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STABLE MULTIRESOLUTION ANALYSIS ON TRIANGLES FOR SURFACE
COMPRESSION*

JAN MAEST AND ADHEMAR BULTHEEL'
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Abstract. Recently we developed multiscale spaces of C'! piecewise quadratic polynomials on the Powell—
Sabin 6-split of a triangulation relative to arbitrary polygonal domains  C R2. These multiscale bases are weakly
stable with respect to the L2 norm. In this paper we prove that these multiscale spaces form a multiresolution
analysis for the Banach space C''(Q2) and we show that the multiscale basis forms a strongly stable Riesz basis for
the Sobolev spaces H* () with s € (2, g) In other words, the norm of a function f € H* () can be determined
from the size of the coefficients in the multiscale representation of f. This property makes the multiscale basis
suitable for surface compression. A simple algorithm for compression is proposed and we give an optimal a priori
error bound that depends on the smoothness of the input surface and on the number of terms in the compressed
approximant.

Key words. hierarchical bases, Powell-Sabin splines, wavelets, stable approximation by splines, surface com-
pression
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1. Introduction. Nowadays surfaces in Computer-Aided Geometric Design are often
described with millions of control parameters. These control parameters can for instance
arise from measurements of a physical model. Surface compression, which is in fact a trade-
off between maintaining accuracy and reduction of the amount of data, is essential in these
settings. In [13] a surface compression algorithm was given by means of wavelet decompo-
sitions of certain box splines and error bounds were given in terms of the smoothness of the
input surface. The purpose of this paper is to extend these ideas to the case of a multiresolu-
tion analysis over triangles, based on quadratic Hermite interpolation.

The construction of a multiresolution analysis over a triangulation is closely related to
the construction of nested spline spaces. Previous work in this subject has been done on
uniform triangulations (see for example [6, 33]). Recently Vanraes et al. [31] developed
multiscale spaces of Clpiecewise quadratic polynomials on the Powell-Sabin 6-split of a
triangulation relative to arbitrary polygonal domains Q C R2. The paper [31] is mainly
focused on the construction of Powell-Sabin spline wavelets with one vanishing moment.
We will concentrate here on the theoretical properties of the corresponding hierarchical basis,
and relate this basis to the fairly general definition of multiresolution analysis following the
work in [3, 7, 8]. The insights we gain will be used in determining an optimal a priori error
bound for surface compression.

DEFINITION 1.1. A multiresolution analysis consists of

1. A Banach space B of functions defined on a bounded subset Q C R? with associated
norm || - || -
2. A nested sequence of subspaces So C S1 C S2 C --- C B that are dense in B,

S=B with S:= UIZOSI-
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3. A collection of uniformly bounded operators

Ql :B— Sl
with the properties
Qi@ = Qu,
QiQi+1 = Qy,
Qiu(B) =S

for all integers 1 > 0.
We are interested in how much an approximation f; € S; of a given function f € B
changes when progressing to the next higher resolution S;41. Therefore we look for suitable
complement spaces W; such that

Sir1=SewW,

as well as for stable bases ¥, := {¢n,; : m € J;} of W, by which one can describe the
differences between the approximations f; € Sy and f;11 € S;+1. Here J; denotes an index
set that will be specified more clearly later on. With the projectors ; given, we can define
these complement spaces as

W; = {S S Sl+1|Q18 = 0}.
Hence we get a decomposition of B as the direct sum
B=SeoWoeW,eWy®---.

We will refer to the complement spaces W; as wavelet spaces and the functions 9, ; € W,
as wavelets, despite the fact that they have no vanishing moment. The spaces S; are spanned
by bases ¢; = {@¢m, : m € I;} with I; and index set, and we refer to the functions ¢, ; as
scaling functions. Then any f,, € S, can be written in single scale representation

(1.1) fo= tmbmn

mel,

or in multiscale representation

n—1
(12) .fn = Z Z dm,l¢m,l:

I=—1meJ,;

where we have set for simplicity ¥ _; := ¢y, J_1 := Iy. Because the spaces S; are dense in
B, every function f € B has a representation (1.2) with n — oo.

For surface compression purposes the decomposition (1.2) is particularly useful if the
norm of f in some L, space or Sobolev space can be determined solely by examining the
size of the coefficients d,,; because we do not want that the overall shape of the surface
alters much if we set a small coefficient d,,, ; equal to zero. In other words, we want that the
multiscale basis forms a strongly stable basis for some L, space or Sobolev space.

DEFINITION 1.2. Let B be a Banach space with a multiresolution analysis and corre-
sponding multiscale basis 1 := Ui’i_l ;. The multiscale basis 1 is said to form a weakly
stable basis for B if for eachn > 0

C—l

1,n

<

v

Z Z dm,l"pm,l

leK, meJ;

S C2,n

(dm,l)leKn,mer| (dm’l)IEK"’me‘h Hv ’

B
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where || - ||y is some yet unspecified vector norm, K, :== {—1,...,n — 1}, and the constants
Ci,n and Cs pn, have at most polynomial growth in n. If the constants Cy  and Cy  are
independent of n, the basis is said to be strongly stable.

In Section 2 we recall how to calculate the decomposition (1.2) for the Powell-Sabin
spline wavelets, and we discuss their stability with respect to the Ly norm. In Section 3 we
look for a suitable Banach space B and operators (; such that the wavelets that span the
hierarchical basis form a multiresolution analysis as in Definition 1.1. The stability of the
hierarchical basis with respect to the norm in B is also investigated and we find that it is a
weakly stable basis for B. As noted before, an important feature of the decomposition (1.2)
for f is that there exist function spaces such that the multiscale basis is a strongly stable basis
with respect to these function spaces. We prove that the hierarchical basis is a strongly stable
basis with respect to the Sobolev spaces H*(2) with s € (2, 5) in Section 4. An algorithm
and a priori error bound for surface compression with Powell-Sabin spline wavelets are given
in Section 5. Following the framework developed by DeVore ef al. in [13] we show that the
compressed approximant S of f € BE (L, (€2)) with at most N terms satisfies

||f_S||Lw(Q) SC|f|B:(Lg(Q)) N_S/2, s < 3.

Here B2 (L,(2)) is a Besov space that will be introduced in Section 4.1. We also give
sufficient numerical evidence of these error bounds.

We close this introduction with some remarks about notation. The constants that appear
in inequalities are denoted by C' and they may vary at each occurrence. Sometimes we use
the notation A ~ B which means that there exist constants C; and Cy such that C1A < B <
C>A. Similarly A < B expresses that there exists a constant C' such that A < C'B.

2. Powell-Sabin spline wavelets. In this section we briefly summarize the construction
of the Powell-Sabin spline wavelets from [31] and the corresponding hierarchical basis.

Let 2 be a domain in R? with polygonal boundary 85). Suppose we have a conforming
triangulation A of €2, constituted of triangles T;, j = 1,...,t and vertices Vi, k =1,..., N.
Then AFS is a Powell-Sabin refinement of A which divides each triangle T} into six smaller
triangles with a common vertex Z; as indicated on Figure 2.1(a). Now we consider the space

.

(@ (b)

FIG. 2.1. (a) A PS refinement AYS of A. The solid lines represent the triangles T of A. The dotted lines
represent the PS refinement. (b) A B-spline basis function.

of C! piecewise quadratic polynomials on A”S, the Powell-Sabin splines,

Q2.1) SHAFS) ={s € CY(Q) | 8|7 € Paforall T € APS},
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where P, is the space of all bivariate polynomials of total degree at most 2. Each of the
6t triangles resulting from the PS-refinement becomes the domain triangle of a quadratic
bivariate Bézier polynomial [20, 28, 19]. Powell and Sabin [27] proved that the interpolation
problem

22 s(Vi) =F(Vk), Da2s(Vi) = Daf(Vi), Dys(Vi) = Dyf(Vk), VVie€A

has a unique solution. So, given the function and derivative values at each vertex Vi of A,
the spline is uniquely defined. Hence the spline space S3(AFS) has dimension 3N.

Dierckx [18] presented a normalized B-spline representation for piecewise polynomials
s(z,y) € SH(AP?)

N 3
(23) S('Z.ay) = Z ZcijBij(may)7 (xay) €N

i=1 j=1

where the basis functions form a convex partition of unity

N 3
2.5) 3> Bij(z,y) =1,
i=1 j=1

and have local support: B;; vanishes outside the union of all triangles T' € A containing V;.
One such basis function is depicted in Figure 2.1(b). Each basis function B;; is the unique
solution of the interpolation problem (2.2) with

(2.6) B;j(Vi) = dirij, DyBij(Vi) = 6irBij, DyBij(Vi) = irvij, YVi €A

where d;; is the Kronecker delta and (as;, Bij,7i;). 7 = 1,2, 3 are three linearly independent
triplets of real numbers. The values of these real numbers are determined from the algorithm
described in [18].

In [32], Vanraes et al. present a subdivision scheme to compute a representation (2.3)
of a PS-spline on a triadic refinement A;; of A;. The subscript I denotes the resolution
level. This subdivision scheme is used as the prediction step in the Lifting Scheme [30] to
create second generation Powell-Sabin spline wavelets. Figure 2.2 explains the principle of
triadic refinement. We place two new vertices on every edge of the current triangulation, each
at one side of the intersection with the PS-refinement, and one new vertex is placed on the
position of every interior point Z; in the PS-refinement. Throughout the paper we assume
that some initial triangulation Aq is given and that the triadic refinement procedure yields
nested sequences

2.7 AgCALCAyC---
(2.8) AP cAPScafSc...

that are “regular”, which means that the minimum angle of any triangle in any A; remains
bounded away from zero and that

(2.9) 37 ' < min |T| < max |T| <37, leN,

TeA; TeA;
where |T'| is the diameter of triangle T. The same is valid for the triangles in the PS-
refinement

37'< min |T| < max |T| <37, leN.
TeAFS TeAFPS
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FIG. 2.2. Principle of triadic refinement. We place a new vertex at the position of the interior point in the
PS-refinement and two new vertices on each edge, one at each side of the intersection with the PS-refinement.

N

With each triangulation A; we have a corresponding B-spline basis { By;;};”", i=1,2,3 for the
space S; := S3(AFS).
From (2.3) and (2.6) we have
s1(V3) ci oy Qe Q43
D,si(Vi) | = A | cio with A= Big Bi2y Pisg |, i=1,...,N.
Dysi(V;) Ci3 Vit Yied o Vi3

This gives rise to quasi-interpolant operators @Q; : C1(Q) — S; given by

Ny 3
(2.10) Quf(w,y) =YD miju(f)Bija(@,y),

i=1 j=1

where the p;;; are linear functionals of the form

piri(f) f(Va)

paz () | == (Ai)™" | Dof (Vi)

iz, (f) Dy f(V;)
It is proved in [23] that these linear functionals can be rewritten as
2.11) pija(f) = F(Vi) + nij i Da f (Vi) + 150Dy f (Vi)

where the 7;;,; and 7);;, satisfy
(2.12) migal $370 igal 37

Note that this quasi-interpolant @; f is in fact the Hermite interpolant of f in the space S;.
This Hermite interpolant can also be expressed [28] e.g. in the Hermite basis as follows.
Setting e; and ey as the unit directions corresponding to the coordinate axes, we have

N
Quf =Y (f(Vi)gi + V(Vierxi + VI (Vi)eaths)
i=1
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where ¢;(V;) = Vxi(Vj)er = Vi (Vj)ea = 44, the other Hermite data being zero. See
also [25] for other kinds of PS quasi-interpolants.
Clearly the operator @) satisfies

Qis1 = s1, Vs; € Sy,
and
Quf(Vi)=f(Va),  VQuf(Vi)=VfVy), i=1,....N.

From the work in [24] we know that the B-spline functions form a stable basis for the
Ly, norm, i.e.,

Ny 3
(2.13) D> cisBija(,y) ~ llelloo-

=1 j=1 Loo(9)

In [31] it is proved that the B-spline functions (under a suitable normalization) are stable with
respect to the L, norm for all values p > 1. We give a new proof here which extends the
range of stability to all p > 0. Note that ||-|| 1, is not really a norm but a semi-norm if p < 1.

THEOREM 2.1. If s; = Zf\gl 2321 wij1(s1)Bijy is in Sy, then for any 0 < p < oo we
have

1/p

Ny 3
(2.14) lIsill, oy ~ [ 20D lmiza(s) P 37

i=1 j=1

Proof. Using the Markov inequality for polynomials (see e.g. [4, 22]), (2.11) and (2.12)
we infer that

lija (sl S sl (ry)

with T; € AFS such that V; € T;. By mapping T; to the standard simplex Ts := {(z,y) |
0<z,y<1, z+y <1}, and using the fact that all norms on the finite dimensional space
of polynomials are equivalent, it is easy to see that

sl zy S 327 lstlln, oz,
which implies

1/p 1/p

Ny 3 N; 3
ZZW@',I(&NPTH S ZZHSZHL(T,.) S sl o) -

i=1 j=1 i=1 j=1
The other inequality follows from the observation that
N,

p
3 N 3
SO mija(s)Biga(@,v)| S YD piga(s)l” [Bijalz,y)[”,

i=1 j=1 i=1 j=1
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which holds because at any (z,y) € 2 there are at most 9 nonzero B-splines. We find that

N, 3 P
llsiliZ, () =/Q ZZNz‘j,l(sl)Bij,l(xyy) dzdy
i=1 j=1
N 3
S lusalol [ Buya(a)l” dody
i=1 j=1 Q
N 3
SO lmia(spP 37 O
i=1 j=1

It is convenient to write the following in matrix form. Because L stability is important
for wavelets we define the scaling functions ¢, as 3!B; with B; the row vector of basis
functions Bj;; such that

si(z,y) =¢e; and  |[|@ciLa ) ~ llelli-

Similarly we define v, as a set of basis functions for W;. A spline s;41 in Sj41 = S; & W,
can now be written as

si+1(2,y) = ¢per + 1, d;.

From the construction in [31] we know that there exist matrices P; and Q; such that

(2.15) [ Y] =11 [P Qi

and such that the wavelets 1, (see Figure 2.3a) have one vanishing moment, i.e. they satisfy

(1, ¥Ym, ) La) = 0, Vipm, € ;.

However, in this paper we take Q; equal to the identity matrix I, which yields a so-called
hierarchical basis, and the wavelets 1, ; loose their vanishing moment (see Figure 2.3b). In
fact the wavelets are scaling functions at a higher resolution level.

Denote M; = [P;  Q]. The following results are valid for both the wavelet basis with
vanishing moment and the hierarchical basis. We can find a multiscale representation for

G4 as

[¢0 Yo Y1 "/’l] = ¢l+1Tl,

T, = Ml 0 Ml—l 0 Mo 0
=1 o0 1 0o I o I |-

By computing the wavelet transform there should be no significant loss of accuracy in the
data, or in other words the condition numbers should remain uniformly bounded

(2.16) | Te],,, [[(T2) 7|, = 0(1), 1 — oo

From Dahmen [7, 8] we know that the wavelet transform T; is uniformly stable, i.e. (2.16)
holds, if the multiscale basis 9 := Ufi_1 P, is a Riesz basis, where we set for simplicity
P_; = ¢y. A necessary condition is that each basis 1; is a uniformly stable Riesz basis
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’
-
(a) The Powell-Sabin wavelet from [31]. (b) The corresponding wavelet from the hierar-

chical basis, i.e. with Q; = I.

FIG. 2.3. Two constructions of Powell-Sabin spline wavelets 1y, ;. In this paper we will be working with the
hierarchical basis.

or alternatively that the condition numbers of the one level transforms M; are uniformly
boundedin/, i.e.

(2.17) M|, ||[(M) 7!, = O).
From the work in [31] we know that

(2.18) M|, (M)~ = O),

(2.19) ™ML (V) =H], = 0@).

This yields (2.17) because ||||§ < Il [I]l; and the wavelets 2, form a La-stable Riesz
basis for W;. Evidently the basis ¢»; U 1f; is also a La-stable Riesz basis for S;41 and the
multiscale basis 1 forms a weakly stable basis for Lo (2). For references to wavelets, see
also the surveys [5], [9] and [10].

Note that in the rest of the paper we shall work with the hierarchical basis, i.e. take Q;
equal to the identity matrix I in (2.15).

3. Multiresolution analysis. In the previous section we constructed a nested sequence
of subspaces Sy C S1 C S3 C --- and we introduced an operator ();. In this section we look
for a Banach space B such that sequence of subspaces {S;};2, and the operators @; form a
multiresolution analysis in the sense of Definition 1.1. Furthermore we will investigate the
stability of the multiscale basis ¥ with respect to B.

3.1. A Banach space with suitable operators. As Banach space B we take C* (Q), the
space of functions defined on (2 thit are continuous and have continuous first derivatives in
Q. There is a natural norm for C'(Q) which is defined as

3. 1 llea @ = max {11l oy » 1P2 Flly e 1Du oy}

and every function f in C'!(Q) satisfies || f ller @y < oo
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The following proposition shows that the operators (); from (2.10) are suitable for con-
structing a multiresolution analysis.
PROPOSITION 3.1. For eachl > 0 we have

QiQi4+1 = Q1.

Proof. From the construction of ¢J; we know that

Qi1 f(Vi) = f(Vk), VQiif(Vi) =VIf(Vk),  VVi €Ay

Then it is also obvious that

QiQui1 f (Vi) = f(Vi), VQiQuy1f(Vk) = VF(Vk), VVieA C AL,

and

Quf (Vi) = f(Vr), VQif (Vi) = VF(Vk), VVi€ A1 C A

From the uniqueness of the interpolation problem (2.2) we conclude that Q;Q;11 = Q-
d
There are still two properties required for a multiresolution analysis that we did not prove,
namely that the space S is dense in C1(€2) and that the projectors (; are uniformly bounded.
PROPOSITION 3.2. For every f € C*() and every point (z,y) € Q the inequalities

(3.2) 1Quf (I S Nl »
(3.3) 1D Quf (z,9)| SNl ay »
(3.4) IDyQuf(z,9)| S Ifller @)

hold. Therefore the operators Q; are uniformly bounded in C* (S2).
Proof. The inequalities

Ny 3
(3.5 |Quf(z,y)] < Hzlgxmij,l(f” ZZBij,l(xay)

i=1 j=1
< fllor o

hold because of (2.5), (2.11) and (2.12). The other two inequalities (3.3) and (3.4) are similar,
so we only give proof of the first one. We have

N; 3
> niga(f)DaBija(x, y)

i=1 j=1

N; 3 Ny 3
DN f(Vi)DaBiju(m,y)| + DY 37 Ifllor @ DeBija(@,y)) -

i=1 j=1 i=1 j=1

|Da:Qlf(ma y)|

N
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Now suppose that (z,y) belongs to triangle T' € A; with vertices V1, Va and V3. Then we
deduce from the local support of the basis functions that
(3.6)

3 3

3 3
1D.Quf (z,9)| S DD F(V)DeBija(w,9)| + DY 37 | fllo1 (@) DeBija(w: )| -
i=1 j=1

i=1 j=1

From the Markov inequality for polynomials in Ps (see e.g. [22]), the regularity (2.9), and
Equation (2.13) it follows that

(3.7 |D;Biju(z,y)| S 3.

Hence the second part of (3.6) can be bounded by Cs || f[| o1 g, With C2 a constant. To prove
that the first part is bounded by C1 || f[|¢1 (g, we need the following simple property that

3 3

(3.8) > D.Biju(z,y) =0,

i=1 j=1

which follows immediately from (2.5). Using (3.8) and the mean-value theorem the first part
of (3.6) can be bounded by

(f(V2) = f(V1)) Dy Bj (2, y)

3 3 3
=1

sz(Vi)DzBij,z(m,y) =1

i=1 j=1 J

+ (f(V3) = f(V1)) Dy Bsji(,y)

A

3
> Dpif(£)37 Dy Byji(x,y)

=1

+ Dﬁ2f(€2)3_lDwB3j,l(xa y) )

where ¢! and &2 are points on the line segments [V3, Va] resp. [Vi, V3], and B and 32 are unit
directions that point from V; to V5 resp. V3. From the Markov inequality (3.7) we deduce
that | D, Qi f (#,y)| S Ifllcim- O

The following proposition is the last step in showing that the spaces {Sl}fio form a
multiresolution analysis. We verify that every function in C'*() can be approximated by
functions from S with arbitrarily small error.

PROPOSITION 3.3. The space S is dense in the Banach space C* (Q) with norm ||-|| o1 @)

Proof. It is sufficient to show that lim; e ||f = Qi f|lc1 () = O for every function

f € CY(Q). As in the proof of Proposition 3.2 let (x,y) be an arbitrary point in triangle
T € A; with vertices V1, V5 and V3. Then from (2.5), (2.11), (2.12) and the mean-value
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theorem we find

f(z,9) — Quf (,9) = | £(z,9) DD Bijal Zzu”, Biji(z,y)

i=1 j=1 i=1 j=1

A
.Mw
Mw
H
QE

(Vi) Biju(z,y)

i=1 J:l
3 3
(3.9 + Z Z I fller @ 37'Biju(z,y)
i=1 j=1
Dﬁ’ 37'Bija(z,9)| + Ifllor @y 37
i=1 j=1

Sfllery 37

and we obtain that lim;_, » || f — Qlf”Loo(Q) = 0. Now we prove that the derivatives of Q; f
converge to the derivatives of f. We only give the proof for the derivative with respect to z.
Denote the Cartesian coordinates of vertex V, € A; with (2, yx). Then the equations

N; 3
2= (@i + nija) Bija(x,v),

i=1 j=1
N 3

Y= Wi+ Biju(z,y)
i=1 j=1

hold. If we take the derivative with respect to = and we evaluate in (z,y) € T then we infer
that

3 3
(3.10) 1= Z Z(wz + 1ij,1)DeBija(x,y),
i=1 j=1
3 3
3.11) 0= (yi +7ij1) Do Bij ().
i=1 j=1

If we use (3.10) and (3.11) we can deduce that

e =|Dyf(@,y) — D2 Quf(2,y)|
3
= |D,f(z,y) ZZ $z+77m, )D 2 Bij (z,y)

i=1 j=1

3
Z Yi + 1ij1) Do Bija (2, y)

i=1 j=1

D

3 3

_ZZ(JC(Vz)‘FW,lD fVi) + i Dy f(Vi)) Do Bija(z,y)| -

i=1 j=1



ETNA

Kent State University
etna@mcs.kent.edu

STABLE MRA FOR SURFACE COMPRESSION 235

If we use (3.8) we can rewrite e as

3 3
e = ZZ(Dwf(a:,y) D f( )) n:;,lD Bz], (:E y)

i=1 j=1

+ 3> " (Dy f(,y) — Dyf (V) i1 Do Biju (@, )

i=1 j=1
3
+Dq f(z,y) Z ((z2 = 21) Dy B2ji(z,y) + (z3 — 1) Do Bsju (2, y))
3
+Dy f(z,y) Z ((y2 = y1) D Baja(z,y) + (y3 — y1) D2 Bsji(x,y))
3
-2 F(V1))DaBsji(z,y) + (£(Va) — £(V1)) Dz Bsju(x,y))

and from (2.12), (3.7) and the mean-value theorem we get

3 3
e<|Y.Y Ci(D:f(z,y) — Do f(V2))
i=1 j=1
+22@yMy D, f(VA))
i=1 j=1
3
(3.12) + 1> ((VF(x,y) = VF(E"), Vo — Vi) DyBoj(x,y)
j=1

+ <vf($7y) - vf(é-Z)’ VE% - ‘/1> DmB3j(x;y)) )

where 1 and €2 are points on the line segments [Vy, Va] resp. [V1, V3], and (-, -) is the usual
dot product. The upper bound in (3.12) goes to 0 as I — oo because of the uniform continuity
of the partial derivatives of f. O

REMARK 3.4. Note that Propositions 3.2 and 3.3 are inherent to the spline spaces S;
and do not depend on any particular basis. Therefore one can prove these propositions using
any basis for Sy that is stable in the sense of (2.13), such as for instance the Hermite basis of

[28].

3.2. Stability in the Banach space. From (2.17) we know that the multiscale basis 1)
forms a weakly stable basis for Ly(2). In this subsection we prove that under a suitable nor-
malization the multiscale basis forms a weakly stable basis for C1(£2). Define the normalized
scaling functions (;;,; as

(3.13) Cija(@,y) := 37" Biju(z,y)

and define the normalized wavelet functions &, ; as

(3.14) bma(,y) =3 P i(z,y), me
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where 9, ; are the Powell-Sabin spline wavelets from Section 2 with Q; = I; in (2.15). We
need the following lemma.
LEMMA 3.5. Let g; be the wavelet component of f in W given by

Nit1 3
9=Quaf—Quf = D) biuniGijurr = Y, dmibmis
i=1 j=1 meEJ;

with f in C1(Q). Then the coefficients biji+1 and dy, ; are bounded by

bijas1] S ||gl||01(§) S ||f||ol(§) .

ldmil S lgiller@y S Ifller -

Furthermore we have that the estimates

lgills oy S Ibisille s larlly o S lldillos
1Degill;_ ) S Ibsill s 1Degill_ o S ldill

1Dyl _ ey S Miilloos 1050111,y S il

hold where ||by11||,, = max; ; {|biji4+1]} and ||d;|| o, := maxy, {|dm,|}.
Proof. Because g; satisfies Q;g; = 0 we know that

gl(Vk) = Vgl(Vk) =0 forall Ve A

Because g; € W; C Sl+1 we have Ql+lgl = g; which yields bz’j,l+1 = 3l+1,uz~j,l+1 (gl) and
we find that

(3.15) bij,l+1 =0 forall {2 | Vi € Al}.

Choose i such that V; € Ayy; \ A;. Let k be such that Vj, € A; and such that V; and Vj, are
contained in the same triangle 7' € A;. Then

Ibijir1] = 3% 19i(Va) + iji41 Dagi (Vi) + Tliji41 Dygi (Vi)
<34 |gi(Vi) = (Vi) + Cllarllen @y

N ||gl||ol(§),
where the last step follows from the mean-value theorem. Because the operator (); is bounded

in C" () (Proposition 3.2) we find that [biji11] S [ fllor e -
From (2.13) we immediately find that

lgell, @) S 37 bl < lIbigall, -

Let (z,y) be an arbitrary point in triangle T' € A4 with vertices V1, V2 and V3. Then the
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inequalities
3 3
1Dagi(2,9)| = DD bijus1 DaGijura (@, y)
i=1 j=1

3 3
< bl DD IDalijusr (@, y))|
i=1 j=1
3

3
S bitalle Z Z 3 G (@, | oy

i=1 j=1
S bl
hold. We have used the Markov inequality (3.7) and (2.13). This yields
||ngl||Lm(Q) S b

and the proof for || Dygil|, (g is similar.
From (3.15) and the fact tf‘lat the multiscale basis is a hierarchical basis, we easily infer
that

[brsilloo = [ldilloo- O

Most of the work for proving stability in C* () is done in Lemma 3.5. We conclude this
section with the following theorem. _

THEOREM 3.6. Let f be a function in C*(Q) and define the wavelet components g; € W;
as

9= Qu1f —Qif = Z Ami&m,is

medJ;

with the wavelet functions E_m,l defined as in (3.14). Then the multiscale wavelet basis is a
weakly stable basis for C1(Q), i.e.

—1
(3.16) Cy [Bax lldill oo < 11Qpf — Qofllc (g < PCo JBax lldull o -

Proof. Suppose max;<p—1 ||di]|, = ||dr||,,. Then from Lemma 3.5 we find

pax ldillo S1Qr+1f — Qrfllor(ay

S Qe f = Qofller@y + 1Qrf — Qofller )
Because Qr1Qpf = Qr41f and Qr1Qo f = Qo f we deduce that
lr<npa—X1 ”dl”oo ,S ||Qr+1pr - Qr+1Q0f||01(§) + ||Qerf - QrQOf”Cl(ﬁ)

< (”Qr—i-l”c’l(ﬁ) + ||Qr||01(§)) 1Qpf — Qof”cl(ﬁ)
which yields
x|l S 11Qpf = Qofllcs @)

because of Proposition 3.2. Using Lemma 3.5 the right inequality in (3.16) follows from

p—1 p—1
”pr - Q0f||cl(§) < Z ”gl”cl(ﬁ) 5 Z ”dl”oo . 0
=0 =0
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4. Strong stability in the Sobolev spaces H*(2) with s € (2, 2). In this section we
prove that the multiscale basis ) is a strongly stable basis for certain subspaces of the Banach
space C' (), namely for the Sobolev spaces H*({2) with s € (2,3). The outline of this
section is as follows. First we give the definition of function spaces of Sobolev and Besov
type. Then we prove Jackson and Bernstein type estimates for Powell-Sabin splines, using
standard techniques developed in [15]. These estimates are crucial for the stability proof.
Finally we show that the multiscale basis under a suitable normalization is strongly stable
with respect to the norm in H*(1), s € (2, 2).

4.1. Function spaces measuring smoothness. We recall that Sobolev spaces measure
the smoothness of a function f € L,(Q2). By W;*(2), m € N, 1 < p < oo, we mean the
usual Sobolev space, i.e. the set of all functions in L, () whose distributional derivatives
of order less than or equal to m are in L,(2). We can define the following norm for these
Banach spaces

1oy = 32 IDEDEAIN,

at+B<m

with o and 8 positive integers. We also use the semi-norm

|f|€V;ﬂ(Q) = Z ”Dngf”ip(Q)-
a+B=m

For the special case p = 2 we use the notation H™(Q) = W3"(Q2). These spaces H™ () are
Hilbert spaces with inner product

(f,9)mm@ = Y (D2DJf,DIDg) 1, 0)-
a+B<m

We also define spaces W, (€2) for arbitrary real values of s > 0 and 1 < p < oo. These
spaces coincide for integer values of s with the spaces W " (Q). If s is not an integer, we
write 8 = m + o where m is an integer and 0 < o < 1. Then W () is a Banach space with
respect to the norm

|Dg DS f(x) — DIDS(v)P
1 sy = 1 oy + D / / |:c—y|2+w dudy.

a+B=m

Again for the special case p = 2 we write H*(Q) = W5 () and the spaces H*(Q) are
Hilbert spaces for arbitrary real values of s > 0. See [1] for a good reference work concerning
Sobolev spaces.

Strongly related to Sobolev spaces are the function spaces of Besov type. Let f € Lp(2),
0 < p < 00. We introduce the difference operator

T

r iy .

@@ =3 (] ) Coriserin,  aew,
3=0

and define the r-th order L,-modulus of smoothness of f € L,(Q) (see e.g. [14])

4.1 wr(ft)p := ‘illlf IAL Iz, @rh))s
<t
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where |h| is the Euclidean length of vector h and Q(rh) := {z € Q : x4+ jh € Q, j =

0,...,r}. The r-th order L,-modulus of smoothness has the following properties
wr(f,t)p < 271 fllz, ()5
. li . =
“2) Jim wr(f,8), =0,

wT(f + g7t) S wT‘(f: t)p + wr(g7t)1)'

If s,p,q > 0, we say that f is in the Besov space B; (L,(Q2)) whenever the following is
finite:

(X2, [35wr(£,379,])", 0<q< oo,

SUpP;>q 35w (£,37h),, q = oo.

4.3) |/

By(Lp(Q) ~

See [14] for more details concerning Besov spaces.
It is well known that on a domain £ with Lipschitz boundary the equivalence

(4.4) W3 (Q) = B; (Ly,(Q), s>0

P
holds [17].

4.2. Jackson and Bernstein type estimates for PS splines. As mentioned before, the
Jackson and Bernstein estimates for PS splines are proved by using techniques developed in
[15]. More information on Jackson and Bernstein estimates can also be found in [5]. First we
prove the Jackson type estimate. Let f € Lp(£2), 0 < p < co. We want to show that the local
error of approximation by PS splines

4.5) E(f,Q)p = nf If =9l @, 120

can be bounded by E;(f,Q), < ws(f,37%), . From Whitney’s theorem we know that the
estimate

El(f7T)P5w3(f73_l)P7 TeAlPS

holds, since g|; is a quadratic polynomial for all g € S;. Whitney’s theorem is best known
for univariate functions and p > 1 but a proof for multivariate functions and p > 0 can be
found in the papers [4] and [29].

Denote Hz(AlP ) as the space of all piecewise polynomials of degree < 2 on the trian-
gulation AP, Let 7 € IIo(AF?). Then Q;7 is not well defined because the operator Q;
evaluates the piecewise polynomial 7 and its partial derivatives at the vertices V; € A; and 7
may be discontinuous at V;. Therefore we introduce a new operator @7 as follows, let

Ny

3
4.6) Q7 f(w,y) =YY pg(f)Biju(e,y),

i=1 j=1
where the u;’j,l are linear functionals of the form
4.7 pija(f) = f°(Vi) + mija Dy f (Vi) + Mg Dy £ (Va),
with

limsup, ,, f(y)

(4.8) fola) =
' Dpf(x) = limsuPy—m,th
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Then we still have the property that Q7s; = s; for each s; € S;, but we also have that Q77 is
well defined.

LEMMA 4.1. If m € TI(AFS) and 0 < p < oo, then for each triangle T € AFS we
have that

(4.9) Qi L,y S 17l L, (ar)
and
(4.10) I = Qimllz,ry S nf ||7T—P||L »(Mr)

where P is the space of bivariate polynomials of total degree < 2 and My C §Q satisfies
T C My and |T| ~ |MT|

Proof. Because T € AlP S there is exactly one vertex V; € A; such that V; € T.
Define Mt as the union of all triangles in Alp S that contain vertex V;. Then T C My
and |T'| ~ |M7| ~ 3~'. From Equations (2.12), (4.6)—(4.8) and the Markov inequality for
polynomials we find that

Qi) S ||7T||L (T) ZZB’J*
=1 j=1
Lp(T)

< max 327 ||x .372/p <l
max 37 [ 17l catmy

which is (4.9). Here we have also used that all norms on the finite dimensional space of
polynomials are equivalent.
Now define P € P, as the polynomial of best L,(Mr) approximation to 7. Since
Q; P = P we find that
I = Q¢lly, 7y < llm = Plly iy + 1Q5(x = Pl e

and by using (4.9) we find (4.10). a

Let f be in L,(Q) and define for each triangle T' € AIP S the polynomials Pr € P» as
the best L, (T') approximation to f. Then we define 7;(f) € TI2(AFS) to be the piecewise
polynomial such that m;(f)|, := Pr for each triangle T € AFS.

THEOREM 4.2. For each f € L,(Q) we have

(411) ||f - Q?ﬂ-l(f)”Lp(Q) 5 w3(f73_l)p7 l Z 0.

Proof. For each T € A we have from (4.10) that
1 = QmDlly, oy < 17 = m ()l + () — Qe Pl
1= Prlly oy + nf l0) = Pl iy

The following equations hold:

piéquaz, I (f) = P”LP(MT = Pig?f,2 ~ 1Pz P”L »(T)
TCMr
. p
S, (127 = £l 7y + 115 = Pllz, )
TCMr
< _PIP _
S g, 2 =Pl
TCMr
3 _ p
S Plg?sz Ilf P”Lp(MT) -
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So we infer that

4.12) 1f = Qim(Hliz, ) S ok If = Pllr,ar) -

Now we make use of the fact that [15]

wr(f,)p ~ (t‘2 /[_t

We deduce from (4.12) and Whitney’s theorem that

If = Qm(HIL, ) = Z If = Qim(HIL, (r)

1/p
p
lAR I Q(rh))dh> :

R

TeAFS
s Y ol | 1AFFIE, (atp oy B
TeAPS [~ Mr],| Mr|]?
< M 2/ AL FIP dh
ngggs | M|~ (| M| M ]2 ll hf”Lp(Q(rh))
Equation (4.11) follows from the last inequality because max APS |Mz| ~ 37 |

Theorem 4.2 immediately implies that the L, error of approximation by Powell-Sabin
splines is bounded by the modulus of smoothness, namely
COROLLARY 4.3 (Jackson estimate). For each f € L,(2), 0 < p < oo, we have that

4.13) Ey(f,Q)p Sws(f,37),
Now we prove the Bernstein type estimate for Powell-Sabin splines.

THEOREM 4.4 (Bernstein estimate). For eachl > 0, each p > 0, and eachr = 1,2, 3,
we have for A := min(r,r — 1 + %) the Bernstein inequality

. A
(4.14) we(g,t)p S (min{1,34}) " lall, @) 9 € Sic

Proof. For t > 37! this inequality reduces to

wr (g, )p S llaillz, @)

which follows directly from (4.2). We concentrate on ¢ < 3~!. From the definition of the
operator 0; (2.10) we can write

9(2,y) = Qua(z,y) ZZ#ngl Biju(z,y),

i=1 j=1

and also

(ALg)(z,y) ZZM]: 91) (AL Bij i) (z,y)-

i=1 j=1
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For any (z,y) € Q at most 9 B-splines are nonzero at (z,y), hence

Ny 3

(4.15) [(ARg) (@, 9P <9 > lnia(g) PI(A, Bij) (x, y) P

i=1 j=1

We shall give two estimates for |(A} Bjji)(x,y)|. First define T';;; as the set of all (z,y)
such that (z,y) and (z,y) + rh are in the same triangle T' € AF¥ and B;;; does not vanish
identically onT'. Then Bj;;; is a polynomial on T' whose r-th order derivatives can be bounded
by the Markov inequality for polynomials and we find that

(4.16) [(ALBi) (@, 9)] S ('R, (z,y) € Tiju.

The second estimate is for the set T'; 5,1 which consists of all (z,y) such that (z,y) and (z,y)+
rh are in different triangles from A and B;;; does not vanish identically on both of these
triangles. It is easy to see that B;;; € W2 *(Q). Hence B;;; has (r — 1)-th order derivatives
whose L, (2) norms do not exceed C3/"=1), We find that

(4.17) (AL Bij) ()| S BURD™E,  (z,y) € Tiju-

The set I';;; has measure < (37%)? because the support of B;;; has measure < (37)2, and a
similar argument shows that T';;; has measure < |h[3~%.

If we combine the estimates (4.16) and (4.17) with the estimates for the measures of I';; ;
and fij,l we obtain

/ (AR Big) (@, y)I” < (3P (377 + (3P |h|3 ™!
Q(rh)
(4.18) < |hPrapirz 2

where we have used that |h| <t < 37
We integrate (4.15) and use (4.18) to find

N, 3
”AZ!)I”%Z(Q(M)) S Z Z |Nz’j,l(gl)|p|h|p)‘3pl>‘372l;

=1 j=1
and because Y~ 23:1 37 uij (g0 ~ llgill7 () (Theorem 2.1) we get

”A29l|llz,p(g(m)) S (|h|3l)p>\”gl||€p(g)- 0

REMARK 4.5. Jackson and Bernstein estimates are properties of the spline space Sy
itself, hence they do not depend on any underlying basis. Therefore, as in Remark 3.4, one
can show these estimates using any basis for Sy that is stable in the sense of (2.13). See for
instance [26] where Jackson and Bernstein estimates are derived for Powell-Sabin splines
on a 12-split refinement using the Hermite basis [28].

4.3. Strong stability in H*(Q2), s € (2,3). We have shown that the operator @Q; from
(2.10) is suitable for constructing a multiresolution analysis. This same operator will play a
key role in proving strong stability.

LEMMA 4.6. The Sobolev space H*(2) with s > 2 is a subset of C*(Q). Therefore the
operator Q) is bounded on H* () with s > 2.
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Proof. Because (2 is a bounded domain with polygonal boundary we have that (2 satisfies
the strong local Lipschitz property and the uniform cone property. From Theorems 5.4 and
7.58 in [1] the imbeddings

H*(Q) C W33, C CH(Q)

hold for 2 < s < 3. The case s = 3 follows immediately from Theorem 5.4 in [1] and
the case s > 3 is obtained from the imbedding H*(Q) C H?(Q). The boundedness of Q;
follows from Proposition 3.2. O

The operator ; is only useful if there exist function spaces for which @Q; f converges to
f in some L, norm as the resolution level [ increases.

LEMMA 4.7. For each f € H*(Y), s > 2, and arbitrary p > 0 we have that

If = QifllL, @ =0 as I — oo.

Proof. We will only consider the case 2 < s < 3. Let (x,y) be some arbitrary point in
triangle ' € A;. From (3.9) we immediately get that

[f(@,y) = Quf @, 9) SIFllz () + 37" Ifllor e -

Then the well-known Bramble—Hilbert lemma [2] implies

| @y) = Quf (@) S G717 flyacry

for arbitrary ¢ > 2. If we take ¢ = 2/(3 — s) then Theorem 7.58 in [1] yields H*(T) C
W2(T) and so

£ (@y) = Quf (@)l S 377V f ey

By using (2.9) we find that

1/p
1= @iy = ([ 11@0) - @uf@)P sy
,S 3—l(s—1) |f|H5(T) 3—2l/p.
Some elementary calculations then yield

If = Qifllz, @) S 3Hs=1+2/p) | f () - O

From Lemma 4.7 we known that each function f € H*(Q2), s > 2, can be decomposed
as

o0
fzzgla glesla
=0

in the sense of L,. Moreover, we can use the decomposition

f= (Ql - Ql—1)f,
=0

~

with @ _1 := 0.
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We now introduce auxiliary spaces A} (L,(2)). Under certain conditions these auxiliary
spaces can be related to Besov spaces, which implies that the norm of an auxiliary space is
equivalent to the norm of its corresponding Besov space. This important property is needed
for proving stability.

DEFINITION 4.8. A function f € Ly(§2) belongs to Ay (L,(Q)) for some fixed s > 0,
1 < p,q < oo if there exists a sequence g; € Sy, | = 0,1,... such that f = ;2 gi in the
sense of Ly, and ||{3*||gil| ., (2) Hli, < oo. The norm on A3 (L,(€0)) is defined as

oo

1/q
1fllag(z, () = inf (Z [3’5||gz||Lp(9)]q>

=0

where the infimum must be taken with respect to all admissible representations E[’io q of
f. So in order to work with the abstract A7 (L,(2))-spaces, we relate them to the more
convenient function spaces of Besov type. The following fact can be extracted from the
results in [26].

PROPOSITION 4.9. Suppose the nested spaces {S;}52, satisfy Jackson estimates (4.13)
forall f € L,(Q), as well as Bernstein estimates (4.14) for r = 3, then for 1 < p,q < o0,
§>0

4.19) AT (L () = B (L(Q), 0<s<2+ %.

If we take p = ¢ = 2 then Proposition 4.9 is not valid for s > g, so it reduces the

range of Sobolev spaces H*(2) that are possibly stable from s > 2 to s € (2, ) because the
equivalence (4.19) is crucial for proving stability. Equation (4.4) and Proposition 4.9 yield

> 5
4.20 2 o) ~ inf 325 g2 o5 0<s<—.
(4.20) £ 1% () 0 ; NlgillZ.(0) 2

Using the norm equivalence (4.20) we can now prove the following theorem which is
inspired by the work in [11] and [12]. This theorem is the most important step in proving
stability in H®(Q).

THEOREM 4.10. Choose s € (2, 3). Then it holds that

o0

(4.21) 111 0y ~ > 3@ - Q-7  fEH ().

=0

Proof. Because of the norm equivalence (4.20) it is sufficient to prove that

oo o0
: 21 2 21 2
gzeslzl?izlg, ;3 S”gl”Lz(Q) ~ ;3 *I(Q: - Ql—l)f||L2(Q)'

Since (Q; — Qi—1)f € Syand Y ;°(Q; — Qi—1)f = f the inequality “<” is trivial and we
will concentrate on the inequality “>”. Let f = >;°, ¢; with g; € S;. Since the operators
@ are projectors and the spaces S are nested, we have (Q; — Q;—1)S, = 0whenn <1 —1.
Moreover the operators (); also satisfy

(4.22) 1Qisnllyy S 3™ llsnll oy s 50 € Sn.
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Indeed, from (2.11), (2.12), (3.5) and the Markov inequality (3.7) we get

||Ql$n||Lw(Q) N ||Sn||L°o(Q) +373" ||sn||L°c(Q) <3 ||3n||Lm(Q) :

Then (4.22) can be deduced by using (2.13) and (2.14).
From the properties above and the Cauchy—Schwartz inequality we have

Z Z 32ls<(Ql _ Ql—l)gn; (Ql - Ql—l)gn’>L2(Q)
n,n'=0 =0

co min{n,n'}

= Z Z 35 ((Q1 — Qi=1)gn, (Q1 — Qui=1)9n ) La(@)

n,n’'=0 =0

oo min{n,n'}

< z Z 3% (|QugnllLa(e) + 1Qi=19nlLa(0))

n,n’'=0 =0

: (”ngn’”Lz(Q) + ”Ql—lgn’”Lz(Q))
oo min{n,n'}

D DD DI st skt il (1 PC [ PEE

n,n’'=0 =0
The last expression can be rewritten as

oo min{n,n'}

Z Z 3(8_2)(21_"_"')(3"s||gn||L2(Q))(3"'s||gn'||L2(Q)),

n,n'=0 =0

which is equivalent to

o0

Z 3(3—2)(2 min{n,n' } —n—n') (3"S||gn||L2(9)) (Sn's”gn, ”Lz(Q))'

n,n'=0

The factor 3(s=2)(2min{n,n"}=n=n) hecomes very small if [n — n’| 3> 0. In fact, the infinite
matrix [3(s=2)@min{n,n'}-n=n")] _,  defines a bounded mapping on l5. Therefore

(e} oo
S a0 @l ) 3 g, 1y @) (37 Ngwllia@) S D 3 gl

n,n'=0 n=0

Since the splitting f = Z?io g; was arbitrary, we have derived that

oo

inf Z Z 35 ((Q1 — Qi=1)9n, (Q — Qi—1)gn' ) Lo (9)

gi€Suf=3a g 70170

o0

< inf 32ns 2.
S esif=y, " ”gn”Lz(Q)

Because f € A§ (L2(2)) (Proposition 4.9) we know that the right expression is bounded.
Then from the derivation made above it follows that the left expression is absolutely conver-
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gent and we are allowed to write that

inf Z Z 32ls<(Ql - Qlfl)gna (Ql - Ql*l)gn’>L2(Q)

NESLf=> o

n,n'=0 (=0
o0 (o]
— . f 32l$ — _ _— _ ’
gzeSz:lJr‘l=Z,yz;n"z,:0 (Qr = Qi=1)gn, (Q1 — Q1—1)9n' ) Lo (02)

- Z32ls||(Qz — Q1) fl1Z. 0

=0

‘We conclude that

o

D@ = Q) S inf >3, O

=0 QESLH=3 9 =0

Proving that the basis | J;2,{3 %!4,_,} is a strongly stable basis for H*(Q) with 2 <
s < g involves only a few steps now.

COROLLARY 4.11. The multiscale basis \Jjoo{3~*'1;_, } is a strongly stable basis for
H*(Q),2<s< 2

Proof. Since the wavelets 1, form a Lo-stable Riesz basis for W; we find from Theo-
rem 4.10 that

oo

130y ~ D 322N D" dimthimlli 0

=1 meJ;

~ i 32(l+1)s Z |dl,m|2-

=1 meJ;

Hence,

2

~ > > Jdm> D

Hs(Q) I=—1meJ,;

i Z dl,m3_8(1+1)¢l,m

I=—1meJ;

5. Surface compression. In the previous sections we have sufficiently demonstrated
that Powell-Sabin wavelet decompositions are suitable for surface compression. We have
proved that the norm of f in several smoothness classes can be determined from the size of
the coefficients in the wavelet decomposition. In this section we consider a simple surface
compression algorithm and we give an error bound for the approximation of f by its com-
pressed wavelet decomposition. The most natural norm for compression is the L, norm, so
our approximation results take place in this norm. These results are obtained by following
the framework given in [13] and adapted to the special case of PS splines.

5.1. The algorithm. Not all functions f are suitable for compression by Powell-Sabin
splines. If we use the operator @); to project given functions f into S;, then we need at least
that the gradient V f is well defined at the vertices V; € A;. However we would also like
to compress continuous functions f for which @;f might not be well defined. Therefore
we construct a new operator ;" that only uses values of the given function f. It suffices
to approximate the gradient V f(V;) by a linear combination of values of f such that the
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approximation is exact for quadratic polynomials. Let V;, R; and Z; denote the vertices of a
triangle T € AFS as in Figure 5.1. Then we can estimate the gradient V f (V;) by

o

R*_Ve® RY_VY ]_1 [ Af(YBthy —37(V;) — f(Ry)
5.1 A\ Vi) == zw Zw ; : i d
(5.1 1f (Vi) Zr-VE 2V -V Af(Bd2) - 3f(Vi) — £(Z)

and because s; € S; is a quadratic polynomial on each triangle T € AFS we find that
(5.2) Vs(V;) = Vis(Vi).
Note that

RF-Ve RV-VP)T _ 1 z; =V V'-R]
zy-ve Zy -vy T YolT) | V- ZF R -VP

which yields
(5.3) Vit (V) S8 N fllp iy -

Thus we define the operator ()} analogous to the operator (; from (2.10) with the minor
modification that we replace V f(V;) by the approximation V; f(V;). Because of (5.2) it is
easy to see that the operators @ satisfy Q) s; = s; and

Furthermore, from (5.3) we find that |Q; f(z,y)| < £l () for arbitrary (z,y) € €, so
the operator @7 is uniformly bounded in C°(92).

R;

FIG. 5.1. A triangle T € Af’s that contains vertex V; € A;.

Still not all functions f are suitable for compression by Powell-Sabin splines. We need
at least that the functions are C° such that Q; f is well defined. Furthermore we would like
that f can be represented as

(54) F=Y) dmithmy

I=—1meJ;

with convergence in L,. Therefore we are particularly interested in functions f lying in
Besov spaces that are embedded in B2, (Lo (2)) = Lip(6, Q) for § > 0. For the remainder
of the paper we define 7 := 2 and § := 2 — 2 for some o > 0.

LEMMA 5.1. Let s > Q and o > T, then

B: (Ls(9)) C BY, (Lao(®) = Lip(3, Q).
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Proof. The case o > 1 follows immediately from Theorems 7.69 and 7.70 in [1]. For the
case o < 1 we can use Theorems 12.3, 12.5 and 12.7 from [16]. 0

Lemma 5.1 guarantees that Q) f is well defined for all f € BZ (L,(Q)) given that
o > 1. The following corollary validates the representation (5.4) with convergence in Lo,
forall f € B: (L,(R)),0 > T.

COROLLARY 5.2. Forall f € B: (L,(2)) with s < 3, all 0 > T, and arbitrary l > 0
we have that

Hf - lefHLm(Q) S 37 |f|B:(La(Q)) )

Proof. Since @} is bounded on C°(£2) we find that

= lef”Loo(Q) < giggl (Ilf —9llp @)+ @ (9 - f)”Loo(Q))

< (L1197 ) o 1S =l o
S giggl If = 9llp_ (o

and from Corollary 4.3

(5.5) 1 =@l fll o) S ws(£37 o

By (4.3) and Lemma 5.1 we know that

3%w3(£,3 oo SIflBs (rai)) S IflBe2o@)- O

Suppose we are given a function f € B2 (L,(2)), 0 > 7 that represents the surface that
is being compressed. The surface compression algorithm is as follows.

‘ Surface compression algorithm ‘

Let K be such that f ~ Q}; f, then we obtain the decomposition

K-1
f% Z Z dm,l"/}m,l-

I=—1meJ;

Atall levels I > —1 we only retain those coefficients d,, ; that satisfy
|dm 1| > € with € a threshold given by (5.8).

5.2. A priori error bounds. We will need some estimation for the constant K, i.e. the
maximum number of resolution levels. Suppose we are looking for a compressed approxi-
mant S of f such that

If =Sl @ <€
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Corollary 5.2 gives us an a priori bound for the number of resolution levels. Choose K such
that

(5.6) I = QkFll,_ @ <e/2

then we find that

— dlog

1 2C .
(5.7) K> 5 log ( |f|B”(L"(Q”>
€

where C' is the equivalence constant in Corollary 5.2.
From (2.15) we find that

> Wl = lilly < ||, =3

meJ;

If we retain only the coefficients d,,, ; of QJ; f that satisfy |dp, ;| > ¢ with

(5.8) g = ¢

2(K +1)3"
then
(5.9) |Q%f = Sl ) S €/2
because the maximal error is given by
3 nal <
From (5.6) and (5.9) we deduce that
(5.10) 1f = Sllp @ < |f = QkFll L@ +1Qkf =S|, <

We will now examine the coefficients d,,, ;. We have that

Q1 = QDQ%f = D dmitim,

meJp

and from (2.9), the construction of the projectors J;, and the fact that the wavelets are scaling
functions at a certain resolution level, we infer

ldm,| 37 NQY bty ~ 37 F L (o)

with T}y, a triangle in A5 such that supp ¢ N Tyn # 0. Now let 7 € Ps be an arbitrary
bivariate polynomial of degree at most 2. Then

(Quy1 — QRS = (Quyr — Q) Q% f — ),

so we also find that

-1 .
|dm,l| S3 ﬁ1é17£2 Ilf - 7T||L°0(Tm)
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The following lemma gives an upper bound for the coefficients d,, ; in function of | f| 5, (Lo (9))"

LEMMA 5.3. Let s < 3 and let f € BE (L,()). Then the coefficients dp,; in the
decomposition (5.4) satisfy

(5.11) |dmal 37N fl e (1, (i

forallo > T.
Proof. From the derivation above and Whitney’s Theorem we infer

|dm,l| 5 3_lw3 (f7 3_l)(xn

and the same reasoning as in the proof of Corollary 5.2 yields

|dm | S 371D \flBs (Lo (1)) - 0

We now give a bound for the number of terms IV in the compressed approximant S such
that the error remains bounded by the threshold e.

THEOREM 5.4. Let f be a functionin BE (L,(Q)) with s < 3 and such that | f Bi(L.(Q) <
1 for some o > 1. Then our surface compression algorithm provides an approximation S
such that

(5.12) If =Sl o <€
and
(5.13) N < Ce /s

where N represents the number of terms in S.

Proof. Note that the bound for K (5.7) does not depend on f anymore. We already know
that (5.12) is true, see (5.10). Let IN; denote the number of terms at resolution level [, then a
trivial bound for IV; is
(5.14) N, <9

~

which follows from the fact that we have used triadic refinement to create the nested sub-
spaces {Sl}loio. We give another bound for INV;. We know that each coefficient d,; in S
satisfies |dy, ;| > € but we have also the upper bound (5.11). If we raise dy,; to the power o
and sum over all m € J; then we obtain that

€ 7 o —al(6+1) o
Ny (2(}{4_1)31) < Z ldm,i|” < Z 3 |f|B§(La(Tm))

meJ; meJ;
S 37 15y 1, o) -

Under the assumption | f| g (1, () < 1 we find

(5.15) N; < e300,

From (5.14) and (5.15) we find for an arbitrary integer & that

k K
NSY 9+ €379 < gk 7737k,
=1 =k
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Choose k such that 9% ~ ¢~ 737750 then N < 9% Furthermore we deduce that 9¥37%9 =
326(1+ %) & ¢ 9 and that 9% ~ ¢ 7/ (1+%) = 2/5 o

N59k%672/s. 0

The following corollary is the main result of this section. It is a direct consequence of
Theorem 5.4.

COROLLARY 5.5. If f € B (L,()) with s < 3, and N € N are given, then one
can choose the threshold € and the maximum resolution level K such that the compression
algorithm generates an approximant S to f with at most N terms and

If=5Slle. @ S flBs (., @) N7

for arbitrary o > T.

Proof. This proof is the same as the proof of Corollary 5.4 in [13] but we give it here
for completeness. Let e := C'%/2N—5/2 |f B2 (Lo (Q) with C' the constant from (5.13). If we
apply the algorithm to f and € we get a compressed approximant S. If we apply the algorithm
then the algorithm returns as compressed approx-

to and d _.—
1#lBs (L, (o)) [#lBs (L, @) [#les (L, (o)

—2/s
imant. From Theorem 5.4 the number of terms in S does not exceed C (ﬂ%)
B2 (Lo (9))

which is equal to N. O

5.3. Numerical experiments. We can compare the error bound for the compressed ap-
proximant S of f to an error bound for the linear approximant Q) f. If each approximation
has N coefficients then we have that

(5.16) 1F =Sl SN flpsz, > 5<3
and
(5.17) 15 = Q7 fllio) SN 1flpe weiy s <3

for all f € BE (L,(f2)) and for all ¢ > 7. The error bound for @} f follows immedi-
ately from Corollary 5.2 and N ~ 9!, These error bounds (5.16) and (5.17) show that
If =Sl = O(N—*/2) if f has s “derivatives” in L, while ||f — lef”Lw(Q) =
O(N—#%/2) if f has s “derivatives” in L, which is a much stricter requirement. It can often

happen that the right hand side of (5.16) is finite for certain values of s for which the right
hand side of (5.17) is infinite.

To demonstrate the accuracy of the error bounds we performed experiments with several
test functions. In all cases we choose Ag as the triangulation that is constructed by dividing
the unit square [0,1]2 € R? by its bisector in two triangles. We selected the following
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v

(a) Original (b) N = 181

v

(c) N =232

FIG. 5.2. Test function f1.

bivariate test functions given by

— 9)2 _9)\2 5 )
fi(z,y) = 0.75exp [_(9“" 2) 1(91/ 2) ] 075 exp [_(9w4J; 1)” (9 1T) 1)

[ 9z — 7)2 + 9y — 3)2]

+0.5exp —0.2exp [—(9z —4)* — (9y — 7)?],

o) =ta - (s[4 -] ).

(z—0.5)"+ (y — 0-5)2)1/4] :

f3(z,y) = 97(z — 0.5) tanh [i?

f4(l',y) = €xp [_|"E - y|] )
fs(zy) = (22 -1)* + (2y — 1)?)

Function f; is Franke’s test function [21] and it is smooth everywhere. Function fs is
C? but its partial derivatives have singularities on the line y = z. Function f3 is also C!
but its partial derivatives have a cusp singularity at (1/2,1/2). Function f4 is only Lipschitz
continuous and it has singularities on the line y = z. And finally function f5 is C° (not
Lipschitz) with a cusp singularity at (1/2,1/2). Because the error bound (5.16) is valid for
all Besov spaces BS (L,(2)) as long as o > 7 we will base our discussion on the Besov

1/4
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(a) Original (b) N = 108

(¢) N =152

FIG. 5.3. Test function fo.

spaces B2 (L. (f2)) which are close to B: (L, (Q2)) (take 0 = 7 + e and let e — 04).

For the function f; we do not expect much advantage from the compressed approximant
to the linear approximant. Because f; is C the norms | f1|gs (z, (@)) and | f1|Bs_ (L. (o)) are
comparable for all o > 0.

For the function f, we compute that [(A3 f2)(z,y)| & |h|>/* in a band of width ||
along the line y = z. It follows that

wi(fo, )y A t¥/HT 0 <ct<l, 0<7< .

Therefore we have that fy € B2 (L.()) provided that s < 5 while fo € B, (Loo(f2))
provided s < 2.

The 3-th order difference | (A f3)(z,y)| is approximately equal to |h*/2| in a disc with
diameter |h| around (1/2,1/2). This yields w3 (fs,t), = t3/22/7 and f3 € B2 (L,()) for
all s < 3 while f3 € BE, (Loo(£2)) provided s < 3.

The function f4 has singularities along the line y = x and similar computations as before
yield w3 (f4,t), ~ t'11/7. Therefore the function f4 is in B2 (L,(f)) provided that s < 2
and fy isin B2, (Lo (f2)) for s < 1.

The last function f5 has a cusp singularity in (1/2,1/2) and the modulus of smoothness
w3 (fs,t), ~ t1/2+2/7 Therefore the function f5 is in all of the spaces B? (L, (Q)) for all
s < 3, while f5 is in the spaces BS_ (Lo (2)) only for s < 1/2.
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(a) Original (by N =74

()N =116

FIG. 5.4. Test function f3.

Table 5.1 presents the error of approximation produced by the compression algorithm for
various numbers of coefficients. Note that for test function f5 we have shown less data than
for the other test functions. This is due to the fact that the error with respect to f5 only starts
to increase when we have less than 1000 coefficients. This is because the cusp singularity
cannot be approximated up to arbitrary precision by the C splines. Table 5.2 compares the
theoretical error rates (5.16) to the experimental error rates and shows how much is gained
with respect to linear approximation. Figures 5.2 up to 5.6 depict the original test functions
together with some compressed approximants. Notice the artefacts in Figure 5.5 (b) and (c).
Because the bisector of the unit square [0, 1] is an edge of the initial triangulation Ag, our
compression algorithm needs a lot of derivative information on this bisector (which coincides
with the ridge). Therefore, at one side of the ridge, we get a very good approximation because
the derivatives are estimated well, and on the other side we get the artefacts.

Finally let us make a comparison with other similar methods in the literature. Since
the construction of multivariate wavelets on arbitrary triangulations is very challenging, and,
except for box spline spaces, little is known yet about higher order spline spaces, we will
restrict ourselves to a comparison with the results of [13]. Here C continuous box splines
on uniform partitions are used. As can be deduced form (5.16), the best rate that we can
get with the compression method presented here is O(N -3/ 2). This is due to the fact that
s < 3 in (5.16) which is a direct consequence of the C'* continuity of the splines that we
use. In comparison, the best compression rate that can be achieved with the C'? box splines
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Errors and number of coefficients for the surface compression algorithm applied to the test functions f1, fa,

f3, fa and fs.

Test function Error Number of coefficients

f1 5.94 x10—5 6666
1.01 x10~4 4156
436 x10~4 1455
6.06 x10—4 1175
1.17 x10—23 944
471 x10—3 340
6.45 x10~3 258
8.00 x103 232
1.17 x10—2 181

f2 6.55 x10~° 5610
1.34 x10~5 4838
430 x10~3 4094
1.67 x10—4 2664
5.54 x10—4 1156
1.51 x10—3 474
3.36 x10~3 272
6.35 x10~3 152
1.02 x10—2 108

f3 1.12 x107° 2174
5.67 x10~5 798
9.12 x10~5 498
1.83 x10—4 336
4.15 x10~4 198
6.01 x10—4 174
8.97 x10—4 148
1.10 x10—23 116
2.10 x10—3 74

fa 1.10 x10~° 2232
499 x10—4 1949
7.87 x10~4 1691
242 x1073 1477
427 x10~3 725
6.42 x103 499
1.19 x10—2 246
2.25 x10~2 125
3.68 X102 81

fs 426 x10~4 1006
5.02 x10—4 868
1.02 x10—3 578
445 x10~3 216
1.08 x10~2 114
4.53 x10~2 48

TABLE 5.2

Theoretical and experimental error rates for the test functions f1, f2, f3, fa and fs.

| Linear approximation

Theoretical compression rate

Experimental compression rate

f1 O(N—3/2) O(N—3/2) 29.8N—1-51
fa O(N—5/8) O(N—5/4) 3.68N—1-26
f3 O(N—3/%) O(N—3/2) 119N~ 147
fa O(N—1/2) O(N—1) 3.37N—1.03
fs O(N—1/%) O(N—3/2) 24.0N—1.62
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(a) Original (b) N =81

(c) N =246

F1G. 5.5. Test function fa.

of [13] is O(N~2), due to the smoother splines that are used. Table 5.3 shows the error of
approximation produced by the compression method from [13] for the test functions f; and
f5. The experimental rates for f4 and f5 are given by 3.36 N ~1-% resp. 604N ~2-00, Note that
both compression algorithms give almost equal results for test function f4. For test function
f5 the compression algorithm of [13] gives an error rate of O(IN~2) which is superior to our
error rate, although our method gives better results for N small.

TABLE 5.3
Errors and number of coefficients for the surface compression algorithm from [ 13] applied to the test functions
fa and f5. (Results extracted from [13])

Test function Error Number of coefficients

fa 1.60 x10~3 1934
6.49 x10~3 482
1.30 x10—2 237
2.59 x10~2 116
422 %1072 80

fs 1.38 103 618
2.76 x10~3 463
1.38 x10~2 222
2.69 X102 163
7.13 x10~2 91
1.05 x10~1 70
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(a) Original (b) N =48

(c) N =216

FIG. 5.6. Test function fs.
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