [
ok AzAy Az k

This discrete initial condition satisfies

Z AzAy (uf 1)? < [Juol|72 @+ xmt):
(4,k)eN?

uo(z,y) dedy.
Ay

k)

It then remains to determine the U?k
scheme with a stabilizer reads (see [8])

s inductively with respect to n. The Lax-Wendroff
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Aa b
+1 _
wik = e = 5 (W = wioak) = 5 (Wi — i)
T (e = 2075+ ufogp) + 5 (U yr = 205+ uly_y)
Aapub
(3.2) + T(U?H,kﬂ —UTLg g1 — UG g T U?A,kq)

n n
3 Ujhy k1 — 2Ujq1 T Uy 1

(M)’ + (ub)Q( n
— 2U§L’k+1 + 4u‘;b,k — 2U;~L’k71
Ul g1 — 22Ut U?—1,k—1)7

where (7, k) belongs to N2. We refer to [7, 8] for alternative approximations of (3.1).

Since the computation of uﬁrl requires knowledge of all closest neighboring cell values
Uty i gy With J' k" € {—1,0,1}, we need to prescribe the values of the discrete solution
u" in the ghost cells, which correspond to the values u”™; , and uj _,, with £ € N, and to the
value u”; _. These ghost cells are depicted in red and gr’een in Fi’gure 3.1. The interior cells
are depicted in blue.

2y
L e e e e e e e e S E i B E i R |
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| I I I I I I I I I I I I I
e e e e T s e e R
I I I I I I I I I I I I I
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kAy I I I I I I I I I I 1 J’kl 1
! . G R e e R e e R R e o |
| I I I I I 1 1 1 1 1 1 1 1
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| I I I I I I I I I I I I I
| I I I I I I I I I I I I I
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| I I I I I I I I I I I I I
| I I I I I I I I I I I I I
| I I | I | I | I | I I | I
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\Ay 1 1 1 1 1 1 1 1 1 1 1 1 1
I———9———L———I———L———I———J———I———-l———l-———l———L———I———L———I
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FIG. 3.1. The spatial grid for the quarter-plane. Interior cells appear in blue, the boundary ghost cells appear
in red, and the corner ghost cell appears in green. The value u;l i corresponds to the approximation in the cell

[nAt, (n 4+ 1)At) X [jAz, (j + 1)Az) X [kAy, (k + 1)Ay).

Extending the above one-dimensional analysis, we will impose second-order extrapolation
boundary conditions

(3.3a) VneN, VkeN, o, =2uf, —uj,,
(3.3b) VneN,VjeN, wu}_;=2uj,—u},

in conjunction with the numerical scheme (3.2) for (j, k) € N? (that is, for interior values). It
remains to define the corner cell value u™, _;. Following [1] and trying, as in (3.3), to have a
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symmetric treatment of both coordinates, we shall impose here the following procedure:
3.4 vneN, uly _; =duge—2uiy—2uyq +ui;.

Using (3.3), this equivalently amounts to having

1 1
B (u?,—l —2ug_; + ur—ll,—l) + 5 (Uﬁm —2uly 5+ UE1,—1> =0.
The equations (3.2), (3.3), (3.4) then define the sequence (u? 1) G.kyenz inductively with
respectton € N.

Our main result in this article is a stability estimate for solutions to (3.2), (3.3), (3.4).
For u € ((N?;R), the standard norm is the one defined in the introduction of this article.
However, it will be useful below to rely on the following equivalent norm

1 1 1
(3.5) lull® := Y why 5 D ude 5 Y it b0
J,k>1 k>1 j>1

which is a two-dimensional analogue of the norm that we have shown to be useful in one
space dimension (see Section 2). The corresponding scalar product is denoted { ; ) without
referring to the space domain since it will be the underlying norm that we shall use from now
on. Our main result is the following:

THEOREM 3.1. Let M > Q. Let the transport coefficients a, b be negative, and let the
associated CFL parameters )\, |1 satisfy’:

(3.6) Aa| < Mplb| and  plb| < MXa.

There exists some constant € > 0 that only depends on M, and there exists a numerical
constant® ¢ > 0 such that, if A, p also satisfy

(Aa)® + (ub)? <,

then for any u° € (?(N?;R), the solution to the numerical scheme (3.2), (3.3), (3.4) satisfies
the energy estimate

[l 2 = flu[? + e(ha)® D (ufy g — 20 + Uy )

j,k>1
+ c(ub)? Z (uf 1 — 205, + uf o ir)?
Jk>1
+eXal Y (ug )? + cplb] Y (ufo)® < 0.
k>0 >0

2 A careful reading of the proof below shows that instead of (3.6) one could assume the following bounds:
Mal < Mplel  and  plb| < M’lal,

with M # M'. We could thus obtain a non-symmetric set (with respect to the first bisector) of admissible CFL
parameters. The maximal radius € would depend on both M and M’. We choose to expose the proof for M = M’
for the sake of simplicity.

3We shall see for instance that ¢ = 1/10 is a suitable value, but we have not tried to optimize the constant ¢
(or €).


http://etna.ricam.oeaw.ac.at
http://www.kent.edu
http://www.ricam.oeaw.ac.at

ETNA

Kent State University and
Johann Radon Institute (RICAM)

326 A. BENOIT AND J.-F. COULOMBEL

NG

ol = M

= M|a|A

1 >
7 la| A

F1G. 3.2. An illustration of admissible CFL parameters. The red area corresponds to the CFL parameters
for which Theorem 3.1 holds and the blue one to the optimal set of parameters (for which stability for the Cauchy
problem holds).

Figure 3.2 illustrates the set of CFL parameters for which we obtain stability of the
Lax-Wendroff scheme with second-order boundary and corner extrapolation.

We remark that compared to [1], where we recovered the optimal set of parameters
(la]A) + (|b|p)? < 3 for the Cauchy problem and for first-order extrapolation at the boundary,
we now have some restrictions on the CFL parameters. These restrictions are of two types:

e A restriction of the maximal radius of the ball (the CFL parameters should be “small
enough”).
e A restriction to a neighborhood of the first bisector (the CFL parameters should be
“comparable”).
These two restrictions are made in order to handle the much more involved algebra compared
to [1]. We do not claim that such restrictions are mandatory, and maybe the energy method
could be further refined in order to recover the maximal set of CFL parameters. Let us,
however, indicate that, in our opinion, these restrictions are a small price to pay. Indeed,
reducing the maximal radius is not so restrictive, and the second restriction (making the two
ratios comparable) is rather natural from a practical point of view.

3.2. Notation. We follow the notation from [1] and decompose the quantity u;‘zl in (3.2)
into three pieces:

: 2 n+l __
V(5 k) € N°, uly =ujy — Wi + v,
where v}') and w}, are defined by

A b
(B7a)  wfy = —f(U?ﬂ,k - “;'L—Uc) - %(U?,kﬂ - u?,k—l)7
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(Ma)? (ub)?
wig = = (W = 20+ 0y k) = 5 (W — 20+ uf)
Auab
(3.7b) - T(u?+1,k+1 — Uy e — U F U )

N (Aa)® + (ub)2< "

n n
3 Uiyl k+1 — 2uj+1,k T U 1

n n n
— 2uj,k+1 + 4uj,k: — 2uj,k)71
n n n
FUj_g gy — 22U T Uj—l,k—l)-

We also use the shorthand notation « := Aa and 8 := ub. Both « and [ are negative real
numbers.

The energy method in [1] relies on symmetry or skew-symmetry properties of several finite
difference operators. We thus introduce the following discrete first-order partial derivatives
and Laplacians:

(D14U)jk = Ujsrk = Uiy (D1, Uk i=Ujp = Ujr ks

)

(D2,4+U)jk := Ujs1 — Ujp, (Do, ~U)jk = Ujp — Uj jo—1,

D Dy _ D Doy _
Dy Dt D Dy = 22t T 22
2 2
Al = 1)17_;'_D17_7 AQ = D27+D2,_.

In order to keep the notation as simple as possible, we write below D; u;  rather than
(D1,4+u); % and analogously for other operators. All above operators commute. Moreover, the
definitions allow us to rewrite (3.7) as

(3.82) v" = —aDgu™ — D; gu",

2 2 2 2
(38b) w" = —%Aﬂl” — %AQUTL - Oé,BDLOD27QUn + %AlAgu".
Eventually, we follow the notation of [1] and use the discrete set of indices I := N2 for
the interior values of the numerical solution. It will be convenient below to use the notation
I := N* x N*. Eventually, we denote by J := ({—1} UN)2 the set of indices on which
each sequence u" is defined (including the indices that correspond to the ghost cells). The
underlying Hilbert space that corresponds to the norm in (3.5) is the following set:

H := {u € Ez(J;R) | VEeN, u_q,=2ugk— Uk,
Vj eN, Uj—1 = 2’11,]‘7() — Uj.1,

and U_1,-1 = 4U070 — 2’&1)0 - 2“0,1 + uLl}.

When equipped with the norm defined in (3.5), Hl becomes a Hilbert space, and the question
we address in this article is mainly about understanding whether the numerical scheme defined
by (3.2) in I, with «™ € H for any n € N, yields a bounded sequence in H. Let us observe that
the sequences v™ and w™ in (3.8) are only defined on I and do not belong to H. Nevertheless,
we sometimes consider the norm in (3.5) and its associated scalar product as acting on elements
of H or on elements of £2(I; R) (see for instance Lemma 3.2 below) since the norm in (3.5)
only involves those indices in I and do not involve the values in the ghost cells. We hope that
this slight abuse will not create any confusion.
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3.3. Preliminary calculations. The decomposition of u™*! gives the expression
B9 TP = flut = 20" 0") = 2" w™) + [P = 2(u; ") + w2

Below, the first two terms on the right-hand side are referred to as the skew-symmetric terms
since they would not contribute on Z? (see [1]). The three other terms on the right-hand side are
referred to as the symmetric terms. They provide the interior dissipation of the Lax-Wendroff
scheme and will also give contributions both on the boundaries and at the corner.

We start with the expression of the two skew-symmetric terms.

LEMMA 3.2. Let a,b < 0 so that o, B < 0. Let u™ € H, and let the sequences v™, w" be
defined on the set of interior indices 1 by (3.8). Then there holds

G100 20" = ol Y0 - 181 ()~ A g2

k>1 j>1

|82 n o?|B| n
T > (Aguy)? + I > (Agufy)?
E>1 i>1
—®IB>_ Daoug p Dy yug — alB* > DioufoDa,yuly

k>1 i>1

a2 + 52 N
— la] = D (D14 D)
k>1

0[2 + 52 n
(3.10b) — 1Bl—— > (D14 Dy qufy)?

Jj=1

a? + 2
+ |5 T Z Da gug f, D1+ Agug g,

k>1
+ |of a Iﬁ2 ZDl ouf o Do Ajufy
jz1
O Dy s )2 = L5 (D g2
~ (ol +18) 2 (D1 4 Do)
Y g Lo
20 )+ 18) Dy iy Do i

Proof. (a) We start with the proof of (3.10a). We first use definition (3.8a) and compute

2(u";v") = —2a(u™; Dy gu™) — 2B{(u"; Dy ou™),
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and we now calculate the first term on the right-hand side (the second one is analogous). An
important observation for what follows is that the boundary condition (3.3b) gives

uf p —uly g
n ) ) n n n
vn €N, Vk € N, Dl,ouo,k = — =ufp — Uy = D1,+u07k,

and, symmetrically,
VneN,VjeN, Dyouly= D ujy.

We thus have (see (3.5) for the norm in H and its associated scalar product)

2(u"; Dy ou™) = Z ul (Ui, —uj_qg ) + Zugk(u?k —ug k)
SE>1 K1

1 1
n n n n n n
+ B E ulo(ulig 0 —uj_q0)+ 5“0,0(“1,0 —Ugo)
j=>1

n n n n n
- E Uy Ug T E ug (Ul ) — ug g

k>1 k>1

1
n n n n n
~ 5%1,0%,0 + 5“0,0(“1,0 —ugp)

= )~ ()

E>1
Here we have used that the sums with respect to the first index j are telescopic. Expres-
sion (3.10a) follows because « and [ are negative.
(b) We now turn to the proof of (3.10b). We start from the definitions (3.8) and compute

—2(u™w™) = —a®(Dy gu™; Ayu") — B*(Dggu™; Agu™)
— 20 B(D1 gu™; D1,9Dagu™) — 2a3%(Da gu™; D19 D2 ou™)
(3.11) — o?B(A U™ Dy ou™) — af?(Aqu™; Dy pu™)

a2+62

M

<OéD170un + 6D270u"; Aq AgU”).

We then compute each line on the right-hand side of (3.11) separately, and, eventually, we
combine them.

Observing that (3.3b) gives Alu&k =0forany k € N, we write A; = D; ; — Dy _
and recall the relation Dy, = (D1 4+ + D1,—)/2. We thus find

1
<D1,0u”; Alu"> = E DLOu?’kAluzk + 5 E D170u?70A1u?70
J,k>1 j>1

1 n n
= 3 E (D17+Uj,k)2 - (Dl,—“j,k)Q
J,k>1

1
+ 4 Z(D1,+u?,o)2 - (Dl,fuy,o)2

jz1

1 1 K
=3 > (D qug,)? - Z(D1,+“5,0)2’
k>1
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and similarly for the scalar product (D3 ou™; Aqu™). We thus have

—a®(Dy pu™; Aqu™)—B*(Dg gu™; Agu™)

|a|3 n \2 |B|3 n \2
(3.12) = =5 D (Diqugy)® = 5= D (D2 yufy)
k>1 Jj=21
jaf? n 18 n
T (D1+ugg)? — 1 (D2,+Uo,o)2~

These terms give the first and ninth lines on the right-hand side of (3.10b).

We now turn to the second line on the right-hand side of (3.11). We first observe that
the extrapolation condition (3.4) gives the relation Dy 0Dz gug o = D1,+ D2 1 ug o. Using the
extrapolation conditions (3.3) and the definition of the operator Dy ., we therefore compute

1

<D170u”; D1,0D2,Oun> = 5 E (D170u?7kD170u?7k+1 — D170U?7kD170U?7k_1)
Jik>1

1 D Dy oD "

+§§ 1,0U5 001,002, 4 Uj 0
j>1

+1 (D 0D o - D 0D S )
1 1,+Up kY1,+Ug k+1 1,+Ug,kV1,+ U0 k—1
E>1

1
+ g P14uo,0 D1+ D21 ug o

1 1
3 Z Dl,OuZODLOuZI + 5 Z D170U20D2,+D1,0u?,0

j=1 j>1
1 1
= 7 Pusuc oD ug s + 3 D1ug o D2 Divug o
1 1
-3 > (Droujo)® — 1(D1,+U6’,o)2.

Jj=1

We then use the following formula that is valid for any ¢?-sequence on N (see [1, Lemma 3.2]
for a similar computation):

1 1 1
(3.13) > (D1 oU;)? + 1 > (M) = 5 > (D14 Uj)? + 5 > (D) _U;)?

Jj21 Jj=21 Jj=1 Jj=1

1
=) (D14U;)* + §(D1,+U0)2~
j>1

We thus get

1 1 1
{D1ou"; DioD2ou”) = —5 > (Dyyufo)® + 3 > (Agufo) - §(D1,+u3,o)2,
j=1 j>1

with, of course, a similar expression for the other scalar product in the second line of (3.11).
Summarizing, we have obtained the expression
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—2a3%(Da,gu™; D10 D2 ou™)—2a”B{D1 gu™; D1 9Da ou™)
=~ [alB* Y (Do, 1ui1)? = (B D (Dr pufy)?

k>1 i>1

o] 8 a?|] n
(3.14) + 2 (Bougy)? + == D (Avufy)?
E>1 j>1
—|alB*(D2,4u5 0)* = o®[BI(D1,+ug )
These terms contribute to the second line and give the third line of (3.10b). They will also
contribute to the eleventh line of (3.10b).

We now turn to the third line on the right-hand side of (3.11). Recalling that Ajug ,
vanishes for any k£ € N (see (3.3b)), we have

1
<A1u"; D270u”> = Z Alquszuzk + 5 Z Alu;0D27+uZO,
Jk=>1 j>1
and we now use the discrete integration by parts formula,
(3.15) D (AU == (D1 U;)D1 4 Vi — (D14 U)W,
Jj=1 Jj=1
which yields

n., n — n n n n
(Aju"; Do pu™) = — E Dy 1} D1 Do ouf ), — E D1 ug p D2ouf
JE>1 k>1

1 1
E n n n n
— 5 D17+Uj70D1,+D27+’LLj,0 — §D1,+U070D2,+u170.
Jj=1

The first sum on the right-hand side is telescopic with respect to k, and it partially simplifies
with the third term on the right-hand side (the sum with respect to the index j only). We get

1 1
9 P 2 9 P
{Aru™; Daou™) = 3 > (Dyyulfo)® = Dy yug Do ully, — 5 D14+up,0 D2 +u1 0

ji>1 k>1

1
3 Z(D1,+U?,0)2

Jj=z1

=Y DigugDaoug = > Dyl DaoDi rugy,
E>1 E>1

1 1
- §Dl,+ug,oD2,+D1,+U3,o - §D1,+U6L70D2,+U3,o

1
=3 D (D1 o)’ = Dy jug  Daoug
i>1 E>1
1 n \2 1 n n
+ §(D1,+Uo,o) - §D1,+UO,OD2,+U0,0'

Summing with the analogous term in the third line of (3.11), this gives the contribution

—Ck2ﬂ<A1’U,n; DQ’OUH> — O[ﬁ2 <A2'LLn, D1’0Un>
o’|B| n || 52 n
= Z(D1,+uj,o)2 Ty Z(D2,+U0,k)2

2 4
ji>1 k>1
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(3.16) —a®|B Y Daoug p Dirugy, — al6® Y DyoufoDe vufy
k>1 j>1
OK2|B| n \2 IO&|B2 n \2
+ 9 (D1,+ug o)™ + 9 (D2, +ug )
o] |B]
- ?(‘04 +181) D1, +ug o D2, yug o

These terms give the final contribution in the second line of (3.10b). They also give the
fourth line of (3.10b). Finally, these terms also give the final contribution in the eleventh line
of (3.10b) and give the twelfth line of (3.10b).

‘We now turn to the fourth and last line on the right-hand side of (3.11). We first observe
that the boundary conditions (3.3) and (3.4) imply that the quantity AlAguZ , vanishes
whenever j or k (or both) is zero. In particular, (3.3) and (3.4) imply AlAgu&O = 0. We thus
have

n, n\ __ E n n
<D1’0’U, ,AlAQ’U, > = Dl’ouj’kAlAzuj’k,
Jik>1

and we then perform a discrete integration by parts with respect to & (see (3.15)) to get

<D170u"; A1A2un> = — E D1’0D2’+UZkA1D2’+u?’k - E D1,0u21A1D2,+uZO

Jk>1 i>1
1
o n \2 n n
= 55 (D14 Ds,qug ) = Diouf 1 A1 Ds, ol
k>1 j>1

1 n
=3 > (D14 Ds juf )

E>1
— Y D1oDajuf oAy Dy yufo — Y DigufoAr Dy uf
i>1 i>1
S DD )P + (D Da s )?
=35 1+ 2,4+ uq g +2 1,+D2,+ug o
E>1
— E DLOU?’OAlDQ’_A'_'LLZO.
j>1

We thus get the final contribution

a? + 32
4

<aD1)0u"+BD27Ou"; Aq Agu”>

042 +,82 "
= —fal = Y (D1 Dasuf )
k>1

a? + 32

(3.17) — 18] D (D14 Dy ulty)?

Jj=1

n n
E Dl,Ouj,oA1D2,+Uj,o

Jj=1

E D2,0“6L,kA2D1,+ug,k
k>1

a? + 32

+a

a? + 32

+ 18]
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2 2
~(jal +18) 27
These terms give the fifth, sixth, seventh, and eighth lines of (3.10b) as well as the tenth line.
It now only remains to collect the contributions in (3.12), (3.14), (3.16), and (3.17) to obtain
the relation (3.10b). a

‘We now explain how to derive the expression of the first symmetric term in (3.9).

LEMMA 3.3. Let a,b < 0. Let u™ € H, and let the sequences v™,w" be defined on the
set of interior indices [ by (3.8). Then there holds

(D14 D2 1uf o).

2

2
n|2 _ n,,, n\ __ _& ni2 Lo =
||U || 2<u W >_ 4 HAlu ”42(]1) 4 |
o + 32 n
- T(HDL—D%—U 12,

|A2un”§2(ﬁ)
(0 + ||D1,—D2,+un|‘§2(ﬁ)
D14 D, 25, + 1D Do |2 )

a2 n \2 ﬁ2 n \2
Y Z(Aluj,o) ) Z(AQUO,k)

i>1 E>1
(3.18) —a®> ug Dy gy — B2 ufoDayul
k>1 Jj=1
(a® +5%)
i > (D11 Dy quf)?
i>1
(a® +5%)
OB S Dy D)
E>1
(@®+5%)
- > Dy juloDy Dy qul
i>1
2 2
a4+ p
- % > Dy juf Dy y Do uf,
E>1
2 2
a B
+laBl(w0)? = S Dy, sufo — uflo Do
2 2
a4+ p
- % (Ug,o + D1 tugo+ D2,+u3,o>D1,+D2,+Ug,o
3(a? + B?)
- T(D1,+D27+u6’,0)2,

where we recall the notation I = N* x N*.
Proof. We start from the definitions (3.8) and compute
o2 = 26w ") = a2 (1Dgou |2 + (u”s Avu®) ) + B2 (|| Daou” |2 + (u”; Agu™))
(3.19) + Qaﬂ(wl,ou"; Dy ou™) + (u™; D1,0D270u">>
B a? + B2
4

In order to simplify the first line on the right-hand side of (3.19), we use the telescopic formula

(see [1])

(u"; A1 Agqu™).
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(U1 — Up—1)?

1 +Ui(Ups1 —2Up + Ug—1)
Upp1 =20, +Up1)? 1 1
= U 220 U™ g, - up) - oz - vz,

We thus get

T 1 T 1
Z (Dl,Ouzk)Q + Z U}L,kAlujl,k = _Z”AIU L||?2(ﬁ) ) Z(U?k)Q - (Uél,k)Qa

Jik=1 Jik21 k=1

and we also get a similar expression on one side of the boundary (since the tangential index k
is a mere parameter in this calculation):

Z(Dl,ouj,o)Q + Zuj,OAluj,O =77 Z(Aluj,o)2 - 5(“1,0)2 + 5(“0,0)2~

Jj=1 Jj=1 Jj=1

Combining the previous two equalities and recalling that we have Ajug , = 0 forany k € N,
we get

n||2 n n 1 n|2 1 n \2
[Drou™ [P+ (us Aqu™) = =21 A" 3,5 — g D_ (Do)

j=1

1 n n n
3 Z(Dlﬁ-uo,k)Z — (uf ) + (ugp)”

E>1
1 n 1 n 1 n
+ Z( 1,+Uo,o)2 - 1(“1,0)2 + Z(Uo,o)2
1 n 1 n n n
= —EHAW H?Z(ﬁ) ) Z(Aluj,0)2 - Zuo,le,Jruo,k
j=1 k>1

n n
- §UO,OD1,+U0,0-

We thus obtain the expression of the first line on the right-hand side of (3.19):
o (I Dr.ou |2+ (u"s Avu™) ) + 62 (I Daou” |2 + u; Agu™))

a’ 2 ? 2
= _IHAlunH@(ﬁ) - I||A2un”¢2(ﬁ)

()(2 62
2 2
(3.20) Y E (Alu?,o) ) E (A2U'g,k)
§>1 k>1
2 n n 2 n n
—a E ug D1y ugy, — B E uj oDy ujg
k>1 Jj21
2 2
@ B
n n n n
- ?U0,0D1,+uo,o - ?U0,0D2,+U0,0-

These terms give the first, fourth, and fifth lines on the right-hand side of (3.18) as well as the
last two terms of the tenth line in (3.18).

We now turn to the second line on the right-hand side of the decomposition (3.19). We
use the telescopic formula

1
n n n n o __ n n n n
Dl,ouj7kD2,ouj,k + uj7kD170D2,0uj7k = 1D1,+D27+ (uj_Lk_luLk —+ uj_l,kuj7k_1),
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and thus obtain the relation

1
n n n n n n n n
E D1 ouj , D2oujy, +ujD1oDaouf, = —(ugout ; +ug uf )

4
J,k>1
as well as the relations*
1
n n n n . n n n n n n
E :DLOuj,oDZO“j,o +ujoD1oD20uj = *i(uo,oum +ug 1ut o) + ug eUt o
j>1
1
n n n n _— n n n n n n
E D1 oug ,D2,0ug i, + ug g D1,0D2,0ug y, = *§(U0,0U1,1 +ugut o) + ug g -
E>1

Adding the interior and boundary contributions together with the corner contribution at (0, 0),
we eventually get

(D1,0u™; Do ou™) + (u"; D1,9D2ou™)

1 1
= _E(Ug,ou?g +ugquig) + 5“8,0(“8,1 +uip)

1 1
+ 1D1,+U8,0D2,+U8,0 + Zug,0D1,+D2,+Ug,o
1

= 5(“3,0)2~
Recalling that both o and 3 are negative, we end up with
(3.21) 2a,8(<D1,ou"; Dy ou™) + (u™; Dl,ODQ,Oun>> = |aB(ugo)?,

and this gives the first term of the tenth line in (3.18).

It remains to examine the very last term on the right-hand side of (3.19). We first recall
that AlAgu'J’{ i vanishes whenever j or k is zero. This property has already been used in the
proof of Lemma 3.2. We thus have

(u™; A Agu™) = E uf  ArAgu .
Jk=>1

We now use twice (alternatively with respect to the second and first variables) the algebraic
relation

(3.22)
1 1
U(Vegr = 2Vo+Vioa) + i(Ul —Upi) (Ve — Vi) + Q(UZ—H —Up) (Vg1 — Vo)

1 1
= §(Uz+1 +Ue)(Veyr — Vi) — é(UZ +Ue—1)(Ve = Vie1),
which yields, using the fact that the right-hand side of (3.22) is telescopic,

n 1 1 n 1 kL
(" 81 8™y = 71Dy, Da g+ 7 IDs, D)+ 71D 4 Do gy

(I

4Here we use the boundary conditions (3.3).
SWe recall that the boundary conditions (3.3) and (3.4) yield D170u61’0 = D1,+u370, Dz,ou&O = D2,+u30
and D1,0D2,0ug o = D1,4+D2,+ug o
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1 ni|2 1 n n n
(3.23) + Z||D1,+D2,+U Hez(f[) 5 Z(Uj,o +ufy)A1 Dy yuf
i>1
1
+ 4 Z(szug,k + Do —ui ) D14+ D2 —ugy,
k>1

1
+t1 > (Do qugy, + Dy qull ) D1 Do ug .
k1

Let us look at the sums with respect to k arising in the last two lines on the right-hand side
of (3.23). From the definition D17+D27_u6l,k = Dgy_u?’k — D27_ug’k, we get

n n n
E (D2,—ug j, + D2 —uf ;) D1 + Do —ug y,
k>1

= Z(Dz,—uik)z — (D2, —ufy 1)
E>1

2
=Y (D14 Ds,—uf ) + 2Ds —ug D1 1 Ds, s,
k>1

2
= (D14 Do uy,)* +2Ds ug Di s Do yug .
k=0

The sum in the fourth line of (3.23) can be rewritten similarly (except for the very last manipu-
lation which was a shift on the index k), which yields the following equivalent expression for
the scalar product (u™; A Agu™):

n n 1 n 1 n 1 n
<u i A1Aqu > = ZHDL*DQ,*’U ||52(H) + ZHDL*DQWFU ”?2(]1) + ZHDLJrD?,*u ”?2(]1)
1 e 1 T ke
(3.24) + Z||D1,+D2,+U LH?a(f[) 35 Z(Ujl,o +ujy)A1D2 1 uf,
jz1

1 n n n
*3 > (D14 Do yug)* + Y Do yu Dy Do ug,
k>1 k>1
1

1
+ Z(D1,+D2,+U3,o)2 + 5 D245 0 D1+ D2 4 g o-

We now deal with the sum with respect to j in the second line of (3.24). We first decompose

n n n n n n n
Z(Uj,o +uj1)A1De ujy =2 Z uloA1 Dy puf + Z Dy uffgAr1Do yulfy

i>1 j>1 j>1

and then apply the integration by parts formula (3.22) to each of the two sums. After a few
manipulations, we obtain the expressions

E UZOA1D27+U?70 = — E D17+UZOD17+D27+U?70
Jj=21 21

n n n
— (ug o + D1,4+ug)D14 D2 yug
2
E D27+U;OA1D27+U;€O = — E (D17+D2,+u?10)
jz1 j>1

2
= (D14 D2 1ug )" = D2 1ug o D14 D2,y ug -
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Going back to (3.24) and substituting, we obtain

1 1
(u™; Ay Agu™) = Z||D1,_D27_u"||§2 + iHDL_DHu”n;

D (D

1 ni2 1 ni2
+ 7 1D14 D2l gy + 7 I1D1,4 Do [

1 1
(3.25) +3 > (D14 Dy ufo)® + 5 > (D14 Ds qugy)?
=1 k>1
+ Y Dy qufoDy Do yufo+ Y Dayui Dy Do yug,
i>1 k>1

+ (ugo + D1yug o + Da,rug o) D14 Do ug g
3
+ Z(D17+D2,+u870)2.

We now multiply (3.25) by —(a? + /32)/4 and combine with (3.20) and (3.21) to obtain the
decomposition (3.18). 0
Eventually, we explain how to derive an estimate for the second symmetric term in (3.9).
LEMMA 3.4. Let a,b < 0. Let u™ € H, and let the sequence w™ be defined on the set of
interior indices 1 by (3.8). Then there holds

n||2 2 2 o’ n||2 p? n||2

16

(11, D25, + D1, Do |2
+ ||D1,+D2,*un||§2(ﬁ) + ||D1,+D2,+U"||?2(ﬁ))}

202
(3.26) e Z(Aluﬁof - % Z(AQUS,IC)2

Jj=1 k>1

a252 N 042ﬂ2 N
-3 > (Do Aully)® - 5 > (D11 Asuf)?

Jj=21 k>1

a2 a2—|—ﬁ2 " N
— % Z(Aluj,O)DanAluj’O

jz1
ﬁ2 a2+ 2 n n
Bl ) > (Doug ;) Dy y Agug,
8 ) ]
k>1
(e® + %) n n
+ B a— B Z(D1,+D2,+Uj,0)2 +a? Z(D1,+D2,+Uo,k)2
i>1 k>1
+ 10?8 (Avuf o) Doy Dy guly + ol B> (Aguf ) Dy 4 Daoug
i>1 k>1
a2 _1_62 2 "
- %(Dlﬂ‘DQﬁ-uO,O)Q'

Proof. We use the definition (3.5) of the norm to find

AP =Y @ui)? +2) (w]o)® +2 ) (whe)? + (whe)®.

Jk21 J=1 k=1


http://etna.ricam.oeaw.ac.at
http://www.kent.edu
http://www.ricam.oeaw.ac.at

ETNA

Kent State University and
Johann Radon Institute (RICAM)

338 A. BENOIT AND J.-F. COULOMBEL

We first make the boundary and corner contributions explicit in Step 1 below. We then derive
an estimate for the interior sum (namely the sum with respect to both indices j, k € N*) in
Steps 2 and 3. We conclude in Step 4 by collecting all contributions.

(i) Step 1 (the boundary and corner contributions). For j > 1, the boundary condi-
tion (3.3b) gives

2

: e
Vi1l wi,= _?AIU?,O —af Dy D1 oujy,

and we thus have

4
o
QZ(U)ZO)Q = 9 Z(Aw;},o)Q + 204252 Z(D2,+D1,0U?,0)2

Jj21 j=21 j=21
3 E n n
+ 2 B Aluj’0D2’+D1,0uj’0.

=1

We then use formula (3.13) to obtain

4
(6%
2 () = 5 Y (M) + 20762 Y (D1 Dy i)

Jj=1 Jjz1 Jiz1

05252
_ Z(D2,+A1u;0)2 + 2a35 Z A1u20D2,+D1,ou?’0

i>1 =1
+ o?B*(D1,4-Da 4 uf o)

There is, of course, a similar expression for the analogous contribution on the other side of the
boundary. Recalling that we have w(y = —afD1 4 D2 yug o, we end up with the relation

2) (wjo)® +2) (why)® + (wo)

i>1 E>1
«a n \2 64 n \2
= TZ(AWJ o)+ ?Z(AQUO k)
i>1 E>1

+2023% [ Y (D14 Dy qufo)® + Y (D14 Daqugy)”
i>1 k=1

> (Do Avuf)® + > (D1 Aqug )

i>1 k>1
3
+2a°p E AyufoDa 1 Dy oujy
Jj=21
+20° Y " Aoug D1y Daoug,
k>1
2 92 2
+3a”B7(D1,+ D2 ug )"

In particular, o and 3 being both negative, the product o3 is positive, and we easily obtain our
first estimate
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23 (W) +2 D (wh)? + (wfo)?
jz1 k>1
Oé4 n \2 /84 n \2
<D (Aaufo)? + T D (Agugy)

i>1 k>1

(a2 + BQ)Z

5 Z(D1,+D2,+U?,o)2 + Z(D1,+D2,+u3,k)2

j>1 k>1

+

Oé252

(3.27) -

> (Do Avuf)? + > (D14 Agug )

i>1 k>1

3
+ 2c 6 Z Alu;0D27+D1,0u?70
Jj=1

+2C¥ﬁ3 E Agugﬁle,Jngyougyk
k>1

3 n
+ §Oéﬂ(0l2 + B%)(D1,4 D2y uf ).

We now turn to the interior contribution.

(ii) Step 2 (the interior contribution). It is convenient to introduce the shorthand notation
|| - llo rather than [ - || 2 4 for the £2-norm on the set I = N* x N* (the set of interior indices).

The corresponding scalar product is denoted ( ; )o. In other words, we have

<U; V>o = Z Uj,kv}',k'

Jik>1
From the definition (3.8b), we thus compute the expression

Allw™|3 = o Aru™12 + 8| Agu”||3 + 20257 (Aru™; Agu™),
(a® +5°)?
16
(A1 Aqu’; a?Aju” + ﬂzAgu">o

+402B%|| Dy o D2 ou™ |2 + A1 Au™ |2

a2 + 52
2
—+ 4046(D170D270u”; OézAl’U,n + 62A2Un>0

— (a® + B*)aB(D1,0D2ou™; Ag Agu™),.

Some of our arguments below are borrowed from our previous work [1]. For instance, in the
first line on the right-hand side, we use the inequality

2(A1u"; Agu™)o < [ Au||3 + [[Agu”3,
while in the second line on the right-hand side, we use the inequality
40[2/82 S (a2 +ﬂ2)2,

which gives
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Alwr)2 < (@ + 67) (2| Avu” |2+ 52 Azu”|2)
1
(0?4 092 (ID10Daon” 2 + 5l 180" 12)
2 2
_— ;ﬁ (A1 Agu™; Q2 Aru™ + B2 Asu™),
+ 4aB(D1 0 D2 ou™; a* Aqu™ + B2Aqu™),
— (a® + B*)aB(D1,0Daou™; Ay Agu™),.

We now use twice the first equality of (3.13) to expand the norm || D1 oDz ou"||%:

|D10D2gu |2 = 5 (I1D1,- Do, 2 4 | Dy, Dz "2

1
4
+ D1, Do, |2 4 | Dy,s Dz su”|2)
1
— < (11— 20w |2+ 1D 4 Agu” 2
D2, A2 + || Das Ara” )
1
A Aou™ 2
+ gl A A2u”s,

and this expression is substituted into the right-hand side of our previous estimate for 4||w™||2.
We thus obtain our first preliminary estimate:

(3.28) 4flw"[|3 < (a® + 52){02||A1u"||§ + 82| Agu”[[3

Oé2 + 2
+ %(HD“Dz,,u”Hﬁ + ||Dy, Dy yu™||?
+ 1Dy, D -2+ ||D1,+D2,+u"||?;)}
+ A,
where the quantity A is defined by
O[2+ 2\2
A= CETT A A
a2+ 2\2
- (%) (11~ Agu™ |2 + 1Dy Agu” 2
(3.29) + 11Dz Aqu |2 + 1Dz, Aru”2)
B a? + B2

<A1A2Un; a2A1u" —+ B2A27.Ln>0
— (a? 4 B%)aB(D1,0Daou™; A Agu™),
+ 4aB(D1,0D2ou™; a*Aqu™ + B2 Aqu™),.

We now focus on estimating the quantity .4. We use the one-dimensional formula

1 1 1
> (MU = -3 > (D1, -Uj)” - 3 > (D14 Uj)? - 50— Up)? — Up(Uy — Up),
j=1 jz1 jz1
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and integrate by parts the two scalar products (A; Aqu™; Aju™), and (A1 Aqu™; Agu™),. We
obtain the equivalent expression

(a? + 32)?
8

¥ (agﬁ){w = 3 (D2 A+ 1D Ava”2)

A= A1 Agu™ 2

+ (82 = ) (ID1,- Agu”||2 + DHAzu"ni)}

— (a® + B%)aB(D1,0D2ou™; Ay Agu™),
+ 404[3(D170D2,0u”; azAlu" + 62A2’U,n>0
a*(a® + B%) n B*(a® + %)
B S (WU S Uatcr o VN
§>1 k>1
a?(a? + B2
NGy 5 ) > (Avufo) Dy Agult
j>1
2(q2 + 382 )
+ B ( 9 67) Z<A2U’OL,/C)D1,+A2USLJC'
k>1

We now rewrite the scalar product (D; D2 ou™; A1 Agu™), by using the formula

(D2,oU; MgV + (D2 oV; AU = — Z<D2,+Uj,O)D2,+Vj707

j=z1

which gives, after computing the resulting sum with respect to 5 in yet another telescopic way,
1
(D1,0D20u™; A1 Agu™)o = —(D1,0A2u"; D2 gAru™), + §(D1,+D2,+u&o)2'

We have thus obtained the expression

2 + 2\2 "
A= A g
a2 + 2
(85){@2 =) (102~ A2+ Dy A )

+(B* —a?) (||D1,_A2u”|\§ + D17+A2u”||§>}

+ (o + B*)aB(D1,0A2u™; Do g Agu™),
-+ 4aﬂ<D170D2,0u”; azAlu” + ﬂzAQ’UJn>O
a*(a® + ) n B*(e® 4 B%) n
+ TS 0y v + OIS (0 a2
i>1 E>1

012 Oé2+ 2
4 ) S A D A

Jj=1

Z(Ang,k)Dlr‘rA?ug,k
E>1

L B4 7)
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(a® + %)

—O[ﬁ 5

(D1,4+Ds s ug o).

Then, as in [1], we focus on the first scalar product in the third line on the right-hand side of
the latter expression for .A. We use the Cauchy-Schwarz inequality as well as the following
inequality: for a1, a9, a3,a4 € R,

1
(3.30) aiaza3a4 < 7 (a7 + a3)(a5 + a3),
and we end up with the inequality

a? + B%)?
A< I A a2
+ (asﬂ){(a“‘ = 8% (I1D2- Mg |2 + |1 D Ay )

+ (82 = a2) (I1D1,- Agu” 2 + |D17+A2u"||§)}

Of2 + 2\2
+ % (HD1,0A2U"||(2) + ||D2,0A1un||§)

+ 4a5(D1’0D2,0u”; OZ2A1Un + B2A2u">o

aZ 042—1-['32 " BQ 042—|-ﬂ2 "
+ % > (Do Avufy)® + % > (D14 Aqugy)?
i>1 k>1

0[2 OL2+ 2
+ % > (Avuf) Doy Agul
j>1
2 042+ 2
+ M Z(Ang,k)D1,+A2ug,k
E>1
(a® +5%)

70[[3 3

(D1,4 D2 ug o).

We apply once again the first equality of (3.13) and expand the two norms || D1 g Aou™||2 and
| D2oAju™||2. After simplifying with other terms, we obtain the following estimate for the
quantity A defined in (3.29):

A< a? Ay + B2 A,
o?(a? + 2 (a® + 5
+ I S D, A + LIPS D
§i>1 E>1
2 2 2
O‘(O‘f*’ﬂ) Z(Alu?,O)D2,+A1U?,O
§>1
B2 (a® + B2 n n
f) Z(AQUO,k>D1,+A2u0,k

k>1

(3.31) +

+

(a®+ 5%

—O(B 5

(D1, D2 ugg)?,
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where the expressions for the terms A; and A; are as follows (compare with [1] where the
analogous terms are denoted B; and Bs):
(? +5%)

(3.322) A = ?<||D27_A1u"||g + ||D27+A1u”\|g>+4aB<D170D270u";A1u”>0,

(a® +5?)

(332b) Ap:= ——

(D1, Agu |2+ D1+ Agu™|2) +4aB(Dy g Dz ou"s Az,

The third step of the proof is to estimate both terms 4; and As.

(iii) Step 3 (the interior contribution). Following [1], we introduce the averaging operators
A; and A, defined by

Vik Y Vir +
O T
(A, -V)jp = %W (Ao, V) = M%ak

which verify, for instance, D2 g = D2 Ay _. We then use the following formula:
1 1
(D2,0Vje) Wik = (D24 Vi) (A2, 4 Wik) = 5 (D2,-Vir) Wik — 5(D2, Vi) Wike1,

where the right-hand side is telescopic with respect to k. We thus obtain the equivalent
expression

1
(D1,0D2,0u™; Aru™)o = (Da,+ D1 ou"; Ag L Agu™)o + 3 > (A} ) Doy Dyguf
Jj=21
n n 1 n n
= (D24 D1ou™; Az Agu")o + 5 > (Avuf o) D,y D guf
§>1
1 n \2
= 1 (D14 D2 v ug )",
where we write u7; = D 4 u} + uj in the first sum on the right-hand side. Starting from
the definition (3.32a), we thus obtain the expression

o’ + %)

= ) (1D, A2+ 1D A 2) + 40B(Ds, 4 Dy g B 2 Ay,

+2a8> (Avufo) Doy Dy guly — aB(Dy 4 Do yuf ).
i>1

We then apply the Cauchy-Schwarz inequality to the scalar product in the first line, and we
use again inequality (3.30) to get

O[2+ 2
ar < I (1D, a2 4 1D A2
+ 4] D24 Dy ou” 2+ 4]l Az s Aru”2)

+208) (Aruf ) D,y Digufy — aB(Dy g Ds g o).

Jj=1

By shifting indices in the norm || Dy _ Aju™||2, we therefore have
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a2+ 2
633 A< T (oD, A2 4 41Dy Dy 2+ 4 At 2)
a2+ 2
+ % Z(D2,+A1U?,0)2 + 208 Z(AIU?,O)DZJrDLOu?,o
j=>1 j>1

— QB(D1’+D2’+U70170)2.

We then expand the two norms || D2 4 D1 gu"[|o and [[Az + Aju™ ||, as follows: We use again
the first identity of (3.13) for || D2, D1 ou™||2 and a straightforward computation for the norm
1Az, Aru™|2,

4|| Dy 4 Dy gu™ |2 = 2||Dy,~ Dy 1 u™||2 + 2|| Dy 4 Dy pu”||2 — || Do Ayu™|2,
4| Ag 1+ Agu”||2 = 4| Avu” |2 = | Doy Agu™(|2 = 2 (Aguf,)?.
i>1

By substituting the previous two relations into the right-hand side of (3.33) and by further
expanding A uy = Alu;-fo + Dy Aqu?,, we obtain the estimate

7,0°
a2 + B2
< O (1D, Dy |24 D1 D2+ 28007 2)
(o +5%) "
O S g
§>1
(a2 + 52) n n n
-1 Z(D2,+A1Uj,0)2 - (CYQ + 52) Z(Aluj,o)D2,+A1uj,o
jz1 j>1
+ 20¢ﬂ Z(AluZO)D27+D1,Ou;O - aﬂ(D17+D27+u870)2.
jz1

Combining this with the analogous estimate for A5, we end up after a few simplifications with
a2A1 + 52./42
< (24 8%) (a2 Aru” |2 + 82 Azu”2)

042 + 2\2
+ P Dy Dy |2 4 D1 D
+ | D14 Dy ™% + ||D1,+D2,+U"||§>
20,2 2 20,2 2
_ w Z(D2,+A1U?,o)2 _ M Z(D1,+A2U8J¢)2
j>1 k=1
—a®(0® + %) (Al o) Doy Agull
i>1
(3.34) — B2(a® + B%) > (Aauf ) Dy s Agug,
E>1
042((12 +ﬁ2) N ﬁ2(042+62) "
T Z(Aluj,o)2 S — > (Agug )
i>1 E>1
042(012—|—ﬂ2) " [32((){2+ﬁ2) n
B E— > (D14 Dy qufg)? - — > (D14 D yug )

i>1 k>1
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+20°8> (Agufg)Da g Dy gufo + 208 Y (Agug ) Dy 4 Daoufy,
i>1 k>1

2 2\2
—aB(? + B2)(Dry Do) — )

1 (D14 D3 4 ug o).

(iv) Step 4 (conclusion). We first use the estimate (3.34) in the estimate (3.31) for the
quantity A that is defined in (3.29). The quantity .4 arises on the right-hand side of the
estimate (3.28). In this way we obtain an estimate for the interior norm 4[w™||2. This estimate
reads

4”2 < 2(0? + 8%) (a2 Aru” 2 + B2 Agu”2)

2 2\2
a” +
+ O (1D Do 3 4 D1 - e

Dy Dy |2+ |D1,+Dz,+u”|§)

042 0[2 +BQ N N
— % Z(Alujvo)Dg,_i_Aluj,O

jz1
2(,.2 2
_ M Z(A2ug,k)Dl,+A2ug,k
k>1
a*(a® + %) n B*(a® + %) n
- ) S st - P S
jz1 k>1
20,2 2
) Sy Dy e
jz1
20,2 2
- M > (D14 Dajuf )
k>1
+ 20(35 Z(Aluzo)Dg&DLou;ﬁo + 20(ﬂ3 Z(Azug’k)Dl’Jngyoug,k
j>1 k>1

(042 + 62)2

1 (D1,4+D2 s ug ).

3
— 5045(042 + B%)(D1,4-Da 4 uf o) —

We then combine this estimate of the interior norm with the estimate (3.27) for the boundary
and corner terms, and we therefore obtain the estimate (3.26) of Lemma 3.4 (recalling that
both a and (5 are negative). a

3.4. Proof of the main result. We go back to the decomposition (3.9) and then combine
Lemma 3.2, Lemma 3.3, and Lemma 3.4. We obtain the energy inequality

(3.35) |u™ 1 — [|u|? < T+ By + By +C,

where 7 incorporates the interior contributions, namely
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042 2
(336) I:=(-1+2(’ +ﬁ2>>{4||ﬁw"|z + A

a? 4 p?
16

+ (D1, D w2 4 | Dy, D "2
+ || D14 Do, —u™|13 + ||D1>+D2,+U"||¢2)) }7

the term Bj, respectively B, incorporates all the contributions on the boundary
{k =0,5 > 1}, respectively {j = 0,k > 1}, namely®

- |m3 n 042\5| n
Byi=—|81)_(u50)* = 5= D _(Dapufle)? — == D (D yujp)?
=1 iz1 i>1
a*(1—|B])? n a?p? B
s Z:(Aluj,o)2 T8 Z(D2,+Aluj7o)2
521 21
-5 ZUZODQ#U?,O —|a|s? Z Dy oujoDa uf g
izl i1
S e
4 1,0U5 0402,+21Uj5 o
i>1
1+ 18] — 82)(a? + B2 .
(3.37) _(a+8 ﬁs)( ) S Dy Doy
i>1
(a®+ 5
a f) > DiyufloD s Da g
i>1
a2 a2+62 .
- % > (Avufo) Do Al
i>1
+1aP 18] Y (Avul ) Dy Dy guly,
i>1

and the term C incorporates the corner contributions, namely,

= (Jallst - P52 (g

3 2 3 2
() 02 - (B + 45 ) Do

4 2 4 2
a’ B %1

(3.38) = S usoDi+uge — SugeD2uso — =~ (lal + |B) Dy ug D2 v ug o
a?+ 2
_ % (ug,o + D1 yugo + D2,+u6‘70)D17+D2,+u370
3@+ 57
16

= (laf+151)

(D1, D3 ug)?,
(o + 5% (o 4+ 3%)°

16 (D17+D27+U870)2.

(D1,4Da jug g)® —

SWe only give the definition for the term 31 and leave the analogous definition for Bz to the interested reader.


http://etna.ricam.oeaw.ac.at
http://www.kent.edu
http://www.ricam.oeaw.ac.at

ETNA

Kent State University and
Johann Radon Institute (RICAM)

THE NEUMANN CONDITION FOR THE LAX-WENDROFF SCHEME 347

Let us split the analysis below into three steps, which correspond to the interior, corner,
and boundary contributions. The ordering corresponds to an increasing level of difficulty. At
the end, we establish an easy concluding argument.

(1) Step 1 (the interior contribution). We first deal with the term Z defined in (3.36). We
first choose the parameter £ := 1/4 and assume that («, 8) = (Aa, ub) satisfy

(3.39) o>+ B2 <e.

We see from the defining equation (3.36) that we have

a2 2
(3.40) T< =S an - 2,

where we have not kept all non-positive contributions on the right-hand side of (3.36) but only
the two most simple ones. It would be possible to keep more contributions, but, in our opinion,
this would not change significantly the main result of this article since the main feature of the
dissipation estimate for the Lax-Wendroff scheme is a fourth-order dissipation with respect to
both spatial directions.

In what follows we shall allow ourselves to further decrease the value of € and will always
assume that (3.39) holds.

(ii) Step 2 (the corner contribution). We consider the quantity C defined in (3.38). We first
try to absorb some of the cross terms. We use Young’s inequality to estimate the fourth line on
the right-hand side of (3.38):

(a®+5%)
4

n n n n
ug o+ Di1,4+ugo+ D2,+“0,0‘ ‘D1,+D2,+UO,O‘

(a? 4 5?)

n n n 3 a2 "‘52
g f ((u0,0)2 + (D1,+u070)2 + (D27+u010)2) + (7)

16 (D14 D2 1ui o).

Estimating |o||3] < (a? + 3%)/2 in the coefficient of (ug)? in the first line of (3.38), we
thus obtain the first estimate

3 2 2
< (BB el g

(@?+5%) laf 2B n
(P ) O
(@*+5%) 18P |alp? n
(- ) 0ner
(34D - 7“0,0D1,+u0,0 - ?UO,OD2,+U0,0 - T(M + [B1) D1, ug g D2,1-ug
a2 +B2 N a? +ﬁ2 2 N
= (|af + |5|)(78)(D1,+D2,+U0,0)2 - %(D1,+D2,+Uo,o)2~

We keep on estimating some cross terms and now deal with the product Dy jug o D2 tug o in
the third line on the right-hand side of (3.41). We use again Young’s inequality to obtain

o?[B) |af? |a|p? ,
5 |D1,+ug,0‘ ‘D2,+U6L,o‘ < 1 (D1,+U8,0)2 + 1 <D2,+U0L,o)2a
|| o?|B) 18]°

9 |D1,+U6L,0‘ ‘D27+U3,0‘ < 4 (D1,+“8,0)2 + 4 (D2,+U6L,0)2-
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This gives our second estimate for the corner contribution C

3(a?+6%) o+ |8 n o o B, n
C< ( - (7«‘070)2 — —ugoD1,+ug o — 5 up0D2,+uj o

4 2 2 2
2 2 2 2 2 2
(342  + ((a ZB ) _ aim) (D1,+ug 0)? + ((a l_ﬁ ) |o¢Lﬁ > (Do, +ug o)
2 2 2 2\2
(ol 180 ) (b, Dy g - Y b Dy )

8 16

The very last term on the right-hand side of (3.42) has the correct sign, but it will not help in
the analysis below. We thus feel free to discard this last term.

Unlike what we did in [1], we estimate the cross terms ug (D1 tug g and ug o D2 1 ug o
rather crudely since there are already “bad” terms of the form (ugyo)Q, but, more importantly,
there are “bad” terms of the form (D1 juf )? and (Da 4 ufj ;)? that cannot be absorbed, even
by taking (v, #) small enough. We have

Oé2 0[2 012
- |“3,0| | D1 sugo| < Z(Ug,o)Z + I(D17+u370)2,

B B2

2 2
|“0 0| |D2 +Ug 0| < i (Ug,o)2 + Z(D2,+U3,o)2,

and thus we get from (3.42) the estimate

al+ |8 n o?|p n alB? n
¢ < (o g2 = PP g2 = Dy s = U D i
20[2 _"_62 " a2 +252 "
+ %(‘Dl,+u0,0)2 + %(‘DQHHU’O,O)Q
a2 +62
(ol +18) (D1 D i)

Up to further restricting the parameters («, 8) by choosing a smaller value for ¢, the corner
contribution C satisfies

o + 18] 2IBI |o]8°

C<— 1 (u 80)2 (D 1,+u8,0)2 ) (D2,+U6L,0)2
(43) ~(al + |ﬂ|>%<D1,+Dz,+uao>2
(o + %)

+ S ((Drsue)? + (Do),

where the first and second lines on the right-hand side correspond to a dissipative contribution
and the only two terms with a “bad” sign are collected in the third line. We shall illustrate in
the concluding argument how to absorb these terms.

(iii) Step 3 (the boundary contribution). We consider the quantity B, defined in (3.37)
and absorb again some cross terms. The first cross term in the second line on the right-hand
side of (3.37) is estimated by Young’s inequality

/62 ZULOD?H'UJ‘,O -~ | Z _], + 7‘ Z(D27+uj,0)2'

j=21 Jj21 Jj=21
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Moreover, in the third line on the right-hand side of (3.37), we use the inequality |3| > 3% to
simplify the term that involves the sum of the (D1 4 D2 july)®. At last, in the first line on
the right-hand side of (3.37), we use the inequality (1 — |3|)? > 1/2 that holds as long as the
parameter € in (3.39) is chosen small enough. We thus get our first estimate

3 2
By < S o)~ 20 S0 sz~ S (D)2

=1 iz1 =1
a2 n a262 .
O S - L S D B
izl i>1
o + ﬂz n n n
B % Z(D17+D27+“j,0)2 ~ lalB® ZDLouj,oDz,Jrum
jz1 j>1
(a® + 3?) N .
G4d - - 4 ZD17+“1,0DL+D2,+%,0
Jj=21
a2 _|_B2
+ Ial% > Dioullo Doy Avully
Jj=>1
- Z(A1uj,o)D2,+A1uj70 + |af?|8] Z(AluLO)DQ#DLOug‘,O'
jz1 j>1

We use again Young’s inequality for the first cross term in the third line on the right-hand
side of (3.44),

a® + 2 .
% > DigufoDi Do yully
i>1
(a® +52) n 2, (@ +5%) n
<= > (Drguj)® + ST Y (D14 Davuf)?,
i>1 i>1

and we now recall that the CFL parameters ), i are subject to the conditions (3.6) where
M > 0is afixed constant. This means that the negative parameters « and 3 satisfy |o| < M|
and | 8] < M|a|, so we have

a2 +B2
% ZD17+U?,0D1,+D2,+U?,0
i1
(14 M2)|8] n (a® +5%) n
< f|ﬁ| Z(D1,+Uj,o)2 + 16 Z(D1,+D2,+uj,o)2-
j=>1 j>1

Since we have Dy yuf, = uf o — uj, we get the (non-optimal!) estimate
n \2 n \2
Z(DL-FU']‘,O) < 42(%‘,0) )
Jj=21 Jj=21

and we thus see that choosing ¢ in (3.39) possibly smaller (but the choice now depends on M),
we get

(a® + 5% n n
4 ZD17+uj70D1,+D2,+U'j,O

Jj=1
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B n o’ + B n
< s+ SIS Dy Dy )2
j>1 j>1

Using this estimate in (3.44), we obtain

Bl yn oz 18P n )2
B < 6 Z(Uj,o) 6 Z(D2,+Uj,0)

Jj>1 Jj=>1
a?|B] n a? n
2 > (D1 uf)? - 16 > (Avufly)®
Jj=21 Jj21
a?p? w2z (02457 n
78 Z(D2,+A1Uj,o)2 T 16 Z(D1,+D2,+Uj,o)2
j=21 Jj21
a? + 32
(345)  —alB”> DioufDauly+ |a|(47) > Dyoul oDy Ayul
Jj=1 j>1
T8 Z(Aluj,O)DQH-Aluj,O +af’|8| Z(Aluj,o)DZ—s-Dl,Ouj,o'
jz1 j>1

We now deal with the first term in the third line on the right-hand side of (3.45) and recall the
relation Dy o = Dy + — A;/2. We thus have

—|Oé|52 Z D oujgDa yuj

Jz1

|o]8°
= —|a|s? Z Dy qufoDaqufy+ - Z ArufoDy pug.

j=1 j=1

For the cross term with the product Dy juj D2 +uj, we use again Young’s inequality
and (3.6):

2 3
a8 ZD1,+U?,()D2,+U?,() < M|B| ZD1,+U?,0D2,+U?,0

jz1 Jj=1

18° .
B S (Da g + 20213 (D1 )

j=21 Jj=z1

3
P 5D ) + 8322187 Y (a2

j=21 Jj=z1

IN

IN

We can therefore absorb this term on the right-hand side of (3.45) by choosing ¢ in (3.39)
small enough. The argument for the cross term with the product Aju} (D u7 is similar,
and we leave it to the interested reader (it is important here to estimate /3 in terms of «, which
is made possible by (3.6)).

Using Young’s inequality and possibly choosing ¢ smaller in (3.39) (the choice still
depends on M), we can also absorb the first cross term of the form (Aluzo)D2,+A1 U?,o in
the fourth line on the right-hand side of (3.45). At this stage, by choosing € small enough and
(v, B) that satisfy (3.39), we can enforce the following estimate’ for the boundary contribution

"The coefficients are not aimed to be optimal. Our main goal is to show here that all cross terms can be absorbed
by choosing e small enough, but this requires to be able to estimate « by 8 and 3 by «, as is made possible by (3.6).
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Bll
18] IBI n
g 2 (u50)" = 55 > (D2 sufo)”
i>1 j>1
- S Do - & S B
7) 32
j>1 j>1
QQBQ n \2 (a2 + ﬁ2) n \2
(346) - —¢ Z(D2,+A1Uj,o) T Z(D1,+D2,+Uj,o)
j>1 j>1
+ |a|% Z Dl,O“j,oD27+A1Uj,o + |04|3|ﬂ\ Z(Aluj,O)DQ,-‘rDLOuj,O'
j=1 i1

For the very last two cross terms in the last line on the right-hand side of (3.46), we use
the relation D o = Dy 4+ — A1/2 in order to involve only the operators D; 4, Dy 4, and A;.
When we expand the second cross term, we have to deal with cross terms that involve the
products

(Aruj o) D1+ D2 yulfy, (Arujg) D2+ Agufy,

and for each of these two terms, we can apply the above argument that is based on Young’s
inequality (in order to absorb the “worst” square term) and choosing ¢ sufficiently small (in
order to absorb the remaining square term). The estimate (3.46) thus yields, for instance, by
choosing € small enough,

3
B < —lL;' Z(u}iof — % Z(D2,+u;0)2

pal Jjz1
o?|B] o’ ,
== D (Diyufe)? = o1 D (Aruj)?
j>1 Jj=1
o232 o? + 32 .
(3.47) ) S RENTI (372) S (D1t Do)
j>1 Jj=1
(a® +5%)
+ |Oé|f ZD1,+U;OD2,+A1U?,O
i>1
o? + 62 n n
— |a|% Z Aluj,ODZ‘FAluj;O'
i>1

The analysis is almost complete. For the first cross term in the last line on the right-hand
side of (3.47), we use the above argument to get

a® + 2
|0¢\(7B > Dy jul oDy Al
7j>1
a252 n \2 2 n \2
< 61 Z(D2,+A1uj,0) +C(M)B Z(Uj,o)a
j>1 j=1

where the constant C'(M) only depends on M (it is actually a polynomial quantity in M).
The trouble comes with the very last term since the operator Ay, unlike D; ., involves a
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symmetric stencil, and the control we have on A;u7, does not seem good enough at this stage.
We shall therefore use the (non-optimal) bound Z j>1(A1 ulg)? < 16 3 jzo(“ZO_)2 to ta.ke
advantage of the good control on u7 ;. Reproducing the above argument, we get the inequality

o? + B2 /
|a\% ZA:{’U/;’()DQ’JFA:[U;L’O
Jj=>1
a?p? Axy™ )2 2 n \2
< o4 Z(D27+ 1ujg)” +C(M)B Z(“j,O%
i>1 >0

with a possibly larger constant C'(M ), but the important thing is that the very last sum bears
on the indices {j > 0} and not only on {j > 1}.

As a conclusion for this third step, we have seen that we can choose € small enough (and
the choice depends on M) such that, for CFL parameters that satisfy (3.39), we get

(3.48) By < C(M)p*(ug o)? 'B'Z
j>1

Here we forget about many of the non-positive contributions on the right-hand side of (3.47)
in order to simplify the final estimate that is stated in Theorem 3.1. We recall that there is
an analogous term B2 on the boundary {j = 0,k > 1}, and this term satisfies the analogous
estimate

(3.49) By < C(M)a? (ug)* — % > (i)

(iv) Conclusion. From the estimate (3.35) and the three estimates (3.40), (3.43) (where
we only keep the first dissipation term), (3.48), and (3.49), we have
/82 n
+ A,

< O(M)(0? + )i ) + @‘—‘g’” (D1 + <D2,+u3,0>2)

e+ IBI lel 181
. 2 Z 2 Z

k>1 i>1

2
ni1y2 nj2 ¢ n||2
™1 = ™l 4 S A e ) (@

There are only three terms on the right-hand side with the “wrong” sign, but each of them can
be absorbed by either one of the three terms with a negative sign since we have

(D1,+U6L70)2 + (D27+u6”0)2 < 4(“3,0) +2(uf’ )+ 2(“6’}1)2-

Up to restricting again the parameter €, we end up with the estimate

2

2
a
[P = flu™)1* + §||A1Un\\?z(ﬁ) + —\|A2u"||§2 i
|04| Z \5| Z
k>0 g>0

where we have incorporated the control of the corner value ug  into the boundary sums for
simplicity. The proof of Theorem 3.1 is now complete.
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4. Discussion and numerical illustrations. In this section, we briefly discuss the result
of Theorem 3.1 and our strategy for its proof. If we compare with the analogous result in
our previous article, that is, [1, Theorem 4.1], then the main difference is that our stability
estimate for the second-order boundary and corner extrapolation does not cover the whole set
of parameters (\a, ub) that satisfy the stability requirement for the Cauchy problem, namely
the CFL condition:

. () + (ub)? < 5.

In our final arguments, we have been rather crude in estimating the corner and boundary
contributions in the decomposition (3.35). Let us see whether there is a potential room for
improvement. We first look at the corner contribution (3.38). The corner contribution C defined
in (3.38) is a quadratic form with respect to (ug o, D1,+ug o, D2, +ug o, D1,+ D2 1 ug ) € R4,
Figure 4.1 illustrates the set of parameters ()\|a| ulb)) € [0 1]? for which this quadratic form
is negative definite (which is what we were aiming at in the proof of Theorem 3.1). The set
of good parameters, that is, the parameters for which the quadratic form is negative definite
and (4.1) holds, is depicted in yellow. The exterior of the ball (4.1) is depicted in dark blue. In
the light blue region, (4.1) holds, but the quadratic form is not negative definite. The latter
region contains all small values of A|al, u|b|, which is reminiscent of our final estimate (3.43)
and can be deduced by merely looking at the expression of C with either a or b equal to zero.

FIG. 4.1. Negativity of the quadratic form associated with the corner contribution C. In dark blue: the exterior
of the ball. In yellow: the parameters (X|al|, p|b|) for which (4.1) holds and the quadratic form is negative definite.
In light blue: the parameters (X|al, p|b|) for which (4.1) holds and the quadratic form is not negative definite.

The main problem in the analysis of the corner contribution C comes from the cross terms
Dy yug D14 Do yug  and Dy qug oDy 4 Da g .

In our analysis, these terms are partly absorbed thanks to the boundary dissipation. If one now
looks at the reduced corner contribution (where we omit the cross terms from which some
difficulties arise, compare with (3.38)),

&= (Jallsl - 1) a2

lal* | o?|B] n 181> |alB? n
- <4 + 5 (Dl,+uo,o)2 1 + Ty (D2,+“0,0)2
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n n n n
- 7“0,0D1,+“0,0 - ?UO,OD2,+U0,0 -

2 2
- WUS,()D1,+D2,+US,O -
~ (ol + 18y &) 5
8 16

we can still try to identify numerically the region of parameters for which the associated
quadratic form is negative definite. The result is illustrated in Figure 4.2 with the same color
scale as in Figure 4.1. The yellow region is far larger, which confirms that the above two cross
terms are the core of the problem. Nevertheless, there remain very tiny portions near the axes,
that is, when either A|a| dominates |b| or the opposite, where the reduced quadratic form C
is not negative definite (this can also be seen by setting either a or b equal to zero). In full
generality, it thus seems necessary to absorb part of the “bad” terms in the corner contribution
by part of the good terms in the boundary contributions.

o? B2 %] n n
T(M +18])D1,+ug o D2,+ug o

3(a? + ?)
16

(D14 D2 tuf o)® —

(D1,+D2,+u8,0)27

(D14 D ug ),

FIG. 4.2. Negativity of the quadratic form associated with the reduced corner contribution C. In dark blue: the
exterior of the ball. In yellow: the parameters (X|al|, u|b|) for which (4.1) holds and the quadratic form is negative
definite. In light blue: the parameters (X al|, p|b|) for which (4.1) holds and the quadratic form is not negative
definite.

We now examine the boundary contribution B; in (3.37). Actually, we are going to
simplify a little bit and consider the analogue of this term when extended to the whole set of
integers Z. In other words, we consider two sequences u € ¢?(Z;R) (u being a placeholder
for u"y) and v € £%(Z; R) (v being a placeholder for the normal derivative D _yu";), and we
consider the quantity

~ a2 a2 - 2
B:i=—|8]Y u?- # > (Dyyu)? - o =18 > (Aguy)?

JjEZ JEL ° jez
ﬂ 3 Oz2ﬁ2
s S ) 823 gy — el Y Drouy
jez jeL jez jez
o + B2 1418 = 8%)(a? + 52
+ |Of|(%4’M ZDl,OUjAlvj R ﬂg)( 7) Z(D17+Uj)2
jez jez
o? + B2 a?(a? + B2
_ % > Diju;Dy vy — %) > AruyAry

JEZ JET
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+1a®|8] Y Avu; Dy gv;.
JEZ

After identifying the sequences u and v with square integrable piecewise constant functions
on R, we can apply the Plancherel theorem and obtain

gL [ [aO] ge [466)
B=g. [ L) #o 58] e
where the 2 x 2 Hermitian matrix H () is defined by

[ m hgtihg
H() = [hg—m ha }

where we use from now on the shorthand notation z := sin?(¢/2) and the real quantities h,
ha, hs, and h4 are defined by

hi = — |B|(1 + 2a%x) — 2% (1 — | B)%2?,
hy == — @ — (L+ 8= ﬂ;)(QQ + ﬁQ)x — 2a252x2,
haim = & (0 + )T — a(a? + 0,

al8> | lol(e® +5)
2 * 2

hg :=sing& < x — 2|a|3|ﬂ|x> .

0 01 0z 03 04 0s 08 07 08 L 1

FIG. 4.3. Negativity of the simplified boundary contribution B. In dark blue: the exterior of the ball. In yellow:
the parameters (M|al|, u|b|) for which (4.1) holds and the quadratic form is negative definite. In light blue: the
parameters (A|al, p|b|) for which (4.1) holds and the quadratic form is not negative definite.

If H(&) is negative definite for any £ € R, then we can get an upper bound for the
boundary contribution B with the “good” sign. The trace of H (&) is easily shown to be
negative for parameters (a, 8) = (Aa, ub) that satisfy (4.1) and 8 < 0. Thus, H (&) being
negative definite is equivalent to showing that the determinant of H (€) is positive for any
£ € R (this determinant is shown to depend only on x, so there only remains a free parameter
« in the interval [0, 1]). Figure 4.3 displays the set of parameters (A|al, p|b]) for which H (&)
is negative definite for any £ € R with the same color scale as in Figures 4.1 and 4.2. The
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important point here is that for any parameters that satisfy the CFL condition (4.1), the
simplified boundary contribution 5 does seem to provide some dissipation. However, we have
not been able to derive the optimal scaling of this dissipation in terms of « and (3, and it is
therefore not clear whether, in a quarter-plane, the boundary terms may compensate for all
the contributions at the corner that do not have the correct sign. This is left open for further
studies.
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