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RELATIVE PERTURBATION tan ®-THEOREMS
FOR DEFINITE MATRIX PAIRS*

SUZANA MIODRAGOVICT, NINOSLAV TRUHART, AND IVANA KUZMANOVIC IVICICT

Abstract. In this paper, we consider perturbations of a Hermitian matrix pair (H, M), where H = GJG* is
non-singular, J = diag (£1), and M is a positive definite matrix. The corresponding perturbed pair defined as
(ﬁ, M) = (H + dH, M + §M) is such that H=GJG*is non-singular and Misa positive definite matrix. An
upper bound for the norm of the tangents of the angles between the eigenspaces of the perturbed and unperturbed
pairs is derived. The rotation of the eigenspaces under a perturbation is measured in the scalar product induced by M.
We show that a relative tan ©-bound for the standard eigenvalue problem is a special case of our new bound.
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1. Introduction and meotivation. The tan ©-theorem is one of the main theorems,
among the other theorems given in [2], that is used to examine the quality of approximated
eigenspaces for the standard eigenvalue problem.

In general, perturbation theory for the eigenspace of the standard, general, and quadratic
eigenvalue problem has developed into two major branches: the so-called absolute (see [2,
11, 15, 19]) and relative perturbation theory (see [1, 3, 5, 6, 7, 16]). Absolute bounds for
invariant subspaces bound the angle between the original and the perturbed subspace in terms
of an absolute eigenvalue difference (eigenvalue separation), while relative bounds contain
a relative eigenvalue separation. The estimates derived from absolute and relative bounds
can be very different. The choice between these bounds depends on the specific matrix and
the perturbation under consideration. There is no general consensus on which type of bound
yields the most accurate results for a given matrix and perturbation. One advantage of relative
perturbation bounds is that they are better at exploiting structures in the perturbations than
absolute bounds. For a more detailed discussion on the similarities and differences between
relative and absolute perturbation bounds, see [9, 10].

Most perturbation bounds for eigenspaces are of the type of sin ©-theorems. Some
extended results regarding tan ©-theorems, with relaxed conditions, can be found in [13, 18],
and they have been recently generalized [17] motivated by a conjecture in [26, Corollary 3.22].
As it has been pointed out in [18], one important application of the tan O-theorems is in
examining the quality of Ritz values, which has been thoroughly studied in many papers such
as [17, 25, 26].

Another recent generalization of a tan ©-theorem within absolute perturbation theory of
definite matrix pairs can be found in [14]. Since in [14] the perturbation of one matrix has to
be off-block diagonal, this may be seen as a potential drawback in applications.

The purpose of this paper is to derive tan ©-theorems for the matrix pair (H, M), where
H is a non-singular Hermitian matrix factorized as

H=GJG*, J=diag(£l),
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where G is non-singular and M is a positive definite Hermitian matrix. The corresponding
perturbed pair is (H, M) = (H + dH, M + 6 M) such that

H=GJG*,  J=diag(£l),

with G non-singular and Ma positive definite Hermitian matrix. Same as in [14] and also in [6,
7], the angle operator © is defined in the matrix-dependent scalar product (x, y)y = * My,
where z,y € C".

As far as the authors know, previous tan ©-theorems for standard (see [2, 13, 18]) and
generalized (see [14]) eigenvalue problems are considered as absolute perturbation bounds,
derived under the assumption of eigenvalue separation.

Contrary to the above-mentioned results on tan ©-theorems, including the recent pa-
per [14], the new tan ©-theorems in this article provide bounds considered as relative per-
turbation bounds. The first new bound involves very general conditions on the eigenvalue
separation, but it holds only for the Frobenius norm. The second new bound requires some
conditions on the eigenvalue separation, but it holds for any unitary invariant norm.

The main motivation for this paper is the absence of tan ©-bounds for the generalized
eigenvalue problem in the literature, even though they exist for the standard eigenvalue problem.
The advantage of a tangent angle bound over a sine angle bound follows from the fact that for
sharp angles, 0 < 0 < %, the inequality tan # > sin 6 holds, as pointed out in [18]. Recently
derived relative sin ©-bounds given in [6] are compared with the new bounds for tan ©, and it
is shown that, under the assumption that 0 < 6 < % i.e., cosf < 1/2, these two bounds are
almost equally sharp. This also follows from the fact that we used similar techniques to derive
the new tan ©-bounds.

The paper has the following structure: In Section 2, definitions and general settings are
given, the most important of which is the setting of the structured Sylvester equation. From
this structured equation, two main approaches for deriving our main bounds are presented in
Section 3. Additionally, at the end of Section 3, two main tan ©-theorems are presented, one
for the Frobenius norm and the other for any unitarily invariant norm. Numerical experiments
are presented in Section 4.

Throughout this paper, || - ||2, || - || 7, and || - || stand for the spectral norm, the Frobenius
norm, and any unitarily invariant norm, respectively, while x2(A) stands for the condition
number of matrix A in the spectral norm. Additionally, I,,, (or simply [ if its dimension is
clear from the context) denotes the m x m identity matrix. The spectrum of a matrix A is
denoted by A(A). The minimal and maximal singular values of A are denoted as oy, (A) and
Omax (A), respectively.

Throughout this paper, when referring to the eigenvalues and eigenvectors of a matrix
pair, we specifically mean generalized eigenvalues and eigenvectors. However, we omit the
term "generalized" when the context makes it clear that we are referring to a matrix pair.

2. Definitions and general settings. Let (H, M) be a Hermitian matrix pair with an
indefinite non-singular matrix H and a positive definite matrix M of order n. Let the corre-
sponding perturbed pair (I;T M ) = (H + 6H, M + 6 M) also be Hermitian, with H being
indefinite non-singular and M being positive definite. We consider the following generalized
eigenvalue problem

Hx =AMz
and the corresponding perturbed problem

H7 = \M7,
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where the matrices H and H can be written as
H=GJG* and H=GJG*, J=diag(+l),

and where G and G are non-singular matrices. The matrices H and H are assumed, as it is
common in relative perturbation theory, to have the same inertia. In the next remark we state
the conditions under which this assumption is satisfied; see also [5, 22].

REMARK 2.1. Let H = G.JG* be perturbed such that H = G(J + E)G*. Under the
assumption that ||[H ~||2||0H||2 < 1, it follows that | E||2 < 1 and also ||EJ||2 < 1. Then,
the following series expression from [8, Theorem 6.2.8]

— 1/2 _ - _ n—1(2n — D
T:=I+EJ) I+ (-1) S

i=1

(EJ)"

obviously converge since ||EJ||2 < 1. It can be also verified that T = JT™*.J, and therefore
J+E=TJT".

Now, || E||2 < 1 implies that H = GJG* and H = G(J + E)G* have the same inertia as J.
Under these assumptions, the matrix pairs (H, M) and (H, M) can be simultaneously
diagonalized, i.e., there exist non-singular matrices X, X € C"*" such that

@2.1) X*HX =A,  X*MX =1,
where A = diag (A1,...,A\p), A R, fori=1,...,n,and
(2.2) X*HX =7, X*MX-=1,

where A = diag (5\1, e S\n) .\ ER, fori = 1,...,n; see [19, Chapter IV, Theorem 1.15].
Foragiven k, 1 < k < n, let X and X be partitioned as

X = [X; X;) and X = {)?1 5(:2} )

where X1, )Z'l € C™F* and X, )?2 e C"*(n=k) The eigenvalue decomposition (2.1) can
now be written as

o e e[ ) [ e, )

where A; = diag (A\1,...,\x) € RF*F and Ay = diag (Agr1,...,\p) € ROZF)Ix(=F)
The same holds for the perturbed problem:

2 Kg], g]mf g =]

where A; = diag (A1,..., \p) € RF* and Ay = diag (App1, .., An) € R(R)x(n=k),
It is important to emphasize that we will use a structured Sylvester equation. Due to the
uniqueness of its solution, we have to assume that the given k is such that A(A;) N A(Ay) = 0
and A(Ay) N A(Ag) = 0.

Also, we have to assume that A(A;)NA(A;) = @ and A(A1)NA(As) = (), which ensures

that the subspaces R(X) spanned by the columns of X; and fR()A(: 1) spanned by the columns

Yk
Xi
*

(2.4) [Xg

]f{r[f(l %, =

of X are uniquely determined.
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The main goal is to give a bound for the distance between the subspaces R(X7) and
3%()? 1), and this is achieved by bounding the tangent of the canonical angles between these
subspaces. Note that the matrices X and X are M-orthonormal and M -orthonormal, respec-
tively. Because of this, the distance between the subspaces R(X;) and R(X) is measured
using a matrix-dependent scalar product.

The following relationship between matrices that are unltary inan M- and M- -dependent
scalar product is important: for an M- -unitary matrix X and a small perturbation § M, the
matrix X*MX = I — X*§MX is positive definite. Using the Cholesky factorization

(2.5) X*MX =YY",
where Y € C"*", ~it follows that Y"1 X*M X is a unitary matrix because both matrices
M'2X and MY/2XY ~* are unitary; see (2.1) and (2.5).
2.1. CS decomposition. The CS decomposition (see [12, 19]) is the main tool used to
derive a tan ©-bound. If the matrix Y ~* X * M X is partitioned such that
k n—k

(Y IX*MX), (Y*)?*MX)M] k

YIX*MX = | S s :
(Y'X*MX)y (Y 'X*MX)yp| n—k

then by the CS decomposition there exist unitary matrices
U = diag (Uy,Us) € C™*" and V = diag (V1, Vo) € C™*™,
with Uy, Vi € CF** and U,, Va € C—k)*x(n=k) gych that

{Ul 01" Vi O}Z[Cl —Sl]

1
(2.6) 0 UJ Y- XMX[ 0 v, 5%

where C1, Cs, S1, and S, take the form

(¢| 0o -5
0 In 2k 0 ) fork<§7
ERR c
o -5 J]o -s N
2.7 [52 02] s ¢l fork = 3,

(SIS

Iy 01 0
0 c|-S8|, fork>
0 S|cC |

In (2.7), the matrices C' and S are given by
C = diag(cosbs,...,cosb,) and S = diag(sinfy,...,sinb,),

where 0; € [0,7/2), fori =1,...,p, p=min{k,n — k}, are the canonical angles between
the eigenspaces R(X1) and R(X) given in the M-dependent scalar product (for more details,
see [7, Section 2.2], [12, Section 4]). The trigonometric functions of the angle between
the eigenspaces R(X;) and R(X;) in the M-dependent scalar product are the same as the
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trigonometric functions of the angle between the eigenspaces R(M*/2X) and R(M/2X;)
in the Euclidean scalar product. Also, note that

SC~ = diag(tan by, ..., tand,).

REMARK 2.2. Note that [Cfl]ii > 1and [C;l}ii > 1 in all three cases from (2.7), which

means that |C] |2 = ||C5 |2 = |[[C~ |2 Also, in all three cases, ||S1C5 || = [|[SC1.
Let Y be partitioned as o 0 with a k x k£ matrix Y7;. Then,
Yo Yoo

y= { }1/1;1 1 0 1
=Yoo YoV Yoo

Further, from (2.6), we obtain

(2.8)
Vi X MX, Vi XM X,
Yoy Yor ViT X{ M Xy + Yo X3 MXy Yo, Yar Vi X{MXp + Yoy X5 M X
_ Cl _Sl *
v [52 o ] v

Now the basic concepts for obtaining the main equation are set.

2.2. Setting the main equation. From (2.3), it is easy to see that
HXy5 = MXsA,,
and by multiplying from the left with X T, we get
X:HXy = X MX,A,.
Now, using that H=H + 0H and )?{‘I;T = 7\1)?{1\7, we have
MXIMXy — X:6HXy = XEMXoAs,
which, after using ]Tj = M + §M, also yields
MY YT X MXy + M XFOMXy — Xi6HXy = Y1, Y X MXoAs.
Further, the equality U;.51 V5" = —Yﬁl)? 1M X, from (2.8) gives
(2.9) —M Y1 U8V = =Y U S Vs Ay + X{6HXo — Ay XM X,
Multiplying (2.9) from the right by VoCy !, we obtain

—A Y1 UL S O = =Y UL S Vs A VaCyt + X6 H X, Vo Ot

(2.10) o
— M X{SM X, Vo Oyt

By reordering the above equation, we get

— A Y11 U318, Cy Y11 UL S Vi A Vo O

(2.11) - o
= X{OHXVoCy b — M XM X,V Cy
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3. The tan ©-bound—the main result. In this section, we derive upper bounds for the
norm of the tangent of the angle between the subspaces R(X) and R(X1), that is, for

I tan ©(R(X1), R(X1))I| = |SC ]

where © is measured in a matrix-dependent scalar product. This is done in two ways. The
first bound is obtained as a direct solution of the previously derived equation (2.11). It holds
only for the Frobenius norm without any additional conditions on the spectrum (except on a
separation condition). The second bound is derived for any unitarily invariant norm. It is also
obtained from equation (2.10) using standard linear algebra techniques. However, unlike the
previous bound, this bound requires some additional conditions on the spectrum. Now we
state the first theorem of this paper.

THEOREM 3.1. Let (H, M) and (H, M) = (H + 6H, M + 6 M) be Hermitian matrix
pairs, where H and H are non-singular and M and M are positive definite matrices of order n.

Let X = [X; Xs] and X = [5(1 Xz] be the non-singular matrices from (2.3) and (2.4) that

simultaneously diagonalize the pairs (H, M) and (H, M ), respectively. Then the following
bound holds:

16513 1Y - (156 H Xall + R 12| K700 X )

(3.1) |SC~ | <

Inink [Ai — A

Proof. If we set U := Y11U1516’2_1 in (2.11), it is easy to see that (2.11) is a standard
Sylvester equation

MU — WOV A VoCyt = XF0H X, VoCyt — Ay XFOM X, VaC5

where the bound for the Frobenius norm of the solution, i.e., || V||, is given as (see [4, 19])

| X;0HXoVaCy |7 + | A XM XoVoC5 Y| 1

(3.2) U < _
¥l sep(A1, Co Vi Ao VaCy )

The denominator in (3.2) is the separation of /~\1 and Co V5 A Vo Cf L By [19, p. 245], for this
separation we have

IA(A) — A(CoVis A VaCy )|

sep(A1, CoVy Ao Vo Oy ) > PRCAPNGT ;

where Y, and Y}, are matrices of the eigenvectors of /~&1 and CoV5 A Vo Oy 1. Note that
A(CoVy AaVaCyt) = A(Ay) since the matrices Co VAo VoCy ! and Ay are similar. Also,
note that k2(Y,) = 1 and that #2(Y3;) < ||C5 ! ||2. This means that for the separation we have

~ 3 1 ~
sep(Ay, CoVy A VoCyt) > W\A(Al) — A(Ag)]
2 2
(3.3) 1 . -
- C’fl ‘_I{an |)\’L — )\]|
1€ 2 bk

Additionally, it holds

3.4) IX36HX2VaC5 || p < 1|0y |2l X5 6H Xo||p,

1A X3 6MXoVeCy | < 1105 ol B2l X7 50 X


http://etna.ricam.oeaw.ac.at
http://www.kent.edu
http://www.ricam.oeaw.ac.at

ETNA

Kent State University and
Johann Radon Institute (RICAM)

370 S. MIODRAGOVIC, N. TRUHAR, AND 1. KUZMANOVIC IVICIC
and also
_ _ 1 _
(3.5) 1) F = |[Y11U151C5 | > 0min (Y1) |SC 7| F = WHSC e,
11 112

where ||51C'2_1 |l = ||SC~1||F; see Remark 2.2. Inserting (3.3), (3.4), and (3.5) into (3.2),
we obtain the bound (3.1). 0
The following lemma is an important tool that we use in the proof of the next theorem.
LEMMA 3.2 ([18, Lemma 2.1]). Let X € C™*™ Y € C"*", and Z € C"**® have
singular value decompositions X = UxXxVx, Y = Uy Xy Vy, and Z = UzX 7V, where
the singular values are arranged in descending order. Then, for any unitarily invariant
norm || -

i

XY Z|| < [Yl2llZxXzl],
XY Z|| < [ X]2lIZy Zz],
IXYZ|| < [ Z]]2[Zx Zy ],

where ¥ X, f)y, and iz are diagonal matrices of the p largest singular values and
p = min{m,n,r, s}

Now we state the second result that gives a bound that holds for any unitarily invariant
norm. o

THEOREM 3.3. Let (H, M) and (H,M) = (H + 6H, M + M) be Hermitian matrix
pairs, where H and H are non-singular and M and M are positive definite matrices of

order n. Let X = [X; X5] and X = {)?1 )22} be the non-singular matrices from (2.3)
and (2.4) that simultaneously diagonalize the pairs (H, M) and (fl , M ), respectively. Then,

if omin(A1) — k(Y11)||A2||2 > O, the following bound holds:
107 - (NS HXal| + [l K50 Xl ) - Y772

Tmin(A1) — £(Y11)][Az]|2

Proof. We start this proof with the equation (2.10). By taking any unitarily invariant norm
of equation (2.10), we get

36  SC7 <

1A Y1 U1 8, C5 || < (Y11 U3 Sh Vi A VaCy Y| + | XF6 H X VaCg Y|
+ A XM X5 VoG5t

Also
37 1A Y11 U181 G5 = ||Y1~1U151V2*A2V2051|| o
< | XTOHXoVoC5 | + A1 XT6M X2 V205 .
Note that
(3.8) 1A1Y11U151C5 | > Omin (A1) min (Y11) - 1S1C57
and

(3.9) | X$0H XoVaCy || < | X{0HX - |C57 -
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In addition,

(3.10) 1A XM XoVaCy || < [[Aa]f2]| X6 M X [|C5 2,
and finally, from Lemma 3.2, we obtain

(3.11) Y11 U181 V5 A VoCy | < (Va2 As 2|, S, s
where

S, = diag (sinf,, . ..,sin6),

Yo, = diag (cos 6y, ..., cosb,),

= 1 1
> 1 =di
Cs 18 (cos 6, " cos 91> ’

61 <6y <---<0,,and p =min{k,n — k}. Thus,

155, S| = ldiag (tan 6, -, tan 61| = 5,05 = 5C~|
(see Remark 2.2). Now, from (3.7) using (3.8), (3.9), (3.10), and (3.11), we obtain
1SC 1 (i (B1) 0uin (Vi) = Vi 2l Aoll2)
<165 - (KT H X + R 2] K561 X )

Using omin(Y11) = m and the assumption that omin (A1) omin (Y11)—|[Ya1]2][Azll2 > 0,

we derive the inequality

105 - (IESHXs |+ 1Rl KM X ) - 137

Isc < =
Omin (A1) = £2(Y11)[[Azll2

REMARK 3.4. Assume that the tan 6-bound is derived only for small perturbations of
the matrix pair such that the angle ¢ between the eigenvectors is 0 < 6 < . Under this
assumption, the appearance of the expression ||C; ! ||2, which is related to the cosine of the
angles, can be removed from (3.6). More precisely, it follows that

1
<2

Cy 2 =
1€ e = s <

b

when 0 < 5 and 0; <0 <--- <Oy

Note that the bound (3.1) from Theorem 3.1 and also the bound (3.6) from Theorem 3.3
require too much information about the subspaces (perturbed and unperturbed). Therefore,
in the following, we will simplify the right-hand side of (3.1) and (3.6) by deriving bounds
for || X0 H X, | X56M Xz||, || Yy |2, and k2(Y11). This will give the main results of this
paper. B o

The eigenvalue problems for H = GJG* and H = GJG* are closely related to the
hyperbolic eigenvalue problem for the pair (G*G, J) and (G*G, J) (see, e.g., [20]). From [19,
Theorem VI.1.15] and [19, Corollary VI.1.19] it follows that there always exist J-unitary
matrices I and F, thatis, F*JF = J and F'*JF = J, that simultaneously diagonalize
the pairs (G*G, J) and (G*G, J), respectively. More about J-unitary matrices and their
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properties can be found in [23]. Since H = GJG* and X*GJG* X = A, by spectral calculus
one can analyze

(3.12) G*X = F|A|Y2
Similarly for the perturbed quantities we have H=GJG* and X*GJG*X = A and
(3.13) G*X = F|A|'/2
Now,
X 6HX, = X{GG 'S HG *G* X,
together with (3.12) and (3.13) gives
(3.14) Xi0HX, = |M|V2FrG 0 HG ™ Fy| AoV

It is assumed here that F' = [F} Fy] and F= {ﬁl ﬁ2:| are partitioned accordingly to (2.3).
Now, from (3.14) we can see that

(3.15) IXFOHXs | < omax (A1) - omax (|82 /)| F 2| Fllo |G SHG ™.
Also, since
XM Xy = Xi MM 26M M2 M2 X,

and the columns of the matrices @1 =X 1 M'/2 and Q=M 1/2 X, are orthonormal, we
obtain

(3.16) | X500 Xs|| = Qi M V26 MM 2Qu| = ||M 126 MM ).
Under the assumption that

1
m = | MTY2SMM TV < bR

in the proof of [6, Theorem 3.4] the following bound is given for ||Y;7"||2:

_ VvI—
(3.17) 1Y Hl2 < VoM
V1=2nm
Also, we can bound r5(Y11) by bounding ||Yi1]lz = [[\/1 — X;6M X1, where on the

right-hand side we have the norm of the Cholesky factor of I — X oM X. Note that

(3.18) 1Yirlla < /14 [ K56MZ s < 1+ [ KoMK

Using the M-unitarity of X and M ~Y/2(I + M~/2§MM~/2)=1/2 we can write
(3.19) X =M"Y2(I+M2sMM—2) 712,

where () is a unitary matrix. If we set W = M~Y25 M M—1/2, then from (3.19) it follows

(3.20) |XOMX o = [|(I+ W)™ 2W (I + W)~y < 1?7#;
— M


http://etna.ricam.oeaw.ac.at
http://www.kent.edu
http://www.ricam.oeaw.ac.at

ETNA

Kent State University and
Johann Radon Institute (RICAM)

RELATIVE PERTURBATION TAN © THEOREMS 373

Inserting (3.20) into (3.18) we obtain

1
3.21 Yillo € ———.
(3.2D) [Yi1][2 < Ny
From (3.17) and (3.21) it follows
(3.22) k(i) € ——— — a1
' A= Ty M

Finally, we can state the two main theorems of this paper. Recall that © is measured in a
matrix-dependent scalar product. _

THEOREM 3.5. Let the same assumptions as in Theorem 3.3 hold. Let H and H be of
the form H = GJG* and H = GJG*, where G and G are non-singular matrices. Further,
let F and F be J-unitary matrices that simultaneously diagonalize the pairs (G*G, J) and
(G*G, J), respectively. Then, if ny == ||M~Y/26MM~1/2|| < 3 and § < %, the following
bound holds:

I tan O(R(X1), R(X1))|| -
G2y Y .<||ﬁ||2|F|2||é-15HG-*F . |M-1/26MM-1/2||F>

T Vl=2ny 81 S
where
min i=1,....k |>\1 — )\J| min i=1,....k |)\1 — Aj|
i=k+1,..., i=k+1,...,
81 = J=ktl,.m and Sy = I=ktl,..m

UmaX(|j~\1|1/2) : UmaX(|A2|1/2) HKIHQ

Proof. Using (3.15), (3.16), and (3.17) in the bound (3.1), from Theorem 3.1 we obtain
the bound (3.23). O
THEOREM 3.6. Let the same assumptions as in Theorem 3.5 hold. If

Tumin(A1) |Aall2 > 0,

1
VT Znr
then the following bound holds:

| tan ©(R(X1), R(X1))]|
G2, VI (|ﬁ|z||F||2|é-1aHG-*||+|A7-1/26MM-1/2||>

=7 VI =2y 91 G2
where

minK - A
= omin(M) —awr|As]ls and Gy —

Umin(Kl) - aM”AQ”Q
Tmax(IA1]1/2) - Tonax (| A2[1/2) '

A1 ]2

Proof. Using (3.15), (3.16), (3.17), and (3.22) in the bound (3.6), from Theorem 3.3 we
obtain the bound (3.24). 0 B

REMARK 3.7. Note that the assumption o yin (A1) — ﬁ”zﬁ |l2 > 0in Theorem 3.6
ensures a positive denominator in (3.6), from which we derived (3.24), and this represents a
condition on the separation between |Ao| and |Aq].
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In [6] the authors derived a bound for the norm of the matrices F' and F from (3.12)
and (3.13) that appear in the bounds (3.23) and (3.24). More details about this can be found
therein.

REMARK 3.8. Note that the values 1, and ap; are dependent on the perturbation of the
matrix M. If 6M = 0, then i, = 0 and «p; = 1, in which case the bounds (3.23) and (3.24)
are of the form

o IF Ll Fll |G S HG* |
ur = )

(3.25) | tan O(R(X1), R(X1))| 5

where D = 81 /4 when ui = F or D = §;/2 when ui is any unitarily invariant norm. Ad-
ditionally, if H is positive definite, then F' and F' are unitary, and the bound (3.25) has the
form

|G HG™* |

| tan ©(R(X1), R(X1))|wi < 5

4. Performances of the bounds. In this section, we illustrate the performance of our
bounds (3.23) and (3.24). We compare them with the exact values as well as with some known
perturbation bounds. More precisely, we compare the bounds (3.23) and (3.24) with the sin ©-
bound form [6] as well as with the bound from [21]. This comparison makes sense because
we consider only small perturbations of the eigenvectors for which the values of the tangent
and the sines of the angle are extremely close. The tan ©-bound for the standard eigenvalue
problem from [18] is comparable to the special cases of our bounds (3.23) and (3.24) with
M = I and §M = 0; see Remark 3.8.

4.1. Example 1. We consider the generalized eigenvalue problem
Hx =Mz,

with H=gallery (' ris’,n)-0.002+«diag(2+xn:-2:1), where ' ris’ is the matrix
from MATLAB’s matrix set and M=diag (1:n) with n = 50. We compare the bounds (3.23)
and (3.24) in the spectral and Frobenius norm with the exact values of

Itan O(R(X1), REX))llr  and || tan O(R(X1), R(X1))]2-
We consider 30 random perturbations 6 H and M of the same size, which satisfy
[(6H)y| <1077, [(6M)y] <1077

In the results illustrated in Figure 4.1, we can see that the bound (3.24) in the 2-norm is the
sharpest, as expected. Comparing the bounds (3.24) and (3.23) in the Frobenius norm, we can
notice that these bounds are equally sharp. This behavior is also expected from a theoretical
point of view. The drawback of (3.24) is the strong assumption on the spectrum, which makes
it inapplicable in some examples where this assumption does not hold.

In Figure 4.1, we also observe that the bounds in the Frobenius and in the spectral norms
behave similarly for different perturbations of the same size.

4.2. Example 2. In this example, we compare the bounds (3.23) and (3.24) with the
sin ©-bounds from [6] (denoted by GTM) and [21] (denoted by Sun), which are stated in the
following theorems:
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FIG. 4.1. Comparison of the bounds (3.23) and (3.24) with the exact values.

THEOREM 4.1 ([6, Theorem 3.4]). Let (H, M) be a Hermitian pair, and let the matrices
(H,M) = (H + 6H, M + 6 M) be the perturbed pair. Let X = [X| Xo) and X = [)Nfl X2:|

be non-singular matrices that simultaneously diagonalize the pairs (H, M) and (H, M) as
in (2.1) and (2.2), respectively. If ny = || M~Y/26MM~1/2||5 < L, then

Isin ©2(R(X1), R(X1)) |

@b I Fll2ll il 1 VI =i
< ———— Uy + ~ - Wy,
RelGap(A1, A) RGap(A1,A2) V1—2nm

where Uy = |G L6HG™* || g and Uy = ||M~Y25MM~/2|| p, and
A .y
RelGap(Ay1, As) = 4_errr1}n q,
=100k /Al

~ N — A\
RGap(A1,A2) = min |~7j|,
Z:iﬁil,‘..k,’ﬂ |)\]‘

where /):j, j=1,...,n, are the eigenvalues of the pair (ﬁ, M).

In the same paper in [6, Corollary 3.5], a similar bound for any unitarily invariant norm is
also given.

THEOREM 4.2 ([21, Theorem 2.1]). Let the definite pair (H, M) be decomposed as
in (2.3), where X, aiid Xy have orthonormal columns. Let the analggous decomposition be
given for the pair (H,M) = (H + dH, M + 6 M), and let \; and \;, i = 1,...,n, denote
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FIG. 4.2. Comparison of the bounds (3.23) and (3.24) with the sin ©-bounds for perturbations of different size.

the eigenvalues of (H, M) and (ﬁ[ , M ), respectively. If

I' = min |/\j~_)\i| i=1,...,kj=k+1,...,np >0,
2 2
(1+A2)(1+ A?)
y(H, M) = Cm\iln\l . V(z*Hz)? + (z*Mzx)? > 0,
xzelCm, ||z||=
then
. H? + M? SHX|]? OMX|]?
@) JsmO®(xy), Ry < LI E Ml ISHX, P+ OMX [

" y(H,M)y(H, M) r

where the constant q satisfies 1 < q < /2, ~v(H, M) is the Crawford number of the pair
(H, M) (see, e.g., [19, Theorem 3.9, Chapter VI]), and T is an absolute measure of the gap in
the spectrum.

EXPERIMENT 1. The first comparison is made for the example of the generalized
eigenvalue problem Hx = AMx with

H=gallery ('ris’,n)-0.005+xdiag(2+n:-2:1),
where ’ ris’ is the matrix from MATLAB’s matrix set and
M=0.03xdiag(1:0.1:0.1x(n+9))

with n = 50 and k& = 3. The perturbations § H and 6 M are of the same size and satisfy

[(6H )iz| <, [(6M)i5] < e,

where e is gradually changing from 10~ to 10~5. The obtained results for the Frobenius (left)
and the 2-norm (right) are presented in Figure 4.2.

EXPERIMENT 2. In this experiment, a comparison is done with the parameter-dependent
matrix H of the form

H=gallery ('ris’,n)-vxdiag(2+xn:-2:1),

withv=0.1:-0.01:0.01,M=0.03*diag(1:0.1:0.1 (n+9)),n =>50,and k = 3.
The perturbations satisfy |(0H);;| < 107%, and [(§M);;| < 1078. The obtained results are
presented in Figure 4.3.
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FI1G. 4.3. Comparison of the bounds (3.23) and (3.24) with the sin ©-bounds for different values of the
parameter v in the matrix H.

From the Experiments 1 and 2 in this example, we can conclude that the bounds (3.24)
and (3.23) in the Frobenius norm and also in the 2-norm are almost equally sharp as (4.1) and
significantly sharper than the bound (4.2) in the appropriate norms.

EXPERIMENT 3. In this experiment, we consider H = gallery ('ris’,n) and
M =diag(1:n),n = 50, and random perturbations § H and § M satisfying

|(6H)i;| <1078 and  |(0M);;] < 1075,

For this example, we choose a subspace such that the condition from Theorem 3.6 is not
satisfied, and therefore the bound (3.24) cannot be applied. Therefore, we calculate the values
of the bounds (3.23) and (4.1) as well as the exact value. For k = 2, we obtain the exact value

| tan ©(R(X1), R(X1))||r ~ 6.5496 - 10~5.
The bound (4.1) gives

[sin®(R(X1), R(X1))||r < 1.4013 - 1075,
while (3.23) gives

| tan ©(R(X1), R(X1))||» < 3.6403 - 1076.

This example shows that (3.23) can be of the same order of magnitude as (4.1), which is
particularly important in cases like this where the bound (3.24) cannot be applied.

4.3. Example 3. In this example, we compare a special case of (3.23) with M = I and
O M = 0, with the tan ©-bound from [18]. That bound is for the standard eigenvalue problem
Hax = Az and is stated (using our notation) in the following theorem:

THEOREM 4.3. [I8, Theorem 1] Let A € C™*™ be a Hermitian matrix, and let
X = [X; Xo| be its unitary eigenvector matrix such that X*AX = diag(Aq, Ag) is diagonal,
where X1 and Ay have k columns. Let X1 € C™** pe orthogonal, and let R = AX1 X1A1,
where Ay = X:AXi. Suppose that \(A3) lies in [a,b] and A\(A;) lies in the union of
(—o00,a — 8] and [b+ 6, 00). Then

43) | tan O(R(X,), R(ZL)| < LB
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This example is motivated by [6, Example 5.2], where the authors constructed a so-called
abstract Bogoliubov—de Gennes-like example. Let

(Hyp, 0

i = 0  —Hi|

be a nonsingular indefinite Hermitian matrix, and let

~ [H1p B, ]
H = P
_BP _Hll_

be the perturbed matrix, where H1; is a positive definite Hermitian matrix obtained in MAT-
LAB as

n=25;

h11=[0.01:0.001:0.32, 0.5, 0.7];

[Otmp, temp]l=gr (rand(n)) ;

H11l=Qtmpx*diag (hll) «Qtmp’;

H11=1/2% (H11+H11");
and B, = §B *rand(n), B, = B, + B/, is a random perturbation with 6B = 10~°. Note
that this perturbation is an off-diagonal block perturbation, so the latest bound from [14,
Theorem 3.2] can also be applied here. However, in the case when M = I and 6 M = 0, this
bound and that of (4.3) coincide; see [14, Remark 3.5].

An illustration of the bounds is provided here for the case when the condition for the
eigenvalues given in Theorem 4.3 is satisfied. Additionally, the condition from our Theorem 3.6
is satisfied as well. This means that we choose k such that the eigenvalues of A; lie in the
union (—0.8,—0.5] U [0.5,0.8), and the eigenvalues of Ay lie in [—0.32,0.32]. This gives
¢ = 0.1800, and the bound (4.3) gives

| tan ©(R(X1), R(X1))||# < 0.0011.
The exact value is approximately
| tan ©(R(X1), R(X1))||r ~ 3.4342 - 107°.
The bounds (3.24) and (3.23) are equal and give
[ tan O(R(X1), R(X1))||r < 5.5919 - 1072,

Note that for this example, (3.24) and (3.23) are sharp and close to the exact value of the
tangent, while (4.3) is not, as it contains the absolute gap ¢ in the denominator.

In the end, it is important to emphasize the important property of the bound (3.23). In
the case when the conditions for other tan ©-theorems are not satisfied and therefore they
are inapplicable, the bound (3.23) can still be applied and provides a good approximation
of the exact value of || tan ©(R(X1),R(X1))||r. For example, if we choose k, i.e., X1
corresponding to the eigenvalues {—0.7, —0.012, 0.7}, then the exact value is approximately

| tan O(R(X1), R(X1))||F ~ 1.2923 - 1074,
and (3.23) gives
[ tan ©(R(X1), R(X1))||F < 2.3494 - 104,

while other tan ©-bounds are inapplicable.
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5. Conclusion. This paper presents two tan ©-theorems, Theorem 3.5 and Theorem 3.6,
for definite Hermitian matrix pairs that belong to relative perturbation theory. Theorem 3.5
gives a bound (3.23) that holds only for the Frobenius norm and requires no assumption on the
spectrum. Furthermore, Theorem 3.6 gives the bound (3.24) that holds for all unitarily invariant
norms, but it requires some condition on the spectrum. In several numerical examples, both
bounds are tested and compared with existing tan ©- and sin ©-bounds. When conditions on
the spectrum are satisfied, it is shown that (3.24) and (3.23) are equally sharp (see Example 4.1)
and comparable to the sin ©-bound from [6]. Otherwise, when these conditions are not satisfied
(Example 4.2), the bound (3.23) is as sharp as the relative sin ©-theorem from [6] while (3.24)
cannot be applied. Additionally, in Example 4.3, it is shown that for the case where M = I
and 6 M = 0, these bounds are comparable to the tan ©-bounds for the standard eigenvalue
problem. Especially, when compared with the tan ©-bound with relaxed conditions from [18],
it can give a sharper estimate, almost equal to the exact value tan ©. One of the reasons is that
the new bounds (3.23) and (3.24) use relative gaps. Finally, we can conclude that our results
are sharp enough to recognize small perturbations, and compared with existing tan ©-bounds,
they can give sharper estimates. Additionally, (3.23) can be applied in certain cases where the
other tan ©-bounds are not applicable.
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