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ROBUST BDDC ALGORITHMS FOR FINITE VOLUME ELEMENT METHODS*

YANRU SUT, XUEMIN TUT, AND YINGXIANG XU*

Abstract. The balancing domain decomposition by constraints (BDDC) method is applied to the linear system
arising from the finite volume element method (FVEM) discretization of a scalar elliptic equation. The FVEMs
share nice features of both finite element and finite volume methods and are flexible for complicated geometries with
good conservation properties. However, the resulting linear system usually is asymmetric. The generalized minimal
residual (GMRES) method is used to accelerate convergence. The proposed BDDC methods allow for jumps of
the coefficient across subdomain interfaces. When jumps of the coefficient appear inside subdomains, the BDDC
algorithms adaptively choose the primal variables deriving from the eigenvectors of some local generalized eigenvalue
problems. The adaptive BDDC algorithms with advanced deluxe scaling can ensure good performance with highly
discontinuous coefficients. A convergence analysis of the BDDC method with a preconditioned GMRES iteration is
provided, and several numerical experiments confirm the theoretical estimate.
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1. Introduction. Finite volume methods are widely used in different areas of science
and engineering where local conservation is an important property to be ensured for the
discretizations. One special class of finite volume methods is called finite volume element
methods (FVEMs for short); see for example [3, 9, 10, 32]. The FVEMs use two types of
meshes. The approximation space of the exact solution is constructed based on a primal mesh.
A dual mesh is used to construct the test function space. The FVEMs share nice features of both
finite element and finite volume methods and are flexible for complicated geometries with good
conservation properties. Recently, there appeared many works on stability, superconvergence,
and high-order methods for FVEMs; see [11, 12, 13,49, 50, 51, 56] and the references therein.

However, there are only a few works on fast solvers for the linear systems resulting from
the FVEMs. This might be partially due to the fact that the resulting linear systems are usually
asymmetric. In [48] the convergence rate of the generalized minimal residual (GMRES)
method for solving linear systems from FVEMs was analyzed, where simple diagonal scaling
is used to improve the convergence rate. Some wavelet and multilevel preconditioners are
studied and analyzed in [31]. One family of widely used preconditioner techniques are the
domain decomposition methods [39], which have provided efficient preconditioners for large
linear systems arising from finite element discretizations (FEMs) for many partial differential
equations (PDEs). Both overlapping and nonoverlapping domain decomposition methods
have been applied to solve asymmetric linear systems from finite element and discontinuous
Garlekin discretizations [1, 2, 6, 7, 8, 15, 38, 43, 47]. In these works, the asymmetry is due to
the original PDEs, and usually they require the subdomain size to be small enough to ensure
the convergence rate of the preconditioned GMRES method being independent of the number
of subdomains. There are also some domain decomposition methods proposed for solving the
linear systems of FVEMs. Overlapping domain decompositions are studied in [14, 55], and
the convergence rate of the preconditioned GMRES method is proved to be independent of the
number of subdomains under the assumption that the mesh size is small enough. Using the
same assumption, iterative substructuring (nonoverlapping) domain decomposition methods
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are studied in [34] using an additive Schwarz framework, wherein the convergence is proved to
be independent of the number of subdomains, depends poly-logarithmically on the subdomain
problem sizes, and is robust with respect to jumps in the coefficient across the subdomain
interface as well.

One of the most popular nonoverlapping domain decomposition methods is the balancing
domain decomposition by constraints (BDDC) method, which was introduced in [16] for
symmetric positive definite problems and has been used for solving linear systems from
different applications [28, 29, 40, 41, 42, 43, 44, 45, 45, 46]. See [53] for a recent review.
Several methods, for example in [28, 43, 47], are designed and analyzed for asymmetric or
indefinite problems, where the convergence is independent of the number of subdomains
under the assumption that the subdomain size is as small as that for the overlapping domain
decomposition methods. In this paper, we propose and analyze BDDC algorithms for the
linear system from FVEMs. Different from previous works on BDDC methods for asymmetric
linear systems, the elliptic PDE considered here is self-adjoint. The asymmetry of the linear
system is due to the FVEM discretizations. Therefore, in our analysis we only require that the
mesh size is small enough to ensure convergence independent of the number of subdomains.
Different from the additive Schwarz approach used in [34], we will combine the estimate of an
average operator [43, 47] and the connection between the linear systems from the FEMs and
FVEMs for our analysis. In this paper, in addition to jumps of the coefficient across subdomain
interfaces as in [34], we will also consider jumps of the coefficient inside subdomains. For the
latter, we will use the deluxe scaling [20], and the primal variables in the BDDC algorithms
are derived from the eigenvectors of some carefully chosen local generalized eigenvalue
problems [24, 35, 36, 54]. To the best of our knowledge, this is the first adaptive BDDC
algorithm applied to asymmetric problems.

The rest of the paper is organized as follows. We first describe the finite volume element
discretization in Section 2. In Section 3, our domain decomposition and the BDDC precon-
ditioner are introduced. In Section 4, different choices of the scaling and primal constraints
are discussed. We provide an analysis of the convergence rate of our BDDC algorithms in
Section 5. Finally, some computational results are presented in Section 6 to illustrate our
theoretical results.

2. Problem setting and a finite volume element discretization. We consider the fol-
lowing second-order scalar elliptic problem in a bounded polyhedral domain 2 € R?,

V.(GVW) = f inQ,
@1 { u = 0, ondQ,

where G = (g;;) € (L°°(Q))**? is the diffusion coefficient matrix and f € L?(Q). We
assume that G is a real symmetric positive definite matrix satisfying

Jay,oq >0 suchthat a,&7¢ > TG(x)E > aie?¢, Vo € Qand VE € R%

By the assumptions above, there exists a solution u € H}(2) of (2.1) such that
(2.2) ag(u,v) = / (GVu) - Vodz = / fvdz, Vv € Hy(Q).
Q Q

Let W C H{ (£2) be the standard continuous, piecewise linear finite element function
space on a shape-regular triangulation 7, of 2. We denote the set of nodes in 7;, by N and
an element of the triangulation by K. hg is the diameter of K. We set h = maxy hx.
Similar to [14], we assume that no interior angle of any triangle in 7}, is larger than 7 to avoid
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FIG. 2.1. The primal and dual mesh of a linear FVEM on element K and Vertex Ps.

unnecessary complexity. In order to describe the finite volume element methods, we call Tj,
a primal mesh and introduce a dual partition of 7j. For each vertex P € A/, we construct a
(barycenter/Donald) dual element K} as follows: for each K € 7}, sharing P, we choose
a barycenter of K and connect it with the midpoints of the edges of K. In Figure 2.1, Py,
P, and Ps are three vertices of the element K. The barycenter of K is denoted as cx. mqo,
mas, and mg; are the midpoints of the edges P P>, P> P3, and Ps Py, respectively. The dual
element Ky, is the polygon with the dash-dotted line. The dual elements form a dual mesh 7,"
of Q. Let W* be the space of piecewise constant functions (a constant on each dual element
K}) over the dual mesh 7,*. For any P € 0f2, the dual basis function is zero.

The finite element discretization problem is to find up, € W such that
2.3) ag(up,vp) = / fopdx, Vv, € /1/177
Q

where the bilinear form a is defined in (2.2). Similarly, the finite volume element discretiza-
tion problem is to find u;, € W such that

ey - 3 /6 (GVun) - nop, ds =
-

/ fop dz, Vv, € W
KLeTy

KpeTy

The convergence of this finite volume element method is of first order in the H'-norm and of
second order in the L2-norm; see [3, 9, 10]. A review of the finite volume element method is
given in [32].

We introduce a mapping IIj, from W — W* asin [14,48]. Givenwv € W. Let IIv € W
be defined as follows: for each vertex P € N/,

Myu(z) =v(P), Vze Kp.

Using this mapping IIj,, we can reformulate (2.4) as

2.5) uhmh Z / fHpvp dx, Yo, € W
KrLeTy
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where

ap(up,vp) = — Z /8K* (GVuy,) -nup(P) ds = —

/ (GVuy,) - nll,vy, ds.
KpeTy OKp

KyeTyr

The system of linear equations corresponding to the finite element and finite volume
element problems (2.3) and (2.5) are denoted by

(2.6) Apup = fp
and
2.7) Au = f,

respectively. Here the coefficient matrix Ag is symmetric positive definite, but A is usually
asymmetric even though the original problem (2.1) is symmetric. In the next section, we will
introduce a BDDC algorithm to solve the system (2.7). For the BDDC algorithms with simple
scaling, we do not need to form the system (2.6), which is only used for our analysis of the
BDDC algorithm. However, for the deluxe scaling and the adaptive BDDC algorithms, we do
need to form the system (2.6). The details are provided in Section 4.

3. Domain decomposition and a BDDC preconditioner. We decompose the original
computational domain €2 into N nonoverlapping polyhedral subdomains €2; based on the
primal mesh. We assume that each subdomain is a union of shape-regular elements. Let H be
the typical diameter of the subdomains and I' = (U0S2;)\0f2 the subdomain interface shared
by neighboring subdomains. We define I'; = 0€2; N I, the interface of the subdomain €2;.
We note that our algorithm is also defined for the subdomain partition obtained from mesh
partitioners, where less regular subdomains will be obtained. For the analysis with irregular
subdomains in domain decomposition methods; see [17, 18, 19, 25, 52].

We first reduce the global system (2.7) to a subdomain interface problem on I'. In order
to do that, we decompose the space W as follows:

ﬁ/\ =W; & WF = (HZ?LW,“)) SY WF,

where Wl(i) are the spaces of the subdomain interior variables, while Wp is the subspace
corresponding to the variables on the interface. We can rewrite the original problem (2.7) in
the following way: find u; € W and ur € Wr, such that

Arr A ug I1
3.1 = .
1) [ Arr  Arr ur Ir
Here Ay is block diagonal with one block corresponding to one subdomain. Apr is assembled
from subdomain matrices across the subdomain interfaces. Due to the structure of Ajr, we

can eliminate the subdomain interior variables u; in each subdomain independently from (3.1)
and reduce (2.7) to a subdomain interface problem

(3.2) Srur = gr,

where St = Arr — AFIAl_IlAIp and gr = fr — AHAI_IlfI. After solving (3.2), we can
solve for u; in each subdomain independently given the value up.
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Let Wr(i) be the subdomain interface space. The global Schur complement St can be

assembled from the subdomain Schur complement Sl(f) defined as follows: given uij ) e WIEL)

Sﬁi)u{f ) is defined as
(3.3) A%ZI; A(%; EZ; [ O(i) (i) } :
Ar; Arp Spur

We then introduce a BDDC preconditioner to solve (3.2). We further decompose Wp
into the primal interface variables and the remaining (dual) variables. We denote the primal

variable space as I//V\n and the dual variable space Wa. We relax the continuity for the dual
variables and introduce a partially assembled interface space as

/V\V/r = Wn ®Wa = W\H D (HZN:lWX)) .

Here the degrees of freedom in W may be discontinuous across the subdomain interface. The
subspace WH contains the coarse level with continuous primal interface degrees of freedom.
Correspondingly, we define a partially sub-assembled problem matrix A as the two by two
block form

- Aqr A:IF

Aprr  Arr

where

~ ~ A ~ A A
A =[Aia Am], Arr= [Aﬁi] , Arr = { Ad AH} .

We note that Apr is assembled only for the coarse-level primal degrees of freedom across the
interface. We define the partially sub-assembled Schur complement operator St as

Sp = Arr — ZFIAI_}/LF-

We can obtain §p by partially assembling the subdomain local Schur complements S () defined
in (3.3) with respect to the primal interface variables. We define the injection operator RF that

maps the element in Wp to Wp By the definition of Sy and Sp, we can obtain S from Sp by
further assembling with respect to the dual interface variables, i.e.,

S = RIS Rr.
We define EDI = Dﬁp, where D is a scaling matrix. Different choices of the scaling matrix
D can be found in [53, 54], and it should provide a partition of unity:
(3.4) RL Rr=RERpy =1.

We will discuss our choices of the primal variables ur and D in Section 4 in detail.
The BDDC preconditioned interface problem is given as

3.5) EgjgfléD,FSFUl" = R%Igl:lﬁpjgr.

Since the matrix A from the FVEMs in (2.7) is asymmetric, St is asymmetric as well. We
need to use the GMRES method to solve (3.5). In each iteration, to multiply St by a vector, we
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need to solve subdomain Dirichlet boundary problems, while subdomain Neumann boundary
value problems and a coarse-level problem need to be solved for multiplying Sp ! by a vector;
see [30] for more details. We will analyze the convergence of the BDDC preconditioned
GMRES algorithm in Section 5.

We introduce similar Schur complement matrices for the finite element matrix Ag. We
rewrite the system (2.6) as

Arg 1 Agir up s | _ | Je1
Agrr Aprr Up,T fer |’
We define the subdomain local Schur complement Sg,)r as Séi) given in (3.3) for Ag,

(3.6) Sir = AW — A A AR

The global subdomain interface Schur complement Sg r and the partial assembled Schur
complement Sg r for the finite element discretization are defined as

Ser =Agrr — AE,FIAE}HAE,ID
§E,F = ZE,FF - AVE,FIAE}]]AVE,IP
Thus it holds
Spr = RESprRy.

4. Different choices of the scaling matrices and primal subspaces. The choices of
the scaling matrix D and the primal variables u, play crucial roles for the performance of the
BDDC algorithms. Detailed discussions about the different choices for the symmetric positive
definite problems are given in [53, Sections 4 and 5].

4.1. The scaling matrix D. For our asymmetric system (3.5), we define two choices of
the scaling matrix D.

One choice of D is called p-scaling [39, equation (6.1)], which can be applied when the
diffusion coefficient matrix has the form G = pGg, where Gy is a well-conditioned matrix
(constant or changing very mildly) and p is assumed to be a constant in each subdomain,
denoted by p; for the subdomain €2;. Here we allow p having large jumps across subdomain
interfaces. We define a positive scaling factor (53 (x) as follows: for v € [1/2, 00),

5
5i(e) = <210 pc a0, Nty
Zje,/\[x pj (:L‘)
where N is the set of indices j of the subdomains such that z € 9€2;. Since we assume
that p;(x) is constant in each subdomain, 5;[ (z) is constant on each edge/face. The p-scaling
matrix D is a diagonal matrix defined as

4.1y D = diag (5j (ac)) .

The second choice is called BDDC deluxe scaling, which was first introduced in [20] for
the H (curl) problem and has been proved to be very robust for different problems that can be
formulated as positive definite problems such as in [4, 5, 21, 35, 54]. The deluxe scaling is a
block diagonal matrix with each block corresponding to an edge [53]. For a subdomain edge
&i;, which is shared by two subdomains §2; and €2, we define two Schur complements,

SP = A Al AR AR k=i,

ijCig
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and the deluxe scaling D is defined as
, N —1
4.2) Do =S8 (80 +59)) , k=i.j

We note that the Schur complements S ‘(93 can be obtained by restricting the subdomain Schur

complement S(i), defined in (3.3), to the edge &;;. Some economic variants can be found
in [24] and the references therein.

4.2. The choices of the primal variables. It is well-known that for (2.1) with the finite
element discretization, if the diffusion coefficient matrix is constant in each subdomain, the
vertex primal variable will be enough to ensure a good performance for two-dimensional
problems. We will show in the next section that the BDDC preconditioned GMRES algorithm
will perform well for our asymmetric system from the finite volume element discretization as
well. Additional edge average constraints can enhance the convergence [30, 39]. However,
when the diffusion coefficient matrix has a large variation inside subdomains, the BDDC
algorithms with these standard primal variables can suffer considerably.

The adaptive choice of the primal spaces for the BDDC algorithm applied to symmetric
positive definite problems has been a very active research area [53]. However, our system (3.5)
is asymmetric, and we cannot apply the adaptive primal variable choices directly to our system.
Here we use the finite element system Ag defined in (2.6) to help us to choose the adaptive
primal variables since A is symmetric positive definite.

For a subdomain edge &;;, which is shared by two subdomains 2; and €2;, we have
defined S ékj) for k = 7, j. Similarly, we define the same Schur complements for A as S'J(Ek)57
for k = 4, j. In addition, we need to define another matrix. In order to do that, we let gfj to be
the complement of £;; in the set I';, the subdomain interface of €2;. We write the subdomain

Schur complement SS?F, defined in (3.6), as

(2) (4)
S(’i) _ SEL’&J‘&J‘ SEZvSijgfj
EI — S(l) S(l) :
BE5E; PEELES

@ . gl () (i) ()
We define SE,sgj = Spee, SE,e,ijggj SE,Sfjé‘fj SE,Sij

ij "
The adaptive primal variables are obtained by solving the generalized eigenvalue problem

4.3) (SWer + SPee ) m = pim (S, + S, ) oms

where the parallel sum of two matrices is A : B = A(A + B)TB and (A + B)™ denotes a
pseudoinverse with

(A+B)(A+B)Y(A+B)=A+B  and
(A+B)Y(A+B)(A+B)" = (A+ B)".

The additional primal variables are defined as (Sg?&j : Sg’) 51']-) A, where A is the matrix

with the eigenvectors associated with eigenvalues smaller than a given tolerance % for the
columns.

For the adaptive primal subspaces, the deluxe scaling is crucial. The analysis for the
BDDC algorithm arising from the finite element discretization with the adaptive primal
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subspace and deluxe scaling is provided in [24, 53, 54]. The implementation of the adaptive
primal variables can be found in [5, 23].

We use the finite element matrix A to construct the deluxe scaling D as in (4.2) by
replacing the corresponding matrices from A by those from A . The adaptive primal subspaces
are obtained using (Sg?&j : Sj(zj)gu> A. In the next section, we will prove the convergence of
the BDDC preconditioned GMRES algorithms for (3.5) with the adaptive primal subspace
and the deluxe scaling.

We note that for the p-scaling defined in (4.1), we do not need to form the finite element
matrix Ag. However, for the deluxe scaling defined in (4.2), especially with the adaptive
primal variables, we need to form Ag for each subdomain to construct the deluxe scaling
matrix D and the adaptive primal variables uyr. This will require additional memory and
computation. However, due to the asymmetry of A, the spectral properties of A and the
generalized eigenvalue problem (4.3) can be complicated. Therefore, we use Ag in the
construction of our BDDC preconditioner. These subdomain A can be deleted as soon as the
neighboring subdomain construction is completed.

5. Convergence rate of the GMRES iteration. In this section the convergence of the
BDDC preconditioned GMRES for solving the interface problem (3.5) is analyzed.

We first define some useful norms. The partial sub-assembled finite element space W is
defined as

W:W]@WF.

We have W C W, and we denote the injection operator from WtoW by R.
We define the bilinear forms on W as: for all u,v € W,

N N

an(u,0) = 3 al @®, o), Gp(ue) =Y al @®, o),

i=1 i=1

where a%i) and a%) are the subdomain restrictions of a;, and a g to the subdomain 2;, respec-
tively. u'® and v() represent restrictions of u and v to the subdomain ;.
Denote the partially sub-assembled matrices corresponding to the bilinear forms af(-, -)

and (-, -) by A and Ag, respectively. We have
A= ETAVE and AE = ETAVEE

Since the subdomain bilinear forms a%)(-, ), 1 =1,2,..., N, are symmetric positive
semi-definite on W (9 we define

w20 = a$ (u® ) for any u'? € W,
E

N

lull%, = Z Hu(Z)Hig), forany u € W, and
i=1
N —_—~

||1UHZTE = Z Hw(l)”igw forany w € W.
i=1

In order to define the norms for ur € Wr, we provide two extensions for ur to the
interior of the subdomains. The first extension is the standard discrete harmonic extension
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uyT € W [39, Section 4.4], defined as

-1 5 .
(5.1) Uy r = [ ~Ap i Ap,mur } ew.
ur

Given ur, we obtain the discrete harmonic extension w4 r by solving subdomain Dirichlet
problems corresponding to the finite element discretization, and us; r has minimum energy
norm under all finite element functions which have the trace ur on the interface.

The second discrete extension of ur € Wt to the interior of the subdomains is defined by

175 N
(5.2) Uy = [ —Apr Arrur } ew.

ur

Given ur, we obtain uy r by solving subdomain Dirichlet problems corresponding to the finite
volume element discretization as shown in (5.2). However, uy r does not have the energy
minimization property.

We note that for any ur € Wp, both uy, r and wy r are also well defined. We have
un,r € W and uyr € W

We use the notation (p, ), to represent the product q” Mp for any given matrix M and
vectors p and q. With the extensions defined in (5.1) and (5.2), we have the following lemma.

LEMMA 5.1. Foranyv € W, denote its restriction to T by vr € Wp Then, for ur € Wp
and any v € W with vr on I, we have

(ur,vr)g. = (wyr,v)g  and  (ur,or)g, . = (uprv) g, -
The same results also hold for functions and the corresponding bilinear forms in the space
Wr.

Using Lemma 5.1, we can define Hup||SE L= <UF’UF>SE,F’ for any ur € Wp, and
||wF||2E . = (wr, wp)s , for any wr € Wp LetT = R 57113@ rSt be the precondi-
tioned operator in (3.5). We will use the Sk r-norm to estlmate the convergence rate of the
GMRES iteration by employing the following result due to Eisenstat, Elman, and Schultz [22].

THEOREM 5.2. Let ¢y and Cy be two positive constants, independent of H, h, and G
in (2.1), such that

co (U, u)g, . < (u,Tu)g, ., (Tu,Tu)g, . < C2 (u,u)

[ ( & )m”
LMAPELD (1 - 20
||TOHSE,F N Cg ’
where 1., is the residual of the m-th iteration of GMRES.
In the rest of this section, we will estimate the lower bound ¢ and the upper bound C? in
Theorem 5.2. We use ¢ and C' to denote constants that are independent of H, h, and G in (2.1).
We first need to establish some useful connections between the systems from the finite
element and the finite volume element discretizations. Using [14, Lemma 3.1], we have the
following lemma.
LEMMA 5.3.

Ser "’

Then,

(1, 0) 4, = (u,0) 4| < Chlfullagllollag, Vu,ve W,
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and
(w,v) 7, — (wv) 5| < Chllull 5 [lvll5,, Yu,veW.

The result holds for the corresponding subdomain versions as well.
Using Lemma 5.3, we obtain the following two lemmas.
LEMMA 5.4. There exists a positive constant hy > 0 such that for h < hy,

cluuy < full, < Cluu),, YueW,
and
cluuyg < ful}, <Cluu)z, YueW.

The result holds for the corresponding subdomain versions as well.
Proof. By Lemma 5.3, we have

||u||?4E <A{u,uy, + ChHuHiE and hence (1 — Ch) ||u|\?4E < {u,u) 4 -
There exists a positive constant i > 0 such that 1 — Ch > 1/2 for all h < h;. Therefore, we
have [[ul?%, < C(u,u) ,.

On the other hand, by Lemma 5.3, we have

(u,u) 4 < (u,u) 4, + Chllulll, < (1+C)llull, < 2[uliy,

if h < hy. a
Similarly, using Lemma 5.3 and the Cauchy-Schwarz inequality, we can prove the follow-
ing lemma.

LEMMA 5.5. For h < hq,
(w,0) 4 < Clluflagvlay, Yu,veW,
and
(,v) 5 < Cllullz, vl z,. Yu,veW.

The result holds for the corresponding subdomain versions as well.
LEMMA 5.6. For h < hq,

< ChHuF”SE,F”UF”SE,Fa VUF,UF S WF;

‘(Ur,vﬂsr — {ur,or)g, .

and

[(ur,vor) g, = (ur,or)g,, | < Chllurlls, Jlorlls, . Var,or € Wr.

Proof. Given any ur,vr € /WF. Then, by Lemma 5.1,

‘<UF7UF>SF — (ur,vr)g, .| = ’<UV,F7UH,F>A — (vu,r uvr) 4,

(5.3) = |y vrr) 4 = (e o) 4| < Chlluvirllag orrl e,
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where Lemma 5.3 is used in the last step. Using Lemmas 5.4, 5.1, and 5.5, we have

Juy,rl, < C(uyr,uyr), = C (ur,ur)g,

= (uyr,unr), < Clluyrlagllunrllag

Dividing on both sides by ||uy r||.4, we obtain

(5.4 luyrllap < Clluyrllag-

Plugging (5.4) into (5.3) and using Lemma 5.1 yields

<uF7UF>SF - <uF7UF> < ChHuFHSE,FHUFHSE,F'

Se,r
Similarly, we can prove the result for any ur, vr € Wp. 0

Using Lemma 5.6, we obtain the following lemma.
LEMMA 5.7. There exists a positive constant hg < h1, ¢, and C such that if h < hg, then

(ur,vr)g. < Cllurllsgyllvrlls e
’ Sr E,T E,T') VUF,UF c WF,

c(ur,ur)g, < ||UF||%'EF < C(ur,ur)g,

and

(ur,vr)g, < Cllurllg, lvrllg, . .
9 VUF,UF e Wr.
c{ur,ur)g, <llurllz, = <C(ur,ur)g

For any wr € Wp, we define Ep ruwr = Epﬁgpwp, which computes an average of
wr across I'. The estimate of Ep r plays an important role in the analysis of the BDDC
algorithms [26, 27, 29, 43, 47]. We make the following assumption.

ASSUMPTION 5.8. We assume that the coarse-level primal subspace Wn and the
scaling D can ensure that there exists a positive constant C, which is independent of “the
diffusion coefficient matrix G, H and h, such that it holds for all wr € Wr,

1Eprwrlly, < C*(H, h)llwrllF, .

THEOREM 5.9 (Minimal coarse space). The coarse-level primal subspace Wn in-
cludes all subdomain vertices. The BDDC algorithm with the deluxe scaling D gives
®?(H,h) = Cmaxi<i<n ki (1 + log(H/h))2 in Assumption 5.8, where k; = maxpeq, 2L

i ay(x)

and o and ., are the minimum and maximum eigenvalues of G in the subdomain €;, re-
spectively. When the diffusion coefficient matrix is constant in each subdomain, the BDDC
algorithm with the p-scaling gives ®*(H, h) = C (1 +log(H/h))? in Assumption 5.8.

Proof. For the BDDC algorithms with the p-scaling defined in (4.1), the proof follows the
analysis of the BDDC algorithms for two dimensions in [33].

For the BDDC algorithms with the deluxe scaling defined in (4.2) using the finite element
matrix Ag, the proof follows the analysis in [53, Section 4.2]. a0

The following theorem is well established for the finite element discretization [24, 53].
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THEOREM 5.10 (Adaptive coarse space with deluxe scaling). The coarse-level primal
subspace Wn includes all the eigenvectors of the generalized eigenvalue problems (4.3) with
corresponding eigenvalues smaller than % for each edge on the subdomain interface. Moreover,
if the deluxe scaling D is calculated by the finite element matrix Ag, then ®*(H, h) = v in
Assumption 5.8.

Given ur € Wp, we define

(5.5) wp = S; Rp pSrur.

LEMMA 5.11. ||wp||2§E1F < C{ur, Tur)g, if h < ho.

Proof. Since RE pwr = RY .St ' Rp rSru = Tur, we have, using Lemma 5.7,

||UJF||2§E’F < C{wr,wr)g, = CwrT Spwp = CwFTgFgf_*lED,FSFUF

= C’prED,pSFuF = C<UF, EngwF> . = C <UF7TUF>SF . |:|

S

LEMMA 5.12. Let Assumption 5.8 hold and h < hq. There exists a positive constant C,
independent of H and h, such that for all ur € Wr,

<TUF’TUF>SE,F S 0@4([{, h) <U1'*,’U,F>

Se,r°
Proof. We have, from Lemma 5.7,
<Tur, TUF>SE,1" <C <T’LLF, TUF>SF = C<E£,F§;1-§D,FSFUF7 E%Ig{?lﬁD,FSFUF>SF
= C<}~{p§£’1ﬂw1ﬂ, EFE%,FUJF>§F =C (Epr, ED'LUF>§F
< CHEDWF||2§E o

Here we recall that wr is defined in (5.5). Now, using Assumption 5.8 and Lemmas 5.11
and 5.7, we find

<TUF, TuF>SE,r < C”ED'IUF”?SVET < C@z(H, h)”wFH%EF < CcIﬂ(H, h) <’U,F, TU’F>SF
< C(I)Q(H7 h)”TuFHSE,F ||UFHSE,1"'
Cancelling the common factor and squaring both sides, we obtain

(5.6) (Tur,Tur)g, . < C®*(H,h) (ur,ur) O

Se,r°

THEOREM 5.13. Let Assumption 5.8 hold and h < hg. The constants cy and Cy in
Theorem 5.2 can be chosen as C3 = C®*(H, h) and co = 1 — Ch®?(H, h).
Proof. The upper bound C? is proved in (5.6). We only need to prove the lower bound cy.

Using RERpr = I in (3.4) and Lemma 5.7, we have

<UF, UF>S r S C <’LLF,UF>SF = CUFTE%:grgfl.éD’FSFUF = C <’wr‘7 EFUF>§

E, r
g 1/2
< Cllurlg, |Rrurlg, , < C (ur, Tur)g lur]sp .

where we have used Lemmas 5.7 and 5.11 for the last two inequalities. Canceling the common
term, we arrive at

Jur||%, . < C (ur, Tur)g, .
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FIG. 6.1. An illustration of the domain decomposition and the mesh used: 2 = [0, 1)? is decomposed into
4 X 4 subdomains, and each subdomain is triangulated with a Delaunay mesh.

Then, using Lemmas 5.7, 5.6, and 5.12, we obtain

C <UF,TUF>SF <C (<UF’TUF>SE,F + (<UF7TuF>SF — <“F7TUF>SE_,F))
< Cur, Tur)g, .+ Chllur|lsp ¢ [Tur|lsp
C

<UI‘, TUF> + Ch (‘I)Q(H, h)) <UF, UF>

Se,r Se,r”

Collecting the term {ur, ur) s, o gives the desired estimate of co. 0

REMARK 5.14. If h is sufficiently small, then ¢y will be positive and bounded from
zero independently of H. Hence, from Theorem 5.2, the convergence rate of the GMRES
algorithm for solving (3.5) becomes bounded independently of the number of subdomains.

6. Numerical experiments. We test our BDDC algorithms by solving three examples in
the square domain 2 = [0, 1]?. The domain 2 is decomposed into several square subdomains,
and each subdomain is triangulated uniformly as shown in Figure 6.1. Piecewise linear finite
elements are used in our experiments.

A GMRES iteration with the L?-norm is used without restart to solve the preconditioned
interface problem (3.5). The iteration stops if the L2-norm of the residual reaches a reduction
of 1078, We have found consistently that the convergence rate using the Sg p-norm is quite
similar to that using the L?-norm.

Our first test example considers G = p(2 + sin(x7) sin(ym)) [(1) ﬂ as in [34], where
p has checkerboard patterns as displayed in Figure 6.2. In the second example it is used
G=p [2 J(; r 9 _?_ y} . We note that the second example is similar to that in [55] except we

add the factor p to consider possible jumps of the coefficient across subdomain interfaces.
Our third example considers the coefficients from the permeability tensor from the SPE10
benchmark [37] as shown in Figure 6.3.

For the first two examples, the coefficient jumps only across the subdomain interfaces. We
use the vertex constraint and the simple p-scaling D defined in (4.1). For this setup, we do not
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a 1
1 a

FIG. 6.2. The checkerboard pattern of p.

FIG. 6.3. The log values of the coefficient of Example Ill. Left and right subfigure show the coefficient in x-
and y-direction, respectively.

need to form the finite element matrix Ag and related Schur complements. We have two sets
of numerical experiments for each example. We first change the number of subdomains and fix
the subdomain local problem size. The second set is to change the subdomain local problem
size with a fixed number of subdomains. In each set, we have chosen constant coefficients
and a checkerboard pattern; see Figure 6.2. In our numerical experiments, we take a = 1 or
a = 1000. The results are reported in Tables 6.1 and 6.2. We find, for both examples, that the
number of GMRES iterations is independent of the number of subdomains and grows slowly
with increasing ratio H/h. To compare, we also provide the number of GMRES iterations
without any preconditioner for Example I in Table 6.1. From the results, we can see that
the BDDC preconditioner controls the number of iterations as we have established in our
theory. For the second example, we also test our BDDC algorithms with the deluxe scaling
defined in (4.2). For this simple example, the deluxe scaling gives exactly the same numbers
of GMRES iterations as those with p-scaling.

For the third example, since the coefficient has large jumps inside the subdomains, we
expect the vertex constraints with a simple p-scaling D not to work well (here we take one
arbitrary value of G in the subdomain €2; as p; to define D in (4.1)). The results are reported
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TABLE 6.1
Example I: GMRES iteration counts for the BDDC algorithm with vertex constraints (numbers in parentheses
are for GMRES iterations without preconditioner and restart at 30).

Num. of sub. (£ =8) | a=1 | a=1000 | # (64subs) | a=1 | a =1000
4x4 12(49) | 10(925) 4 12 11
8 x8 15 (115) | 14 (> 3000) 8 15 14
16 x 16 16 (245) | 15 (> 3000) 16 19 17
32 x 32 16 (681) | 15 (> 3000) 32 22 20
TABLE 6.2

Example II: GMRES iteration counts for the BDDC algorithm with vertex constraints and both p-scaling and
deluxe scaling (numbers in parentheses are for deluxe scaling).

Num. of sub. (£ =8) | a=1 | a=1000 | %(64 subs) | a=1 | a =1000

|
4 x4 11(11) 9(9) 12(12) | 11(11)
8 X8 15 (15) 14 (14) 15 (15) 14 (14)
16 x 16 16 (16) 15 (15) 18 (18) 17.(17)
32 x 32 17 (17) 15 (15) 21 (21) 20 (20)
TABLE 6.3

Example II1: GMRES iteration counts for the BDDC algorithms.

p scaling Deluxe scaling
Num. of sub. (% = 8) | vertex | edge+vertex || vertex | edge+vertex
4 x4 36 32 17 12
8% 8 61 44 38 21
16 x 16 135 71 72 34
32 x 32 199 90 124 46
TABLE 6.4

Example I1II: GMRES iteration counts for the BDDC algorithm with the deluxe scaling.

vertex edge+vertex v =100 v =20 v =10
Num. of sub.
( % —8) Iter. | nc || Iter. nc Iter. nc Iter. nc Iter. nc
4 x4 17 9 12 33 11 23 9 32 8 35
8 x 8 38 | 49 21 161 11 148 8 164 7 183
16 x 16 72 | 225 | 34 705 14 | 701 11 757 10 | 830
32 x 32 124 | 961 || 46 | 2945 17 | 3033 12 | 3275 10 | 3557

in Table 6.3. The number of GMRES iterations increases from 36 to 199 when increasing the
number of subdomains from 16 to 1024. Additional edge average constraints are enforced to
improve the performance. However, the number of iterations is still increasing. We repeat the
same primal constraints with the deluxe scaling matrix D defined in (4.2). We recall that we
need to form the deluxe D using the finite element matrix Ag. With the deluxe scaling, the
performance of the BDDC algorithms is improved for both vertex and vertex and edge average
constraints. The number of GMRES iterations is still increasing quite a bit with an increasing
number of subdomains.

We then have applied the adaptive BDDC algorithms with deluxe scaling using different
choices of v. The number of GMRES iterations and the number of used primal variables
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(denoted as nc) are reported in Table 6.4. With a quite large v = 100, the number of selected
primal variables is comparable with the vertex and edge average constraints (some cases
are even smaller). However, the number of the GMRES iterations are much smaller. When
decreasing the value of v, the number of primal variables increases, but the number of GMRES
iterations is well controlled.
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