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NUMERICAL STABILITY OF STRUCTURE-PRESERVING DIRECT SOLVERS
FOR CENTROSYMMETRIC LINEAR SYSTEMS*

SARAH NATAJT, CHEN GREIF, AND MANFRED TRUMMERS$

Abstract. This paper analyzes direct solvers for centrosymmetric linear systems by applying structure-preserving
factorizations with a particular focus on assessing their stability. We build on existing algorithms and complement
the factorizations with equilibration and mixed-precision computations. The solvers are applied to linear systems
arising from spectral discretizations of partial differential equations, and the results demonstrate their effectiveness.
We evaluate the accumulation of roundoff errors during the computational process and their impact on the numerical
solution. The study demonstrates that errors originating from the factorization of the matrix and a modified substitution
propagate in a stable manner, establishing the direct solver’s robustness. Additionally, we provide insights into the
solver’s stability by proving a bound for the relative error.
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1. Introduction. A matrix A4 € R™*™ is centrosymmetric if it is symmetric with respect
to its center, i.e., it satisfies the condition A;; = A, _; 41 n—;+1 forall 4, j. These matrices are
commonly observed in a variety of applications in computational science and engineering, such
as the numerical solution of partial differential equations (PDEs), signal processing, Markov
processes, and more [8, 11, 16]. Important cases of centrosymmetric matrices are symmetric
Toeplitz matrices and the discretization of the Laplacian by spectral collocation methods.
Numerical methods for solving problems involving such matrices have been explored in the
literature; see, for instance, [7, 14]. Centrosymmetric matrices can be considered in some
ways as related to a large family of structured matrices that include Hamiltonian, J-symmetric,
and persymmetric matrices [19, 20, 26].

Given the special structure of centrosymmetric matrices, substantial speedup and reduction
in storage requirements can be accomplished in comparison with general linear solvers.
Andrew [3] proposed to solve two linear systems of half the size each, cutting the storage by
half and the computational time to a quarter of the standard method. This important early
work of Andrew has been expanded in subsequent research, as detailed in [1, 10].

Structure-preserving factorizations aim to maintain properties of the original matrix. In
the case of centrosymmetric matrices, these factorizations ensure that the symmetry with
respect to the center is retained in the factors. Utilizing such factorizations may lead to more
efficient and robust algorithms. In applications such as signal processing, control theory, and
physics, preserving the structure in factorizations is potentially beneficial in ensuring that the
algorithms accurately reflect the underlying physical or theoretical models.
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Burnik [4] introduced a new factorization for a centrosymmetric matrix as a product of an
orthogonal matrix Q and a matrix X of a so-called double-cone structure, both centrosymmetric.
An analogous QX factorization was also proposed by Steele et al. [24] based on a similarity
transformation of the centrosymmetric matrix. In [14] we developed a structure-preserving
LU-type factorization for centrosymmetric matrices, which we called XY factorization or
double-cone factorization, where X and Y are centrosymmetric double-cone matrices. This
factorization is computed by using a similarity transformation of the centrosymmetric matrix.
We applied incomplete XY factorizations as preconditioners for iterative methods in solving
sparse linear systems arising in spectral discretization of some linear PDEs [14].

In this work, we investigate the numerical stability of a direct solver based on the XY
factorization of centrosymmetric matrices originally presented in [14]. There are relatively
few papers addressing the error analysis of numerical solutions for linear systems involving
centrosymmetric matrices. Lv and Zheng in [18] performed a perturbation analysis of the QX
factorization proposed by Burnik in [4].

In an effort to construct an efficient and robust solver, we apply equilibration and iterative
refinement with mixed-precision arithmetic and explore the suitability of these techniques to a
set of centrosymmetric and skew-centrosymmetric matrices arising from the important class
of spectral methods for the numerical solution of PDEs.

Our analysis is primarily focused on performing an error assessment to determine if errors
propagate stably through each step of the given algorithm, including matrix multiplications,
the factorization process, and a (modified) backward substitution, which will be discussed
later.

An outline of the remainder of this paper follows. In Section 2, we discuss some known
properties of centrosymmetric matrices and review the structure-preserving LU-type factoriza-
tion for centrosymmetric matrices and a direct solver based on this factorization. In Section 3,
equilibration and iterative refinement algorithms with mixed precision are presented. In Sec-
tion 4, we investigate the stability of the proposed direct solver based on structure-preserving
factorization for centrosymmetric linear systems. Section 5 offers some numerical experiments
that validate our claims. Finally, in Section 6, we draw conclusions.

2. Direct solver for centrosymmetric and skew-centrosymmetric linear systems. A
matrix A4 € R™*" is centrosymmetric if and only if JAJ = A, where J € R"*" is the flip
matrix, a matrix that has ones along the anti-diagonal and zero elsewhere. If JAJ = —A,
then A is called skew-centrosymmetric.

A key finding regarding centrosymmetric matrices is a special similarity transformation,
as demonstrated by Weaver [27]. Let A € R™*™ be centrosymmetric and n = 2k. There exist
matrices A, C' € R¥** such that

A JCJ
2.1 A= [C JAJ} .
The matrix can be expressed by the similarity transformation
1A+ JC 0 T 1y I
@2) A=U A—Jc}u’ U‘ﬁ[J —J}’

where I € R**¥ represents the identity matrix. Here I{ is orthogonal, which means that the
spectrum of A consists of the union of the spectra of A + JC'. A similar result is applicable
when n is odd: a square centrosymmetric matrix .4 of order n = 2k + 1 has the form

A 2z JCJ
A=yt q¢ y'J|,
C Jr JAJ
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where A, C, J € RF¥* 2 y € R*, and ¢ is a constant. Then,

A+ JC 2z 0 L [To0 T
23) A=U| VT ¢ 0 ut,  uU=-—=10 v2 0|,
0 0 A-JC V217 0 —J

where I € R**¥ is the identity matrix.
A skew-centrosymmetric matrix A of even or odd dimensions has, respectively, the form

A —JCg a0 I
A= C _JAJ or A= |y 0 —ytJ
cC —-Jz —JAJ

If A is skew-centrosymmetric and of even dimension, then there is an orthogonal skew-
centrosymmetric matrix  such that £.4 is centrosymmetric, where

-7 0
(2.4) E:[O I}

This result cannot be extended to skew-centrosymmetric matrices of odd order [1].

The set C,, of n X n centrosymmetric matrices is an algebra: If A,5 € C,, and a € R,
then A+ B, AB, aA € C,.If A € C,,sois AT. If A € C, is invertible, then A~ € C,,, and
each diagonal block in (2.2) is invertible [13]. For various other properties of centrosymmetric
matrices, we refer to [2, 25, 27].

Let |a| and [a] denote the floor and ceiling of a real number a, respectively.

DEFINITION 2.1. Let n > 3. Fora given k, 1 <k < [n/2] — 1, consider the following
two-column sub-matrix of A = (a;;) € R™*":

Qk4+1,k  Qk4+1,n—k+1

an—k’,k an—k,n—k—i—l

The matrix A is called a vertical double-cone, or v-double-cone, if every two-column sub-
matrix of A has all zero entries for each 1 < k < [n/2] — 1.

DEFINITION 2.2. Letn > 3. Fora given'k, 1 < k < [n/2] — 1, consider the following
two-row sub-matrix of A = (a;;) € R"*":

Ak, k+1 co A n—k
An—k+1,k+1 e Ap—k+1,n—k

The matrix A is called a horizontal double-cone, or h-double-cone, if every two-row sub-matrix
of A has all zero entries for each 1 < k < [n/2] — 1.

We call a matrix “double-cone” if it is either v-double-cone or h-double-cone. Note that
all 1 x 1 and 2 x 2 matrices are double-cone.

EXAMPLE 2.3.

a11 Q12 @13 G4 Q15 a1 O 0 0 a5
a2 a3 az O as1 ass 0 ag ag
Ai=10 0 a3z O 01, As = |as1 az2 as3 asx as;

0 ags a3 azp O ag1 agx 0 azn an
a5 Q14 @13 G2 G11 as1 0 0 0 a1
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Here, A; represents a vertical double-cone (v-double cone) centrosymmetric matrix, and Ao
represents a horizontal double-cone (h-double cone) centrosymmetric matrix.

For a nonsingular A € C,, with n even, each diagonal block in the similarity transfor-
mation (2.2) of A is nonsingular. Then there are permutation matrices P; and P, unit lower
triangular matrices L; and Lo, and nonsingular upper triangular matrices U; and Us such
that Py (A + JC) = L Uy and Po(A — JC) = LoUs. Applying the LU factorization to
each diagonal block of (2.2) leads to a factorization of the form QA = XY, where @ is
centrosymmetric orthogonal given by

. Pr 0,
2.5) Q=U [ 0 P2:| u
and X and Y are centrosymmetric double-cone matrices,
_ Ly 0 T _ U, 0 T
(2.6) X—L{{O LJZ/I7 Y—U{O UJZ/{.

We call this factorization “double-cone factorization” or “XY factorization” of a centrosym-
metric matrix [14]. When dealing with an odd-sized matrix, a similar factorization applies.

Consider a nonsingular A € C,, with n odd. Define m = |[n/2]. Then, in (2.3) both
diagonal blocks are nonsingular, and there exist unit lower triangular matrices L1 and Lo and
nonsingular upper triangular matrices U; and Uj such that

A+JC 2z Ly ol [0, w
Pl{\/?yT q}:LlUlz{le 1H01 p}’ P4 =JO) = Lo,

where P; and P, are permutation matrices, ﬁl is unit lower triangular, U 1 is upper triangular,
£ and u are vectors of length m, and p is a nonzero real number. Also, P; can be written as
P s ; ‘ :
P = [t% } , where P € R™*™ s and t are vectors of size m, and - is zero or one. By
8l
similar calculations as for the even case, we obtain Q.4 = X Y, where @ is an orthogonal
centrosymmetric matrix given by

Pl S
2.7 Q=U|[tT ~ ur
P
and X and Y are centrosymmetric double-cone matrices,
le 0 Ul u
(2.8) X=Uu|| 1 ur,  y=ullo »p ur.
L2 U2

To solve the linear system Az = b, the first step is to solve Xw = 13, with b = Qb,
followed by solving Yz = w. These linear systems involve double-cone matrices and can
be efficiently solved using a modified backward substitution method as detailed in [4] and
outlined in Algorithms | and 2. Algorithm 3 presents a direct solver for n X n centrosymmetric
linear systems .4z = b based on the XY factorization.

Notice that () is not a permutation matrix; however, the action of ) on the vector b can be
executed using permutation matrices allowing the formation of b without the need to store Q:

:szl P+ P (P —Py)J | b1
2 IR~ Py I(Py+ P2 |

_ 1 P1by + Pyby + Py Jby — Py Jby
) JP1by — JPyby + JPJby + JPyJbs |

S

(2.9)
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Algorithm 1 Modified backward substitution for solving an h-double cone linear system
Xw = b, where X € C,,.

1: Let w be a zero vector of size n and k = [n/2].

2: Forj=1,...,k,p=j,and g =n — j + 1 solve

p—1 P n .
l:xpp qu:| l:wp:| _ [bp - Zi:l LpiWs; Zi:qu] TpiW;

p=1.. 5N s
Wq by — 2 im1 TqiWi Zi=q+1xqzwz

Lgp Tqq

. 7 k—1 n
3: If n is odd, then set W41 = (bk+1 — Zi:l Tpi Wi — Zi:kJrl xpiwi)/xkﬂ,kﬂ.

Algorithm 2 Modified backward substitution for solving an v-double cone linear system
Yz =w,whereY € C,.

1: Let z be a zero vector of size n and k = [n/2].

2: If n is odd, then set zj41 = Wkt1/Yk+1,k+1-

3: Forj=1,....,k,p=k—j+1,and g =k + j solve

—1
[ypp ypq:| {ZP] _ Wp — Zg:ziJrl YpiZi .
Yap  Yaq| |?q Wq — Z;‘I:_erl YqgiZi

Algorithm 3 Direct solver based on the XY factorization for solving an n X n centrosymmetric
linear system Az = b.

1: Find a similarity transformation of A € C,, of the form of (2.2) and (2.3).

2: Compute the LU factorization of the diagonal blocks in (2.2) and (2.3).

3: Form X and Y so that QA = XY using (2.5)~(2.6) and (2.7)—(2.8).

4: Set b = Qb using (2.9), and solve Xw = b using a modified backward substitution

(Algorithm 1).
5: Solve Yz = w using a modified backward substitution (Algorithm 2).

In order to solve Az = b, where A is skew-centrosymmetric, we multiply both side of the
equation by E given by (2.4) and solve Bz = b using the double-cone factorization, where
B = EAis centrosymmetric and b = Eb.

Using the double-cone factorization to solve a centrosymmetric system is asymptotically
four times faster than solving by a standard LU factorization. This is the same speed-up
as the approach suggested by Andrew in [2]. When the given matrix is symmetric positive
definite (SPD), Cholesky factorizations are used for the diagonal blocks of the similarity
transformation of the matrix in a manner similar to the nonsymmetric case, obtaining similar
gains. We call it the X X7 factorization in this case.

3. Equilibration and iterative refinement with mixed precision. Equilibration [12] is
an effective way to improve the conditioning of linear systems. We use the row and column
equilibration algorithm by Knight et al. [17], which is known to preserve symmetry. Let
A € R™™ " be a nonsingular matrix. Algorithm 4 computes nonsingular diagonal matrices
R and S such that B = RAS has the property that maxy, |b;x| = maxy, |br;| = 1 for all
1 < 4 < n. This algorithm is linearly convergent and permutation invariant. Note that
matrices appearing in spectral methods are often extremely ill-conditioned. Our experiments
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in Section 5.3 demonstrate a significant reduction in the condition number when we apply
equilibration to spectral differentiation matrices.

Algorithm 4 Row and column equilibration of a matrix A € R™*".

1: Let R =eye(n); S = eye(n); r = zeros(n, 1); s = zeros(n, 1).
2: while max; |7(2) — 1| > tol or max; |s(i) — 1| > tol
3: fori=1:ndo

4 r(i) = |AG, )| ="
s: s(i) = AG, )=
6: end for

7: R = diag(r); S = diag(s)
8: .A = ]:%.AS

9: R=RR

10: S=55

11: end while

PROPOSITION 3.1. Algorithm 4 (equilibration) preserves centrosymmetry.

Proof. Assume A is centrosymmetric. In each step of the algorithm, the diagonal matrices
R and S are centrosymmetric, hence B = RAS is a product of centrosymmetic matrices.
Recall that the set of n X n centrosymmetric matrices forms an algebra [27]. Therefore,
B = RAS is indeed centrosymmetric. 0

Iterative refinement algorithms are widely used to improve the accuracy of the numerical
solution of linear systems. Carson and Higham [6] introduced a GMRES iterative refinement
algorithm (GMRES-IR) with mixed precision. The factors of the matrix are computed in low
precision. The algorithm then solves the correction equation with GMRES in high precision,
using the product of the factors as a preconditioner. Their analysis shows that GMRES-IR
with mixed precision can provide accurate solutions to systems with condition numbers of
magnitude v~ ' and larger, where w is the unit machine roundoff. Their algorithm uses three
precisions plus the working precision. Let u be the working precision in which the matrix
A and vector b are stored, u the precision in which the factorization of A is computed, u,
the precision in which the residual is calculated, and u the precision in which the correction
equation is solved. Usually v, < u < ugs < uy. In Algorithm 5, we adapt GMRES-IR for
solving centrosymmetric systems by using the double-cone factorization and double-cone
solvers that were introduced in Section 2. Numerical results applying Algorithm 5 are given in
Section 5.3.

4. Error analysis for the direct solver. We now investigate the stability of the direct
solver based on XY factorizations for centrosymmetric matrices.

4.1. Preliminaries. Throughout this section, we use the following notation: For
A = (a;;) € R™*", define |A| = (|a;;|). The matrix spectral, infinity, and Frobenius norms
are denoted by || A||2, || Al|co, and || A|| 7, respectively. Additionally, define

| Allar = max; jla;|.

This norm is not consistent; the best bound that holds for all A € R™*"™ and B € R"*?, is
IAB||amr < nl||A||a||Bllas- Also we have ||A|lar < ||[A]loo < nl|Allas, for all A € R™*™,
Let u be the unit roundoff. We consider a model of floating point arithmetic, where a single
basic operation yields a relative error 4 bounded by wu,

filzopy) = (1+6)(z opy), 6] <wu, ope€{+,—,x,+}
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Algorithm 5 GMRES-IR adopted for double-cone factorization for a centrosymmetric system
Az = bwith 4 € C,, and b € R" given in precision u.

1: Obtain S and R from Algorithm 4. Calculate A = RAS and b= Rbin precision u.

2: Compute a double-cone factorization QA= XY in precision u .

3: Solve Ayo =bin precision uy using the XY factors and double-cone solvers. Store the

approximate solution g = Sy in precision u.

4: fori=1": imax do

5: Compute r; = b — Ax; at precision u,- and round r; to precision u.

6: Solve M Ad; = Mr; by GMRES in precision u, with M = § Yy-1X *1QR, where
the matrix vector product in GMRES is computed in precision u,. Store d; in
precision u.

7: Compute z;11 = x; + d; at precision u.
8: if converged then
: return z;41, quit
10: end if
11: end for

We follow Higham’s standard model of arithmetic [15, Section 2.4], which may not capture all
features that we expect in a floating point system.

LEMMA 4.1 ([15, Lemma 3.1]). If|d;| < u, fori = 1,...k, where k is any positive
integer and p = £1 and

4.1 ku <1,
then Hf:l(l +6;)Pi = 14 0, where

ku
0. < = V.
Okl < 5 = 0

Two useful properties of v, are given in the following lemma:
LEMMA 4.2 ([15, Lemma 3.3]). For any positive integers n, m, the following relations
hold:

Yn < Yen, c>1

We make the following assumptions about matrix operations [15]. If A, B € R"*"™,
o € R, then

fllad) =aA+ E, |E| < ulad|,
flA+B)=(A+B)+ E, |E| < u|A+ B,
A(AB) = AB + F, | < 1,]A[|B.

For a product of matrices, the corresponding norm-wise bounds are given by [15, Section 3.5]
4.2) 1Bl < ex(m)ull AllpllBllp + O(w?),  p=1,00,F,M,

where c¢1(n) denotes a constant depending polynomially on n. We also assume the LU
factorization is done in such a way that the computed L and U factors of A € R™ ™ which
we denote by L and U, satisfy

(4.3) LU=A+AA,  |AA| <~,|L||U].
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Algorithms for computing the factorizations that satisfy these bounds can be found in [15,
Algorithm 9.2] and in [12, Algorithm 3.2.1]. The corresponding norm-wise bounds are

(44) ”AA”P S CQ(n)u”‘i’“P ||UHP + O(U2), p= ]-7007Fa M;

where c3(n) denotes a constant polynomially dependent on 7.

The following theorem gives a bound for the backward error for the solution of general
linear systems using Gaussian elimination with partial pivoting (GEPP). Define the growth
factor of a matrix as

o 1q )
maxs, j, k |aij |
Pn = ——— 1 1>
max; j a;|
where |a§;€) |, K =1,...,n — 1, are the elements that occur during the elimination. It can

be shown that p,, < 2"~! for partial pivoting. Also if A is diagonally dominant by rows or
columns, then p,, < 2; see [15, Section 9.5].

THEOREM 4.3 ([28, Chapter 3, Section 25], [15, Section 9.3]). If GEPP is used to
produce a computed solution & to Ax = b, then

@5) (A+AA)i=b,  [AA]w < 19300 Alloc.

4.2. Roundoff error analysis for the modified backward substitution. Let us consider
Algorithms 1 and 2.

THEOREM 4.4. Let X be ann X n centrosymmetric h-double-cone matrix and b € R".
Assume that (4.1), (4.3), and (4.5) hold, and k = |n/2| > 112. If the solution W to the linear
system Xw = b is computed using the modified backward substitution of Algorithm 1, then

“6) (X +AX00=b,  [AX|ar < 7ol X lar-

Proof. We consider Algorithm 1 for an h-double cone matrix of even order; the odd case
can be carried out in the same way. In step 2 of Algorithm 1, we need to solve a 2 x 2 linear

symmetric centrosymmetric system. Let £ = |" PP P q} . Note that in fact x,,, = x4, and

Tap  Tqq
Tpq = Tqp, given that F is symmetric centrosymmetric, but we will not take advantage of
these equalities here and use instead Theorem 4.3, which applies to general matrices. To that

end, using Lemma 4.1, the accumulated roundoff error in solving this linear system is

—1 n
bp(1+€1) — Zf:1 Tpiwi (1 + 0p;) — Zi:q+1 Tpw; (1 + 9;:)1')

E+AE {w”} = - 5 :
( ) w bg(1+€2) — Zf:ll Tqiw;i (1 + Ogi) — Zi:q+1 zgiwi(1 + 9;1')

q

where |e1], |e2] < u, [Opil, 10,1 < Vp-1, [04il, 105:] < 741, and where

de de
AE — pp pq}
[5eqp deqq

is the roundoff error matrix from solving the 2 x 2 linear system by GEPP.
Notice that the growth factor of this matrix is po < 2. Therefore, using (4.5) and the norm
properties | AE|y < |AE oo < 167]|E||p»

4.7 [0epp| < [JAE||ar < 1676 E||ar = 16796 max{|zpp|, |2pq| }-
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Since FE is symmetric centrosymmetric, the same bound holds for other entries of AFE. Using
Lemma 4.1, we obtain

438) (Tpp + 0epp) (1 +Mpp)  (Tpg + depg) (1 + npq)} {wp]
(Tpg + 0eqp) (L +1mgp)  (Tpp + deqq) (L +1mgq) | |Wq

-1
+ Zf:ll xplwl(l + 77;01') - Z;L:qul xplwl(l + 77;1) _ |:bp:|
Zf=1 xqiwi(l + 77q1') - Z?:q+1 xqiwi(l + 771/11‘) be]’
where
4.9) Mpps 1Ml [Mapls Mgql < 1,
and
(4.10) il il <Aps Ingily il <vge i=1,...p=1g+1,...,n.
We write

(Tpp + €pp) (1 + 1pp) = Tpp + G€pp + NppTpp + S€ppNpp =: Tpp + 52y,

and then a bound for [0x,,| is

(4.1D) |62pp| < [6epp| + [MpplTpp| + [0€pp| [Mpp]-

Let us consider the case where X is a 4 x 4 centrosymmetric h-double-cone matrix. Assume
the computed solution is the exact solution of (X + A X)w = b. Incorporating equations (4.7)—
(4.10) into (4.11), we have

ilZ11] 0 0 |7 14|
|AX| < Yolwar|  vilwaa| yilwas|  yalwed
N ’YQ|$24| 7l|$23| ’Yl|$22| ’y2|x21‘

71|$41| 0 0 ’71|3711‘
+ 16(76 + Y671) ¥
max{|z11], [z14]} 0 0 max{|z11, [z14]}
0 max{|zazl, [v23]} max{|z2al,|v23|} 0
0 max{|zoz], [z23]} max{|waal, [23(} 0
max{|z11], |z14]} 0 0 max{|z11], |z14]}
Using Lemma 4.2,

[AX|[ar < (72 + 1676 4+ 167671) [ X || ar < (72 + 16(71 4+ v6 + v671)) | X [ ar
< (2 +1697) [ X Nlar < (2 + y112) 1 X [ s

This can be generalized to the n x n centrosymmetric h-double-cone case. If k = [n/2] > 112,
then, as long as assumption (4.1) holds, we have

[AX |ar < vaul[ Xl ar,

which completes the proof. |

The constant 7o, in this theorem is analogous to that of a triangular solver, which is v, [12].
A similar result holds for Algorithm 2.

THEOREM 4.5. Let Y be an n x n centrosymmetric v-double-cone matrix and w € R™.
Assume that (4.1), (4.3), and (4.5) hold, and k = |n/2| > 112. If the solution % to the linear
system Y z = w is computed using the modified backward substitution of Algorithm 2, then

Y +AY)Z=w,  [[AY|lm < vllY|ar-
Proof. The proof is similar to that of Theorem 4.4. a
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4.3. Roundoff error analysis for the double-cone factorization. Next, we analyze the
double cone factorization of a centrosymmetric matrix. The goal is to calculate the cumulative
roundoff error and see if the constants in (4.2), (4.4), and (4.6) propagate stably into the final
error bound.

THEOREM 4.6. Under the assumptions (4.2) and (4.4), the X and Y factors of a cen-
trosymmetric matrix A € C,, computed by (2.5) and (2.6) satisfy

XY = QA+ AA,
where
(4.12) IAA] < e(k)u (| + 1X |2z [V ][ar) + Ow?),

with ¢(k) a constant depending polynomially on k = |n/2|.
Proof. Given a centrosymmetric matrix A € C,,, with n even, of block form (2.1),
consider ), X, and Y given by (2.5) and (2.6) such that

A JcJ
A= {c JAJ

] =QTXxY.

Let B; := A+ JC and By := A — JC be the diagonal blocks in the similarity transfor-
mation of A in (2.2). Then the computed B; and B satisfy
4.13)  Bi=Bi+Ei;, |Eilu <u(lAln +Clla) +O@W?),  i=1,2.

Next, assume the LU factorization is done in such a way that the computed LU factors of B,
and B, satisfy

@14)  LiU;=Bi+F,  |IElm < co(byul Lillar [Uillar +0(?),  i=12.
Considering (4.13)—(4.14) we have
(4.15) L;U; = B; + AB;, i=1,2,
where
IAB;[|ar < u(l[Allar + [Cllas + c2(R)[ Lillar |Tillar) + Ow?), i =1,2.
We assume
(4.16) A=A+ A4,

where AA = F' + (G and F is the accumulated roundoff error from the previous steps and G
is the roundoff associated with multiplication and addition/subtraction. Then,

L[ PE4+Pf  (PT—Pf)J
_ AT _ 4 i p) 1 2
AQXYs[J(PlT—PQT) J(PL+ Pf)J
) L1+ Lo (Ll—Lg)J Ui+ Us (Ul—UQ)J
J(L1 —Lg) J(L1+L2)J J(Ul—Ug) J(U1+U2)J

. } PlT +P2T (PlT — PQT)J L Uy + LyUsy LU J — LUy J
= 1| JPT = BT) J(PT + PD)I| |TLUL = JLaUs JIAULT + JLaUsT |-
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1
Thus, A = §(P1TL1U1 + PJ LyUs). By adding (4.15), for i = 1,2, and including the error
of adding and multiplying by a scalar, we obtain a bound for F', namely

1 .o .
1Pl < (21200 + 2ol
+2[|Allar +2[|C i
4.17)
+ c2(R) [ Lallar [[UL[ s + ca(R)[[ Ll |U2||M) +0(u?)

< u([|llar + (2 (k) + 20) |1 X | ar 1Y [lar) +O(u?).

Notice that || L1 U1 || s < k|| L1|[a7]|Ux || az, and by the definition of X and Y, we have

IL1llar, 1L2llar < |1 X[lar — and  [[Oullas, 1028 < |I¥llar,  and also
[Allaz, 1€ < [ Allar-

Next, we calculate the accumulated roundoff error resulting from multiplication and
addition/subtraction in (4.16). Consider the first term. Let

H1 = (fxl + .Z/Q)(ﬁl + UQ) and H2 = (i/l - f/Q)J2(Ul — 02)

Then H 1 = H; + F7 and ﬁg = Hy + E5, where E; and Es are the errors of the product.
Applying (4.2) gives

1B1lar < ex(kullLy + Lollar |01 + Uzllar + O(u?) < ex(k)ul| X ||ar||Y ||ar + O(u?),
1B2llar < er(k)ullLy — Lollar |0 — Uallar + O(u?) < ex(k)ul| X || ar|Y ||ar + O(u?).
Then,
H = (P + PI)((L1 + Lo) (U1 + Uz) + (L1 — L2) J*(Uy — Us))
(4.18) = (Pl + PE)(H, + H>)
= (P{' + P{)(Hy + Ey + Hy + Ey + E3) + Ej,

where E5 is the error resulting from adding 4, and Hs, satisfying

1Es||ar < ex(B)ullPE + P || ar (I|1H1llar + | Hallar) + O(u?)
< 2c1(k)ku|| X | ar|Y ||ar + O(u?),

where we used the fact | P] + P{ ||ar < 2. Also, Ej is the error resulting from the product in
the second line of (4.18),

I Eallar < er(k)kull P{ + Py |lar (1Hallar + ([ Hallar) + O(u?)
< 2¢1 (k) k*ul| X || ar Y || + O(u?).

Notice that errors propagated by the product of (P + PJ') and E;, F5, and E3 are of order
O(u?). Then the total roundoff error from calculating H is G, where

1G1llar < 2e1 ()R> ull X al|¥ 1|2 + O(?).
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Doing the same for the second term of equation (4.16), with the roundoff error G5, the total
error from multiplication and addition/subtraction is G = G + G2 + Gz, and

1Gislar

< 50 (IPF + PP (a4 L2)(0+ 00 + (B = L) (01 = 02 g

I = P (s = E2)(0 + 00T + (B + )0 = 00
< 2uk?(| X[ a]|Y || ar + O(u?).
Therefore,
(4.19) 1Gllar < (dex(k)k + 2%yl X [ar|Y [lar + O(u?).
Considering the bounds for F' and G given by (4.17) and (4.19), we have
1AA[ < w(ll Al + esB) (IX Nlar [V 1ar)) + Ow?),

where c3(k) = 4cy(k)k + ca2(k) + 2k? + 2k. In the same way, we can find bounds for the
three other blocks of A. Overall, we obtain the bound in (4.12). 0

4.4. Roundoff error analysis for Algorithm 3. We now perform a roundoff error
analysis for Algorithm 3 and derive a bound for the relative error.

THEOREM 4.7. Let A € C,,, and suppose that Algorithm 3 produces computed matrices
X R )A’, and a computed solution Z to Az = b. Then,

(A+AA)z=0b,  [AAlly < dE)u ([ Alla + Xl 1Y 1) +O@?),

where d(k) is a constant depending polynomially on k = |n/2|, where k is assumed to be
large enough while still satisfying the assumption (4.1).

Proof. The solution of the linear system Az = b can be computed by solving Xw = B,
where b = Qb, followed by Yz = w. We calculate b = Qb by using (2.9). Let b = fi(b).
Then,

L[ (Piby+ Pyby + PyJby — PoJby)(1+ 6y)

0= 3 {(JPby — JPobs + JPLTby + JPsJbs)(1+62)|

where |81], |82] < ~a. Thus, b = (Q + AQ)b, where |AQ| < 74|Q|, |AQ]]2 < 4. By
Theorem 4.3, the modified substitution produces w and Z satisfying

(X + AX)d = b, IAX [|ar < yorl| X || ars
(Y +AY)z =, IAY [|ar < Yokl Y] as,

where £ is assumed to be large enough while still satisfying (4.1). Therefore,
b= (X +AX)(Y +AY):2 = (XY + X AY + AXY + AX AY)z.
Multiplying both sides by (Q + AQ)~ !,

(Q+AQ) 'h=(Q+AQ) (XY + XAY + AXY + AX AY)z,
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we thus have
b=(Q+AQ) 1 (XY + XAY + AXY + AX AY)2

(4.20) .
= ((Q+AQ)'XY + F)z,

where F:= (Q + AQ) " (X AY + AXY + AX AY) and
1Pl < nll(@+AQ) M Im (IX AY s + [AX Y [ar + [AX AY[|ar).
We have the following bound for the norm of (Q + AQ)~*:

Q+AQ) um < Q +AQ) 2 = (I + QTAQ) Q|2
1

< = <1
1-QTAQ[2 — 1 -4

=147+ 0(?).

Therefore,

IFlar < (1451 + Ow?)n® (2y2i| X a1V [l ar + 351 X 1o 1Y 1| az)
< 202k + OW))[| X || [1Y || 1-

(4.21)
Also notice that (Q + AQ)A = QA+ AQA= XY + E+ AQA, so
(422) A=(Q+AQ)'XY +(Q+AQ) HE +AQA) =: (Q+ AQ)"'XY +G,
and by using Theorem 4.4 and under the assumption (4.1),
1Gllar < nll(@+AQ) (Il ar + 1| AQ ar | Al ar)
(4.23) <n(l+7+0(u?) <C(k)U(IIAIIM + (1 X ar 1Y ][ar) + nwAIM)
< ¢ (k)u(|l Al + 1 X [[ar 1Y ]lar) +O?).
From (4.22) we have (Q + AQ) "' XY = A — (3, and we substitute this in (4.20) to get
b=(A-G+F)z= (A+AA)z
By (4.21) and (4.23),
IAA]w < d(k)u ([|Allar + X 1ar [V ][ 20) + O(w?).

where d(k) is a constant depending polynomially on k = |n/2]. a

In Theorem 4.7, a roundoff error analysis was presented for Algorithm 3. Next, we derive
a bound for the relative error of the direct solver. Let |- ||, be a consistent matrix norm,
IAB|l, < ||Allp]|Bllp. Recall that the M-norm does not satisfy this inequality. Suppose
that Az = b and (A + AA)Z = b+ Ab. Then we apply the following well-known result in
perturbation theory to find a bound for the relative error [9, Section 2.2 ],

Iz =2l Fip(A) <||AAp IIApr)
Izl = L= A 1AAl \ Al (bl /7

assuming || A7, |AAl, < 1. Here ,(A) = ||A||,[. A7, is the condition number of the
matrix 4. We set Ab = 0 in this inequality, and by employing Theorem 4.7 we establish the
following bound for the relative error for the approximate solution:
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COROLLARY 4.8. Given the assumptions of Theorem 4.7 and suppose also that
Ao [AAf o0 < ¢ < 1. Then,

< &' (k)uroo(A) (1 4 [Z e V] ”g”:”“) +0(u?),

12 = 2l
1] o0
where d' (k) is a constant depending polynomially on k = |n/2].

5. Numerical results. In this section, we examine the performance of the proposed
algorithms for solving linear systems that arise in the spectral discretization of a set of linear
PDEs. Spectral methods [5, 23] are known to solve PDEs with spectral accuracy if the solution
is smooth. Compared to other methods, such as finite difference and finite element methods,
these methods require fewer degrees of freedom to achieve the same accuracy.

We have listed the PDEs used in this study in Table 5.1; additional details for the spectral
discretization can be found in [14]. To discretize the PDEs, we use the spectral collocation
method with either Chebyshev or Legendre Gauss-Lobatto nodes. This results in linear
systems that have a centrosymmetric structure. In some special cases, such as for Poisson and
Helmbholtz equations with Robin boundary conditions, centrosymmetry is lost, but the matrix
is nearly centrosymmetric; specifically, it is centrosymmetric except along the diagonal.

5.1. Direct solvers with double-cone factorization. We now apply the direct solver to
the centrosymmetric spectral differentiation matrices of Table 5.1. To fully exploit the structure,
as described previously, we have written our own MATLAB code for the LU factorization, the
Cholesky factorization, backward substitution, and forward substitution. Before running the
solver, we apply equilibration (Algorithm 4) to improve the condition number of the matrix.

In Figure 5.1 we illustrate the effect of the equilibration. We (experimentally) observe
that the condition number of the equilibrated 1D Poisson discrete operator seems to decrease
from O(N*) to O(N?), where N is the number of collocation nodes. For the 1D biharmonic
operator, the condition number of the equilibrated matrix appears to be O(N*), whereas that
of the original matrix is O(N®). Thus, there seems to be a significant improvement in the
conditioning.

5 1D Poisson i 1D biharmonic equation
10 T T T T 3 T T
—6— condition(A) 10° F [—e— condition(A)
~—o— condition(RAS) ~—&— condition(RAS)

- - oY)

N T

Condition number
Condition number

F1G. 5.1. Condition number of equilibrated 1D second- (left) and fourth-order (right) Chebyshev spectral
differentiation matrices compared with the original matrices.

In Table 5.2 we present the relative error from using Algorithm 3 for centrosymmetric
linear systems arising from the Chebyshev collocation method for 2D and 3D Poisson, 2D
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TABLE 5.1
List of PDEs used for the numerical experiments.

name PDE structure
1DP 1D Poisson equation dense, centrosym
—u”" = f, u=0o0n 0N
2DP 2D Poisson equation sparse, centrosym
—Au = f, u=0o0n 09N
3DP 3D Poisson equation sparse, centrosym
—Au = f, u=0o0n 0
2DPV 2D diffusion equation sparse, centrosym
-V - (a(z,y)Vu) = f, on 9 depending on a(x, y)
2DPN 2D Neumann problem sparse, SPD, centrosym
—Au+u=f, Ou =0 on 02
v
2DPR 2D Poisson equation with Robin BC sparse, nearly centrosym
—Au = f, % + a(z,y)u =0 on 0N depending on a(z, y)
1DS 1D Singular perturbation problem dense, nearly skew-centrosym.
—€Ugy + Uy = f on 0N depending on ¢
1DB 1D biharmonic equation dense, centrosym
" = f u=1u =0ondN
2DB 2D biharmonic equation sparse+dense, centrosym

A%y = f, u:@:OonaQ
v

2DBV 2D biharmonic with variable coefficient sparse+dense, centrosym
Ala(z,y)Au) = f, u= % = 0 on 012
2DH 2D Helmholtz equation sparse, centrosym
—(A+k)u=f, u=0onodN
3DH 3D Helmholtz equation sparse, nearly centrosym
—(A+ k> = f, % + a(x,y)u = 0 on ON depending on a(z, )

diffusion, and 3D Helmholtz equations. For 2DP (in the notation used in the table), we
choose f such that u = sin(wmx) sin(wny) is the exact solution of the PDE with homo-
geneous boundary conditions and w = 10. For 2DPV, we set the same exact solution with
a(z,y) = 1 + w?z?y?. In 3DP and 3DH we set f such that u = sin(wnx) sin(wry) sin(wrz)
is the exact solution, where w = 3 is the wave number and k = w? for 3DH. In Table 5.2, d xy
denotes the relative errors from solving the linear system .4z = b using the XY factorization:

1z = 2lloo

1]l o

oxy = )
where Z is the computed solution.

In Table 5.3 we provide the results for SPD centrosymmetric linear systems arising from
symmetric Legendre collocation methods for the 2D Poisson equation (2DPSym) and a 2D
Neumann problem. Here we use the X X7 factorization. For 2DPSym, we choose f such
that u = sin(wmx) sin(wny) is the exact solution of the PDE with homogeneous boundary
conditions and w = 10. To maintain the symmetry and positive definiteness, we use a
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TABLE 5.2
The relative error using the XY solver for centrosymmetric linear systems arising from Chebyshev collocation
method for 2D and 3D Poisson (2DP, 3DP), 2D diffusion (2DPV), and 3D Helmholtz (3DH) equations.

PDE N  size(A) k(A) Oxy

2DP 101 10000 4.13 x 106 5.15 x 10~
2DPV 101 10000 1.21 x 10® 6.63 x 10714
3DP 26 15625 2.30 x 10* 2.06 x 107!
3DH 26 15625 1.65 x 10° 2.07 x 10~

quadrature formula with Legendre collocation nodes for the weak form of the PDE. Similarly
to 2DPSym, we discretize the problem with Neumann boundary conditions. We set f such that
u = (1 — 22)% cos(wmy) is the exact solution of the PDE with Neumann boundary condition,
where w = 10.

TABLE 5.3
The relative error using the X X1 solver for SPD centrosymmetric linear systems arising from symmetric
Legendre collocation methods for 2D Poisson equation (2DPSym) and 2D Neumann problem (2DPN).

PDE N  size(A) K(A) SxxT

2DPSym 121 14400 4.44 x 106 1.68 x 1013
2DPN 119 14400 1.01 x 106 4.65 x 10710

5.2. Skew-centrosymmetric linear systems. Consider the singular perturbation problem

—€Ugy + uy = f(2), inQ=(-1,1),

5.1
.1 u =0, on 01,

where € is a small positive constant. This is an advection-dominated PDE, and it is particularly
difficult to numerically solve it if € is very small. A boundary layer appears along the right-hand
side of the domain, whose thickness is tied to the magnitude of e.

Let D and D? represent the first and second-order spectral differentiation matrices. To
enforce homogeneous boundary conditions, we remove their first and last rows and columns
and denote the resulting matrices by [[D]] and [[D?]], respectively. Then, spectral discretization

leads to a linear system involving the matrix A; ps = —€[[D?]] + [[D]]. A relatively large
value of NV, the number of collocation nodes, is necessary in order to resolve the boundary
layer.

To assess the performance of a direct solver for a skew-centrosymmetric system, a spectral
discretization of (5.1) is considered, where € is very small, so that the associated linear system
is nearly skew-centrosymmetric. Then the linear system is solved by the direct solver described
in Section 2. The results of applying XY direct solver are given in Table 5.4 for different
values of e. In our numerical experiments, we set f such that u = (1 4+ z)(1 — e(®=1/Ve) is
the exact solution of the PDE with Dirichlet boundary conditions.

TABLE 5.4
The relative error using the XY solver for linear systems arising from using Chebyshev collocation methods for
the 1D singular perturbation problem (1DS).
€ size(A) k(A) Oxy
106 1200 3.27 x 10°  4.59 x 10712
1077 1500  3.59 x 10°  6.12 x 10712
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5.3. Iterative refinement with mixed precision. We have implemented Algorithm 5 for
spectral collocation methods applied to the 1D and 2D biharmonic and 2D variable-coefficient
biharmonic equations with homogeneous boundary conditions. The corresponding matrices
are dense and ill-conditioned.

In Table 5.5 we present the result of applying Algorithm 5 when uy = single precision
and u = u, = double precision. We have computed the XY factorization in single precision
and the residual in double precision. We set the convergence criterion for the refinement
process in step 8 of Algorithm 5 as 4 < tol, where

16— Azit1]loo

3:
[ Allollzit1[oo + [[blloo

is the norm-wise backward error; see [15, Theorem 7.1]. We set tol = n u in our experiments,
where 7 is the dimension of the matrix. The tolerance in GMRES in each iteration of the
refinement is set to be tolgmres =10"2 and tolgmres =104, respectively, for the single and
double precision X and Y factors.

For 1DB and 2DB we set f such that

u=14cos(rz) and wu= (14 cos(rz))(l— 2% + y4)

are the exact solutions of the PDEs, respectively. For 2DBV we set f such that

u = sin? (7x) sin®(7y) is the exact solution of the PDE, where a(z,y) = 1 + kz?y?, and
k = 1000. This results in an ill-conditioned centrosymmetric linear system.

TABLE 5.5
The result of applying Algorithm 5 to different centrosymmetric matrices. The parameters n;,.q and n;rs denote
the number of iterations in the refinement using equilibration, where the X and Y factors are calculated in double and
single precision, respectively. §;,q and &;,s denote the relative errors in Algorithm 5, where the X and Y factors are
calculated in double and single precision, respectively. §s denotes the relative error in the direct solver where the X
and Y factors are calculated in single precision.

A size(A) K(A) /Q(R.AS) Tird 5ird 55 Nirs 5717"3

IDB 20 7.82x10° 8.05x10% 1 1.99x10~' 2.00x107° 2 7.09x10~™
1DB 22 1.61x107 1.16x10* 1 7.32x107™ 1.59x10™% 2 4.27x10~™
2DB 324 3.06x10% 821x10% 1 3.74x107'* 3.52x107° 2 3.46x10° ¢
2DB 400 6.74x10% 1.22x10* 1 6.64x107™ 9.24x107° 2 1.22x107'3
2DBV 729 6.87x10° 2.28x10* 1 1.02x107™ 2.32x10~®> 1 1.68x107°
2DBV 900 1.48x10'0 3.25x10* 1 2.25x10718 7.43x107° 1 6.04x107°

For 2DBV problems, the relative errors are larger than for the other examples, at approxi-
mately 10, The stopping criterion for the iterative refinement is nu ~ 10~ in this case,
and the relative error is expected to be bounded by the product of the condition number of the
equilibrated preconditioned matrix and the relative residual.

We note that we have also applied Algorithm 5 with the double-precision XY factorization
and observed that in this case, the refinement algorithm converges in one iteration for all cases.
Comparing this with the results in Table 5.5, we observe that for condition numbers up to
approximately 101°, Algorithm 5 with a single-precision factorization achieves the desired
convergence in almost the same number of iterations as using a double-precision factorization.

In Figure 5.2, the relative errors of Algorithm 5, where the X and Y factors are calculated
in double and single precision are compared. With an extra refinement step, the single precision
calculation yields a relative error similar to the double precision calculation.
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102 , 2D blr]armonlc eqluatlon

10 /‘\///\’—'/\‘

—&—error doublerefinement
10%F —e—error single
—e&— error singlerefinement

g 10°F 1
1070 1
10,14 L L L L

30 32 34 36 38 40
N

FIG. 5.2. Accuracy of Algorithm 5 compared with direct solvers using X and Y factors calculated in single and
double precision for 2D biharmonic.

6. Concluding remarks. The double-cone factorization [14] ensures that symmetry
with respect to the center is retained and yields an efficient and robust algorithm. As such, it
preserves structure while maintaining the computational cost and memory required to solve
the linear system. The bound we have derived for the relative error in solving centrosymmetric
linear systems shows the numerical stability of the factorization and the modified substitution.
Equilibration and mixed precision further improve the performance of the numerical solution
procedure in cases where the matrix is ill-conditioned.

Several interesting questions remain open for further exploration. One of them is how to
fully exploit the savings that arise from using the double-cone structure; each of the double-
cone factors requires only half of the storage of a dense matrix. Exploiting the double-cone
structure has potentially important implications also on the backward error, as it may allow for
structured perturbations, the advantages of which have been discussed in [21, 22], for example.

The numerical code to solve the problems described in this paper is available at:
http://tinyurl.com/2e2paedr
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