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NON-STANDARD ORTHOGONALITY FOR MEIXNER POLYNOMIALS *

MARIA ALVAREZ DE MORALES', TERESA E. EREZ, MIGUEL A. PINARY , AND ANDRE
RONVEAUXS

Abstract. In this work, we obtain a non-standard orthogonality property for Meixner polynomials

{Mfﬂ"‘)}nzo, with 0 < p < 1 andy € R, that is, we show that they are orthogonal with respect to some
discrete inner product involving difference operators. The non—standard orthogonality can be used to recover prop-
erties of these Meixner polynomials, e. g., linear relations for the classical Meixner polynomials.
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1. Introduction. Let~ andu be real numbers such that> 0 and0 < p < 1. Itis

well known that classical monic Meixner polynomiqm,(ﬂ’“’)}nzo can be defined by their
explicit representation in terms of the hypergeometric functiefr; (see [8], section 2.7, p.
49 and [2], p. 42):

(1) M) = () <ﬁ) F ( B

1— %) +)OO 7(_71)’“(_.%)’“ (1 - l>k and (7)n,

—n,—
g
denotes the usual Pochhammer symbol

wherez € [0,+00), 2F (

Bo=1, (Bn=bb+1)...b+n—1), beR, Vn>1.

Simplifying expression (1.1), we get

(1.2) MO0 (z) = <L>nz (Z) (Y + E)nor(a — k + 1) (1 - %)k > 0.

p—1 k=0

We must notice that expression (1.2) is valid for every value of the real paramanet,
in this way, it can be used to define Meixner polynomials foryadl R.

From the explicit representation (1.2), we can deduce that Meixner polynomials
{Mfﬂ’“)}nzo satisfy, for every real value of, the three-term recurrence relation

MY (z) =0, M{M(x) =1,
(1.3) xMr(L%H') (z) = Mr(zllf)(x) + 57(1%“)M7(1%H)(x) + %(l%u,)Mr(l/f)(x)’ n>0,
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2 Non-standard orthogonality for Meixner polynomials
where
(1.4) o = MITW T - meln =1 47)
L—p (n—1)
Whenevery # 0,—1,-2, ..., we havey"" +# 0, for all n > 1, and Favard’s theorem

(see Chihara [5], p. 21) ensures the orthogonality of the seqL{é\rfé@“)}nZO with respect
to some quasi—definite linear functional.AIf> 0 the functional is positive definite and the

polynomials are orthogonal with respect to the weight function") (z) = M
F(y)(z+1)
on the intervall0, +0c0). Fory = 0,—1,-2,..., from expression (1.4), we deduce that

the coefficientyﬁﬂ’”) vanishes for some value of. So, in this case, we can not deduce
orthogonality results from Favard's theorem.

The main aim of this paper is to obtain orthogonality properties for the sequence of
Meixner polynomials{M,(ﬂ’“’)}nzo, with~y € R and0 < p < 1. In fact, we are going to
show that they are orthogonal with respect to a discrete inner product involving difference
operators.

Similar results for different families of classical polynomials, but in the continuous case,
have been obtained by several authors. For instance, K. H. Kwon and L. L. Littlejohn, in [6],
established the orthogonality of the generalized Laguerre ponno;{di,éTsf“)}nZO, k>1,

with respect to a Sobolev inner product of the form:

9(0)
!/ 0 400

g*=1(0)

being A a symmetrick x k real matrix. In [7], the same authors showed that the Jacobi
polynomials{Pf,,’l”l)},LZO, are orthogonal with respect to the inner product

1
(f,0)1 = di f()g(1) + do f(~1)g(~1) + / (@) (@),

whered; andd, are real numbers.

Later, in [9], T. E. RTez and M. A. Riar gave an unified approach to the orthogonality of
the generalized Laguerre polynomiaﬁlsﬁf)}nzo, for any real value of the parametey by
proving their orthogonality with respect to a Sobolev non—diagonal inner product, whereas,
in [10], they have shown how to use this orthogonality to obtain different properties of the
generalized Laguerre polynomials.

M. Alfaro, M.L. Rezola, T.E. Bfez and M.A. Rar, in [1], have studied sequences of
polynomials which are orthogonal with respect to a Sobolev bilinear form defined by

@.5) B (f,9) = (f(0), (), ... fND(e)) A + (u, fO gy,
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whereu is a quasi—definite linear functionale R, NNV is a positive integer, and is a sym-
metric N x N real matrix such that each of its principal submatrices is regular. In particular,
they deduced that Jacobi polynomi@Bﬁ‘N’B)}nzo, for 3+ N not a negative integer, are or-
thogonal with respect to (1.5), farthe Jacobi functional Jacobi corresponding to the weight
functionp(®-# M) (z) = (1 + 2)#+V andc = 1.

In a recent paper [3], MAlvarez de Morales, T.E.&éz and M.A. Riar have studied
the sequence of the monic Gegenbauer ponnorrﬁﬁﬁSN+%)}nzo, for N > 1 a positive
integer. They have shown that this sequence is orthogonal with respect to a Sobolev inner
product of the form

(f.9)5") =
(1.6) = (F(1)|F(-1)) A(G(L)|G(-1))" + / 1 £V (@)g®N) (2)(1 — 2?)V da,

where

(F(l)lF(_l)) = (f(1)7 f/(l)v ) f(N_l)(1)7 f(_1)7 f/(_1)7 ) f(N_l)(_l) ) )

A = Q9 'D(Q 1T, Qis aregular matrix whose elements are the consecutives derivatives of
the Gegenbauer polynomials evaluated at the paiatsd—1, andD is an arbitrary diagonal
positive definite matrix.

The structure of the paper is as follows. In Section 2, from the explicit representation

of monic Meixner ponnomiaIs{M,(ﬂ’“’)}nzo, for v € R, we deduce some of their usual
properties, namely the three-term recurrence relation, the difference property, the second
order difference equation, etc. In Section 3, we define an inner product involving difference
operators of the form

(1.7) (f, ) = ZF ABIG(2)TpOH K (1), 2 € [0, +00),

whereK > 0 is a hon negative integer,

F(z) = (f(z), Af(x), ..., AFf(z)),

A andV are, respectively, the forward and backward difference operators defined by

Af(z) = flx+1) = f(z), Vf(zx)=flz)-flz-1),

pO K1) denotes the weight function associated with the classical Meixner polynomials
(MY <o, and A is a real symmetric and positive definit& + 1) x (K + 1) ma-
trix. We show that the sequences of polynomi@Mﬁ”’”)}nzo, fory € Rand0 < pu < 1,
is a sequence of monic orthogonal polynomials (MOPS) with respect to the inner product
(., )FE) whereK > max{0, [ + 1]}

Section 4 of the paper is devoted to the study of a difference opef&tb?, which is
defined on the space of the real polynomi@isand is symmetric with respect to the inner
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product (1.7). From the expression of this operator, we can establish several relations between
Meixner ponnomiaIs{M,(ﬂ’”)}nzo, and classical Meixner ponnomia{i\/[r(ﬂJrK’“)}nzo.

Finally, in Section 5, we study the sequence of Meixner polynon{iMé’N”“‘)}nZO, N =
0,1,2,....

2. The Meixner polynomials. Let v andu be real numbers such that> 0 and0 <
1 < 1. The explicit representation of theth classical monic Meixner polynomials is given

by

2.1) MO (z) = <L)n znj (Z) (Y + E)noi(@ — k + 1) <1 - %)k >0,

p—1 k=0

Notice that for every real value of the parameterexpression (2.1) defines a monic
polynomial of exact degree. In this way, fory € R, we can define a family of monic

polynomials{Mf,,”’”)}wo, which is a basis of the linear space of real polynomiRlsIhese
polynomials will be calledjeneralized Meixner polynomials

Very simple and straightforward manipulations of the explicit representation show that
the main algebraic properties of the classical Meixner polynomials remains for the general-
ized Meixner polynomials.

PROPOSITION2.1. Let~ be an arbitrary real number ané < p < 1. Then, the
generalized Meixner polynomia{sMy(ﬂ’“)}nZO satisfy the following properties:

i) Three-term recurrence relation

MG (@) =0, MM (@) =1,
(22) aM{ (x) = MO (@) + BO MO () + 4 MO (), 0> 0,

where

! —1
2:3) L ) s N L
L= (n—=1)

i) For any integerk, 0 < k < n, we have
(2.4) i) AFMOM(z) = (n— k + 1) M (2),

(2.5) ii.2) VEMOM(z) = (n—k + 1) M (@ — k).

i) Structure relations

-1
(2.6) iii.l) (%) AMO (z) = MO (z) + (%) MO (),
(2.7) iii.2) %vmyw(x) = M{W (2) + (ﬁ) (1=~ = )M ().

iv) Second order difference equation
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(2.8) cAVyY + [(p — D)z + py]Ay + (1 — p)ny = 0,

wherey = My(ﬂ’“)(x).
V) A-representation

(v:1) (v:1) H (7>14)
(2.9) MOW @) = S AMTP @) + AN 0)

vi) V-representation

(2.10) MO (z) =

1
VAR VMO (2.
n 1 n+1 ( ) 1— U n ((E)

PROPOSITION2.2. For the same conditions of Proposition 2.1, we have

=0

(2.11)

(1+ #’j A) M=k ().

A .
i) M(’y u) Z < > ( ) ViMn(’Y—kﬂt) (x+Fk)=

(2.12) (I + u%v) MR (4 k).

Proof. i) The case: = 0 is trivial. Using expression (2.9) and property (2.4), we obtain

<I+uli A) MO @) = M) 4 AN @) =

1 1,
e AM (@) = MO ().

Finally, the result follows from the identity

(2.13) (I n ﬁA)nf(x) - Z (?) (%)j N f().

j=0

ii) It is analogous to i) but now using the property

(2.14) (1 + ﬁv)n f@) = f: (?) (ﬁ)j v f(2),

J=0
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3. Non-standard orthogonality. Let X' > 0 be an integer. Let us define a lower trian-
gular(K + 1) x (K 4+ 1) matrixL(K) =

0 0 ... 0

(G, I
GIERENCRIE

e () e

From this, we can define a real symmetric mati¥<) by means of

—_
o

(3.1) AE) = L(KL(K)T.

If we denoteA ") = (A, i )i ., then

min{m,k}

K — K — m+k—2p
_ _1\m+k p p H
dw= 2 (D (m—p>(k—p)(1—u> L OEmEs

p=0

Obviously, A¥) is positive definite since expression (3.1) constitutes the Cholesky factor-
ization forA(%), (see [12], p. 174), and déA (K)) = 1.

Letting X > 0 be an integer ang > —K a real number, we define an inner product
involving the difference operators by means of the expression

(3.2) g ZF ABIG()T pOtEm) (z), 2 € [0, 400),

whereF (z) areG(x) are two vectors, defined by

F(z) = (f(z), Af(z), , ARf(z))
G(z) = (g(z), Ag(z), , AFg(x)),
and
pOHEM (1) = p Ly + K + )

I'(y+ K)I'(x+1)’

is the Meixner weight function.

Sincey + K > 0, the series (3.2) converges and, as consequence of the positive definite
character of the symmetric matrix(), we conclude that., ) (%) is an inner product. By
analogy with the Sobolev inner products, the inner product (3.2) will be calleSobolev
inner product.
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REMARK 1. In the caseK = 0 and, thereforey > 0, the inner product (3.2) is the
standard inner product associated to the classical weight fungfiefi, i. e.,

(f.9)=(f, 9V = Zf 2)p" (), x € [0, +00).

REMARK 2. Substituting the explicit expression for the elementa6f) in (3.2), we
obtain

+o0 K

(3.3) DR =3T3 NkAT (f(@) A (g(x)) pOTE (2).

r=0m,k=0

From now on, we denote hythe Meixner classical weight functigri ).

From the explicit expression of the matiiX K), it is possible to obtain a representation
of the inner product (3.2) in terms of the forward difference operator

PrROPOSITION3.1. Lety andu be real numbers such that< p < 1, and letK > 0 be
an integer withy + K > 0. Then, for two arbitrary polynomialg and g, the inner product
(3.2) can be written in the form:

(f, ) =

(3.4) - iij (1 n —A) o A f(2) (1 + ﬁA) o A g(2)p(2).

Proof. Using expression (2.13), the produttz)L(K) transforms into

(f(z), Af(z), ... AFf(z))L(K)=

:(<1+% >Kf(x), <I+#A>K1Af($)a AKf(x))-

In the following Proposition, we establish a recurrent expression for the inner product
defined in (3.2).

ProPOSITION3.2. In the above conditions, the inner product (3.2) can be written in the
following recurrent form

(1, ) = ((1+ ﬁA) . (z+ ﬁA) g)(K_w+§AKf<x>AKg<x>p<x>.

A
(3.5)

Proof. From (3.4), we have
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+oo K K—j K-j
g) ) = ;);) <I+ —A) A f(z) (I + %A) A g(z)p(z) =
+oo K—1 i K—j 1 K-j
= Z Z (I—|— —A) A f(x) (I—I— —A) A g(x)p(z) +
: pw—1 pw—1
z=0 j=0
+oo
+ 3 AF f(2) AR g(2)p(x) =
=0

A ((1 + ﬁA) gm) p(z) + iAwang(x)p(x) =
_ ((I + o ) f, (1 sl ) g) (AK_W + iAKﬂxM(m)p(m).

In the following theorem we establish the orthogonality of generalized Meixner polyno-

mials{M}ﬂ’“)}nZO, fory € Rand0 < u < 1, with respect to the inner product (3.4).
THEOREM 3.3. Let~ and i be real numbers such that< ;. < 1. The sequence of

generalized Meixner polynomia{g\Z\"*"},,>, is a MOPS with respect to thA—Sobolev
inner product., .)(AK’V), whereK > max{0, [-v + 1]}.

Proof. We compute the inner product of two generalized Meixner polynomigfs"’
andM)"™ . From relations (2.4) and (2.11), we get

(K,7) +oo K " K—j _
( MO0, g0 m)A -y <I+ jA> AT MO ()
=0 7=0 H
K—j
(1+ —A) ATMGH) (@)p(z) =
1
+oco K [ K—j
=3 Y0 g ytm g0y (14 S a) M)
=0 j=0 p—1
KT i)
(I+ ?A> M, (2)p(x) =
+oo K
. . K, K,
=3 N =g+ 1)s0m = 4+ 1M @) M (@) (),
=0 j=0

where we assumMi(”K’”) = 0, fori < 0. The result follows from the orthogonality of
classical Meixner polynomialgh{ " 5"} ; with respect to the weight functign 0

REMARK 1. Using thesamematrix A(%), we can obtain an alternative version of the
above result for the inner product given by
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o0 B B
(3.6) (f, )(K ) Z F(x)A(K)G(x)Tp(V'FK’“) (z),
=0

whereF(z) andG/(z) are two vectors defined by

(f(x), Vf(x+1), ..., VEflz+K)),
(g(z), Vg(z+1), ..., VEgz+K)).

~—
E
[

=
8

=
I

REMARK 2. In the case of the operat®t and using alifferent matrix, A%), we can
consider the inner product

(3.7) g) e — Z F(2) AT G(2)T p0HEm) (2 — K),
whereF (z) andG (x) are the vectors

Fa)=(f@), Vf(@), ..., VEf(@),
G(z) = (g(x), Vglx), ..., Vig(z)),

andA () is a real symmetric and positive definite matrix whose elements are defined by

min{i,5} i+j—2p
N i (K —p K—p)<1> .
A= 3 (i . — , 0<ij<K.
7 ~ (=1) <z—p)<1—p L—p =h=
p=0
4. The difference operator7%). In this section, we will define a difference operator

FE), defined on the linear space of real polynomiglsymmetric with respect to thA—
Sobolev inner product (3.4). Using this operator we will deduce the existence of several

relations involving the sequence of generalized Meixner polynonial§’*},,~o, and the

sequence of classical Meixner polynomiéle/,; (v+EKom) tn>o-
We define the difference operatst’s) by means of

(4.1) Fo - 2K

D (D) An kY™ (p(x)AF)
m, k=0
P (y + K + )

Iy + K)(z+1)’
1 € R, suchthad < 4 < 1,andK > 0 an integer.

where®(x; K) = pf(z + v)x andp(z) = with z € [0, +00), 7,

Expanding the expression g%%), we can write (4.1) in the form:

p(x)1
p(x)A

(4.2) FE = (1,-V,...,(-v)F) A%
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If we now substitute the elements of the matAk’*) and use relations (2.13) and (2.14) in
(4.2), we obtain a simple expression for the operd&idf) :

. K K—j K—j
(4.3) F) _ 2K Y (-vy (I+ Lv) @) (I+ ﬁA) "

Expression (4.3) can be written in recurrent form, as we show in the following Proposi-
tion.

PROPOSITION4.1. Let K > 0 be a given integer and let and 1. be real numbers such
that0 < p < 1. Then,

FO =7,
FO = [(1 = o — py) FEDA =29 (FEDA) +
) K K
(4.4) 4 2@ K) (1+ Lv) p() (I+ LA) L K> 1.
p(z) 1—p p—1

Proof. For K = 0, we getF = T from (4.3). Now, we deduce the recurrence
expression. From (4.3), we have

FUE = 750+ 71,

where

G — 1 -1
K K
FE = q’(px(;f) <I+ - fuv> p() <I+ %A)
Then,
F
_ S K) - _v)i _Hr A _r A j+1
p(z) V(j_o( V) <I+1—u ) o) <I+u— > :
L <I>(x+1;K)K71_ ; K K==t .
( ern 2=V (e7557)



ETNA

Kent State University
etna@mcs.kent.edu

M. Alvarez de Morales, T. E.€éz, M. A. Pifar and A. Ronveaux 11

——VOx+DﬁK1M)+A<%%§»

vy (r+ TV>Kj1p<x> (e >Kj1N+1—
Nx+th_¢@JQ}
p(z+1) p(x)

K—j—1 K—j—1
o (1 1250) 1)
1- w—1

S

<
I
o

:—v(@+1vﬂ“UA)+[

K-

,_.

=O

=~V (@ + DFE DAY + o+ 1 - pla+ 7)) FEDA =

.

=[(1 - paz—py) FEYA -2V (F(K*I)A) .

0
ProPOSITION4.2. We have
(4.5) FEgr — F(n,K)a" +..., n>K,
where
K n| [ K—i
F(n,K)= 1—p)f—— i ,
10 =3 0wty () om0

denotes the leading coefficient of the polynordi&f)z", for v, n € R, 0 < pu < 1, and
K > 0aninteger.
Proof. We will prove the result by induction. From Proposition 4.1, we get

K K
FI = 75+ 71,

where
(4.6) F = [0 = o = ] FEDA —av (FEDA),
K K
(k) _ Pz K) Iz T
Fy ) T+ v p(x) I+;tTA .

If K =0, then sinceF(®©) = I, the result is trivial. Fo#X = 1, we have

FO (1 ’Y)MI_ H
p—1 (n—1

PQW—1W+MW—1HV+M@—1+ﬂAVN

thus,F() preserves the degree.

We assume that the result is true f6r — 1. Then, by induction, the operatdfl(K)
preserves the degree of the polynomials. Therefore, we have only to show that the operator
]-'Q(K ) preservesiit.
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In the case = 0, the result is trivial sincé—‘éo) is the identity operator. FaK = 1, we
deduce that

F = <I>/EZ)1> (1+ - i‘uv) () (I+ ﬁA) -

_(z+y)
)

2 2
Y Iz I
=—I—-|—— A  — A
<1—u) (u—1> ! +1 M (1—u> av,
so the operatoﬁ(l) preserves the degree. We assume that the result is trixé fot and we
are going to prove it foK. We have

2
u u
Pl + L p()a + TV - () Vo))

1-— 1-—-

A - W) (1 ) (14 20

- @(px(éaj{) <I+ 15 V) Kﬁlp(m) <I+ ﬁA) o <I+ ﬁA)
+ ﬁq)gz;f)v <<I+ - _”muv> Kﬁlp(x) <I+ %A) o <I+ %A))

. K1
S )]__(K 1)(1_'_M/~_L1A>+ M V<<I>(:B—|—1,K) (I—i— H V>

1—p \ ple+1) 1—p
(1) (e e)) it ()
(1e59) " o (e ga) " (1 250) -

= pla +7)FY (I+M“ A>+ﬁV((a¢+1 FE- 1>( ))

e (B (e 25) e (o) fﬁA)

(K—1) H (K-1) M
= u(x +7)Fy (I+M 1A>+—1 v((x+1)f2 (I+—M_1A)>

+ [:E—i—l—u(x-f-’y)]}_(K 1)<I+N— A)

w—1

1
—{ s +—u(x+'y)}}'(K Y <I+ r A>
u—l n—1

e (K-1) I _" A _

e (A (1 0

= M pEeD(py BA a (KD (ry F A
(1—u)f (+u—1 >+1—uxv(f (+u—1 '

Finally, identifying the leading coefficients and using a recurrence reasoning, we deduce that
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K ! u K—i
FnK) = Y- (1) >
; m—i)! \1—pu !

Next, we are going to show that the difference operd&df) is symmetric with respect
to the inner product (3.2). First, we need the following lemma.

LEMMA 4.3. Let f be an arbitrary polynomial of the spad®and letn > 0 be an
integer. Then,

+oo

4.7) > A" f()p(x) = (—1)" Z fla

x=0

P (y + K + x)
T(y+ K)I'(z+1)
K > 0 aninteger.

Proof. Forn = 0 the result is trivial. Ifn. = 1, then using the relation& (f(z)g(x)) =
Af(z)g(x) + flxz +1)Ag(x), Af(z) = Vf(z+1)andp(—1) = 0, we get

wherep(z) =

,withz € [0,4+00), v, n € R,with0 < p < 1, and

+oo +oo
Z Af(@)p(x) = Z [A(f@)p(x = 1)) = f(z)Ap(z - 1)] =

:—Zf YAp(z —1) = Zf

Now, we assume that the result is true fior 1 and we prove it forn.

+o0 s
D A f(@ple) = 3 A (A (@) pla) =
=0 =0

+oo
==Y AT (@) Vp(r) = —(-1)" 121‘" V' (Vo).
=0

From expression (4.1), we can obtain a representation dk##obolev inner product in
terms of the inner product associated to the weight fungtion
PrROPOSITION4.4. Let f andg be two real polynomials df. Then,

(®(2; K) f, 9) & Zf FE)g(x)p(x),

p(y + K + )
I'y+ K)(z+1)’
1 € R, suchthab < p < 1,andK > 0 an integer.

where®(z; K) = p®(z + v)x andp(z) =

with z € [0, +00), v
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Proof. Using expression (4.1) and relation (4.7) in the definition of the inner product
(3.3), we get

(D(x; K) 90" = Z Z Am kAT K)f(x)) A" (g(x)) p(z) =
=0 m,k=0
+o00 K
=3 > ()M A s ® (s K) f () V" (p(2) A (9(x))) =
x=0m,k=0
+o00 K .
=S 5@ S 1A 2ER gm0 Ak (g(2)) pla) =
=0 m,k=0 p((E)

= Z F@)FFg(z)p(=).
x=0

d
THEOREM 4.5. The difference operataF (%) is symmetric with respect to the inner
product (3.3), that is,

( f, )( ) (f,f(K)g)(AKﬂ)~

Proof. From expression (4.1), Proposition 4.4, relation (4.7) and the definition of the
inner product (3.3), we conclude that

(K,7)

V" () Ak @) o)) =

A

K
(F9r9) " = 2
m, k=0
+o00 K
=3 > ()M Aa V" (p(@)AF f(a) FEOg(z) =

=0 m,k=0

—Z Z A f(@)A™ (FFg(2) ) p(a) =

=0 m,k=0

= (f, J—'<K)g)(jm .

P(x; K)
p(z)

d

PROPOSITION4.6. Let~ andy be real numbers such that< ¢ < 1, and letK > 0 be
an integer. For every value of the integesuch thatn > K, we have
(4.8) FE MO (2) = F(n, K)MOH (z).

Proof. Writing the polynomialF %) Az{"**) in terms of generalized Meixner polynomi-
aIs{Mi(”’“)}iZO, we get

FE M) (o Z Vo, zM(v )
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where the coefficients, ; are given by

(f(K)Mfﬂ’”, Mi(%u))(K’v) (Mfﬂ’“)a f(K)Mi(%u)) (%)
A A
Yn,i = — _
(M(77M) N[(W7u))(K’7) k;
K] ’ 7 A

Here, the symmetry of the operatBf’) has been used. From Proposition 4.2 (see (4.5)), and

the orthogonality of generalized Meixner polynoli(,,”’“) with respect to thé\—Sobolev
inner product, we deduce thgt ; =0,for0 <i <n—1.0

The following Proposition establishes several relations between generalized Meixner
polynomials{}M\"*)1,,>, and classical Meixner polynomiafs\/" ™}, -,

PROPOSITION4.7. Lety andu be real numbers such that< p < 1, and letK > 0 be
an integer. The following relations hold:

n+K
(4.9) ) S (@) e MO Z MO n>0,
K kn

whereay, n+x = ", ann = F(n, K)];—
(4.10) iy  FEOMOH)(p Z B MO (1), > K,

i=n—K

K ];n

Whereﬁn,n = F(n, K), Bn,n—K = L <

Proof.
i) Expanding the polynomial® (x + V)KM,(JJ’K’“) (z) in terms of the generalized Meixner
ponnomiaIs{Mi(W’)}izo, we obtain

n+K

1B (2 + ) g MO () Z i M 7 M) ),

where the coefficients,, ; are

S (v:1)
(G0 + a9, ag0) 7 M@ FEOME T @)otz)
Qi = Y A _ z2=0 ]
(a0, ar) 7 ;
A

Now, using the orthogonality of classical polynonwﬂ,(er’“), we deduce that,, ; = 0,
for0 <i<n-—1.

i) Writing the ponnomial?—‘<K>M§ﬂ’“) as a linear combination of the classical polynomials
{Mi(’Y-FK,M)}Z_ZO' we get
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n
}'(K)My(b%ﬂ)(x) — Zﬁn,iMi(HK’”)(fB)-
i=0

The coefficients can been computed again, from Proposition 4.4, and so, we get

YK ) (K) g (v,1) (K7
Z}M f M ( )p(x) (/J’K (J) + ,Y)KMZ_(’Y'FKMU), ]\/Ir(l%.”))A

ﬁn,i - IJFOO -
ZM(’H-K S M(’H-K u)( )o(z)

ki

Finally, from the orthogonality of generalized ponnonMJ,(ﬂ’“’), we conclude that,, ; = 0,
foro0<i<n-—-K-1.0

The following Proposition, concerning the zeros of generalized polyndmﬁél“), is a sim-
ple consequence of the orthogonality.
PROPOSITION4.8. Let~ and i be real numbers such thét < ¢ < 1. For every
n > K = max{0, [~ + 1]}, the generalized polynomial’{"* has at leastn — K) real
zeros of odd multiplicity contained in the interj@l +oco).
Proof. Using Proposition 4.4, relation (4.8), and the orthogonality of generalized

Meixner polynomiald/"*) with respect td., .)(AK’KJ”’), we have
(K, K+a) I
(17 (), M) =3 FUOMO p(z) =
A =0
“+oo
=F(n,K)Y M p(z) =0,
=0

and then the polynomialZ\"*") changes its sign in the intervl, +oco).
Let xy, z2,...,x, be the real and positive zeros of odd multiplicity of the polynomial
MM, and denote by(z) the polynomial

q(x) = H(a: —Z;).

i=1

Then,
K (o OB+ -~ (K) qp(vam)
(1@ ) ata), M) T = 3 () FEOM pla) =
=0

F(n,K) zq MO p(z) 0,

sinceq(z )M(W) >0, Vze€l0,+00). So,from the orthogonality of generalized Meixner
polynomialAZ{"*) with respect tq., )(K K+) 'we deduce that > n — K.O
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5. The Meixner polynomials{M,(fN’“)}nzo. This section is devoted to the study of
the generalized Meixner polynomials in the special case when the parameter N, for
N =0,1,2,.... The special characteristics of monic Meixner polynom{a\ls(,,’N’“)}nZO,
with 0 < p < 1, and theA—Sobolev inner product defined in (3.2), allow us to deduce
properties for these polynomials.

Meixner polynomials satisfy the properties given in Propositions 2.1 and 2.2, respec-
tively. Moreover, from the explicit representation of these polynomials, we can deduce some
new properties, as it is shown in the following Proposition.

PROPOSITIONS5.1. Let N > 0 be an integer. Then, the monic Meixner polynomials

{M,(Z_N’“’)}nzo, with0 < p < 1, satisfy the following properties:
) M0 = (N, () ez

1 —
iy MNR(0) =0, n>N+1;

n—k
iy AFMNR0) = (n— k4 1D)p(=N + k) k( K 1> , n>k;
n—

iv) AFMN0) =0, 0<k<N, n>N+1;

)M](VJrAl] u)( )=(x—N)Nt1.
Proof.
i) We need only to replace = — N andz = 0 in the explicit representation (2.1).

ii)If n > N + 1, then(—N),, = 0, and replacing it in i), the result follows.

iii) From relations i) and (2.4), fon > 0, we deduce that

n—k
AFM ( Nu)(o):(n_k_'_l)kMr(l:]];”rka)(O):(n—k+1) ( N+k)n k (M'U 1) .

iv) If we considerd < k < N andn > N + 1, then the Pochhammer symlet N + &),,_x
vanishes, and using iii), we conclude M7~ (0) = 0.

v) Takingn = N + 1in (2.1), withy = — N, we obtain

k

Mz(vﬁu)( )= <%)NH z:: <N+1) =N +k)Np1-k(z —k+ 1) <1—%)

= <ﬁ)N+l (= (N+1)+1)np (1 - %)NH =(@—N)ns1
O

PROPOSITIONS.2. For everyn > N + 1, the Meixner polynomiaM,(fN’“’) satisfies the
relation

n

(5.1) M () = (2 — N) v MV EPW (2 = N = 1),
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Proof. The proof uses induction again. Fer= N + 1 in (5.1), we get

MG (@) = (@ = N)v st MV (@ = N = 1),

If n = N + 2, from the recurrence relation (2.2) for the ponnomiM§,7+A1”“)
—N, Ny N+1+p
71(v+1u):0'ﬂz(v+1l): 1—

5.1, we get

, using

= N+1+ﬂéN+2’”), and the property v) of Proposition

_N, N+2, —N,
M](\/+2 u)(m) = (m—N—l—ﬁé - M)) MJ(V-H u)(m) =
= (@ =Ny (2= N =1=5) = (@ = Ny M2 @ = N - 1),

We will consider now the case > N + 2. Writing the three-term recurrence relation
for the classical ponnomiaIMfff}Q_”f) (r — N — 1) and using

—N,u N+2, — N+2,
BN L B, A A

n

expression (2.2) gives

MWV (N 1) = (x _N-1- ﬁfﬁjﬁ;’?) MWL (N 1)

N+2, N+2,
M N 1) =

(62 = (z— 87 ) MI V(@ - N = 1) =AM @ - N - 1),

Now, using an inductive reasoning, from (5.2) we deduce that the three-term recurrence rela-
tion for the polynomialgx — N)N+1MT(,,]X;2_’*{)($ — N — 1) coincides with the one for the
polynomialsizi ™", and then the result follow&l

REMARK. From relation (5.1), we deduce that, for every valuenof> N + 1, the
Meixner polynomial]\/[f,,’N’“) hasN + 1 real zeros at the form = 0,1,2,..., N, as well
asn — N — 1 real zeros of odd multiplicity contained in the intery@l+oo).

Finally, we will prove a difference relation between the Meixner polynorMéTN’“’)

n > N + 1, and the classical Meixner polynomiai (" 24,
ProOPOSITIONS.3. For everyn > N + 1, we have

, with

N+1
63 (14 5a) TYIMES) = (0= My M o N =),

Proof. Using difference property (2.5), far= N + 1 andy = —N, and using relation
(2.11), we get

N+1 N+1
<I + LA) VNN (1) = (I + LA) :
n—1 ' n—1

(n= N)va MR (=N =1) = (n = N)xr M2 (@ = N - 1),
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5.1. A-Sobolev inner product. Let N > 0 be a given integer, and consider the se-
quence of Meixner polynomialesZVI,(fN"")}nzo, with 0 < p < 1. We know from Section
3, that this sequence is orthogonal with respect to the inner product defined in (3.4), for
K > max{0,[—y+ 1]} = N + 1. WhenK = N + 1, the A—-Sobolev inner product (3.4)
reads

(f7 )N+17 ):

+oo N+1

N+1—j N+1-j
G4 => > (I+ —A> A f(z) (I+ ﬁ@ Alg(z)p®.

z=0 j=0

Our purpose, in this particular case, is to obtain a simpler expression for the inner product
(5.4).
LEMMA 5.4.Let f be an arbitrary polynomial and < p < 1 a real number. We have

(10 AN s 1 "
pt (14 258) 1) = 2 (@), 0o

(n=1
Proof. Let use induction again. i = 0, then the result is trivial. For = 1, using the
relationsA (fg) = A(f)g + fA(g) + A(f)A(g) andA(u®) = (u— 1) u*, we get

LA s @) = M% WEAF()) + (1 — 1) i F(@) + (i — 1) i A(f ()] =

- M“_ = (= 1) (@) + pA(f(2)] =

v (1+ ﬁA) f(z).

Next, we assume that the result is truesdier 1 and, we will prove it fom. From the induction
hypothesis and the proof in the case- 1, we deduce

e 1+ ﬁA) o) = (1+ ﬁA) (1+258) 1) -
- ﬁm* (m (I+ #A) f(a:)) = ﬁA" (W*f(x)) -

LEMMA 5.5. With the above conditions,

wr (14 59) s = () Vs, nzo

Proof. The proof is analogous to the proof of Lemma %14.
LEMMA 5.6.Letn > 0 be aninteger) < p < 1 and letf andg be two real polynomi-
als. We have

1 (I—I—ﬁA)f( +?A> ﬁ[A(M fg)‘f‘mﬂ AfAg|.
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Proof. We have
u <I + %A> f <I + %A> g= [fg + = [A(fg) = AfAgl +
p—1 p—1 M=

2
n <—“ ) AfAg
n—1

WAfAg =

_ o (1 LA> P
: < a1 ngr(,VL—1)2

1
prAfAg = — [A (1" fg) + Lu”Ang] :
w—1 w—1

—  A(® a
G fg)+(u_1)2

LEMMA 5.7. Let N > 0 be a given intege) < p < 1, and letf and g be two
polynomials. Then the inner product (5.4) can be written in the form:

(N+1,-N) _ ;{ N (N, N+1)]
(fs9)a = (f,9)p +M (Af, Ag)a

+ZAN+1f ANJrl (x)um,

where

9(0)
Ag(0
(£.9)27 = (£0), AFO)..... AV F0) AW | 2900
ANg(0)
andA() is defined in (3.1).
Proof. Applying Lemma 5.6 to the inner product (5.4), we get

(fg) N =

S5 et (epte) (s

N—j +oo
I+ ﬁ ) Ngp® + > AN f ) AN g ()
x=0

N N—j N—j
Z (I—l— —A) A f (I—l— LIA) AN gu®
-

j=0

7N

:_gA(
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+o0 N ] u N—j
_" Jj+1 _r j+1
2;}2%<I+ A> A f<I+M_1A> A tlgp
J

+ZAN+1f ANJrl (x)um

=0
N N—j N—j #=+00
Z <I + —A> At <I + LA) N gp®
] 0 = 1 =0
—+00
ar ﬁ‘l)z (A£ AR £ 3T AN f@) AN g @)t
x=0

+oo
== ” [(f, 05"+ Lo Ag)gN’N*”} + 2 AN @) AN g (@)t

=0

PrROPOSITIONS.8. With the above conditions, the inner product (5.4) can be expressed
as:

(N+1,-N) _ 1 Z H i i \N(N—

N+1 @
(5.5) + (i <( ) )ZAN+1JC YAN+Lg ()7
w—

=0
Proof. Iterating in Lemma 5.7, the inner product (5.4) reads

(f,g) =

+oo
= ﬁ [(fa 9)(DN) + ﬁ(Aﬁ Ag)(AN,NH)] + Z ANHf(a?)AN“g(x)ur
=0
1
: ﬁ i [( T ]
F 3 AN A | + 3 AV AN g
=0 =

T 1-p {(f’ o e 1) 3(A7 Ag)ml)] " ((ufl)Q)2

(AQf,AQ )(N 1,—N+2) ( )ZAN+1f AN+1 ( ) T

) Azf, Az
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N+1 i
(35 () ) Sarsmarton
i=0 (ﬂ - 1)
d

ReEMARK. Itis well known that the Meixner polynomia{s’\/[y(fN’”)}, with0 < p < 1,
forn=0,1,..., N, are the Kravchuk polynomialsk’2(x, N + 1)}, where the parameter
is given by the relation

1 1

—=1-—.

p K
In this form, the previous result allows us to give propertieaeSobolev orthogonality for
the Kravchuk polynomials, since the term corresponding to the infinite sum ih-tS@bolev
product (5.5), vanishes for all polynomial of degree less or equil.to

5.2. The operator FN 1) In the particular case = —N, it is possible to find a
compact expression for the opera®r¥ +1) defined in (4.3).
Let us remember that whed = N + 1 andy = — N, we have

p(x) =p”, ®(a;N+1)=pN (@ N)ypr, 0<p<l.

So, if we use Lemmas 5.4 and 5.5, expression (4.3) can be written in the form

j):(NJrl)
N+1 N+1 N+1—j N+1—j
p = N)nga ( ) ( 1 ) ;
= \Y% I+ —V N+ ——A A
o JZZ:O( )’ T f 1
N+1 N+1 N+41—j
pr (@ = N)np (-
1% = 1 -
' N+1-j
VJ<M”<14-;%§IA> AJ)
N+1 N+1 N41—j
_ p Tz N)vn
= e }:( 1)7 <I+i———V>
. N+1- —J .
o (1) )
"
NN+1( N+1

N)ns1 1—p o Nt o A

+ .
+ —v) @ (I+ —A) Vi

I Z 1 ) ( L—p : p—1

N+1— i
:NN+1( N+1]§:1 1\’ + N1 %
I i 1—p
N

ux

v’(u”<1+—u‘i1 ) w)
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_MNHCVithl%f(l_u>jﬁ§:j<N+;_j)(—U%”<L+E%7v)i

e 3=0 K i=0

N+1 _
<I+ LA) &
w—1

NHLN+L o NG 1 N+1—j o
= 1Nz — Ny <I + LA) 3 <—“) <—) \AARAVZ
p—1 o\ K I—p

N+1

N+1 [ N+1—j 4 "
=¥ (1_) (1—p) | (@ =Ny (1 + —A) v+
: —u p=l
J=0

In this way, the difference operat@™¥+1) could be expressed as

N+1
(5.6) FOHD Z (4, N) (@ — Ny (I n LlA) vV,
=

where

m(p, N) = (1 —u)N“Nf <L>
i=0 (M_ 1)

REMARK. The operatormV+1) vanishes for every polynomial of degree less or equal
toN.

From relation (4.5), we know that the operaf¥ 1) preserves the degree of the poly-
nomials. In fact, we have

(5.7) FWNADn — P(n, N4+ 1)z" +..., n>N+1,

whereF(n, N + 1) denotes the leading coefficient of the polynondal’ 2", and

n!

Fn,N+1)= N)————.

(n, N +1) = m(u, N) o,
From Theorem 4.5, we deduce that the oper&dY ") is symmetric with respect to the

inner product defined in (5.5). And from Proposition 4.4, we can obtain a representation of

the A—Sobolev inner product in terms of the inner product associated to the weight function

x

.
As a consequence of the relation (5.7) and the symmetric character of the operator
FWN+1) | we deduce that the generalized Meixner polynomials! "*)},> v.1, with
0 < u < 1, are the eigenfunctions of the operatef¥ 1), as we state in the following
Proposition.
PROPOSITIONS5.9. Let N > 0 be a given integer and < p < 1. Then, for every
n > N + 1, we have
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|
5.8 FINHD pr(=N.p) — N n MEN) ()
(5.8) A @) = m N) g M)

Proof. Using the relation (4.8) fokk = N + 1 and Theorem 4.5, and identifying the
leading coefficients, the result follows.

From Proposition 4.4, we can deduce several relations between the generalized Meixner
polynomials and the classical Meixner polynomials.
PROPOSITIONS.10.Let N > 0 be a given integer and < x < 1. Then,

n+N
(5.9) ) (x = Ny MM (@) = MV (@) + > anaMi (@), n=0;

i=n

i) Forn > N + 1, we get

]:(N+1)M7(;N,u)($) —

' n—1
M@+ Y BuMM (),

(5.10) = m(u,N)m
’ i=n—N-—1

From the property oA—Sobolev orthogonality for the generalized Meixner polynomials
we can obtain certain properties of these polynomials. In particular, using expression (5.6) of
the difference operatgF(V+1), we can recover the properties (5.1) and (5.3).

PROPOSITIONS.11.Letn > N + 1 be an integer. Then, we have

) MV (@) = (@ = Ny MO (@ = N = 1);

s N+1 ol (N2
i I+ -—L2—A NHp N () = — e — N —1).
) ( +M_]- ) v n (J)) (n—N—l)' n—N-—1 (.13 )

Proof. i) Writing the polynomial(z — N)NHMSLT,Q_"{’) (x — N — 1) as alinear combi-
nation of the generalized Meixner polynomi@Mi(’N’“)}QO:

(@ = N MW (@ - N =1) = an M (@ - N -1).
=0
Using Proposition 4.4 and the expression of the opet&tdrt), the coefficients.,, ; are

_ (N+1,—N)
(@ =N MO @ = N = 1), M (@ = N = 1))

Api =
Tt _ _ (N+1:7N)
(Mi( N’H)(J?—N—l),Mi( N’u)(.ﬁ—N—l))A
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N+2, —N, x
NH }jﬂﬁzv? N = DFNOMT @ — N~ 1)
z=N+1

T
S

1 (N+2
N Z MM (@~ N = 1)(x — Ny
r=N-+1

ki

N+1
(I+—Mﬁ1A> VN (- N 1)t N

+ = )
ks
and, applying the orthogonality for the classical Meixner polynomial 1>*) (z — N — 1)
: (z = N)npp” N1 , B .
with respect to V1) , we obtain that,, ; = 0, for 0 <i < n.

i) From i) and using relation (5.8) as well as expression (5.6), we deduce that

n! N
i N) ey~ M MO o = N = 1) =
|
=m(p, N)(n_nTl)Mé N () = FOHD AN () =

N+1
=m(pu, N)(x — N)ns1 (I—i—ﬁ ) VNH NN (1),
Finally, we arrive at the result simplifying the facter(y., N)(x — N)n41.0
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